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Lusternik-Schnirelmann category (L-S cat) is defined by
Lusternik and Schnirelmann in 1934 as a numerical homotopy

invariant of a manifold M which gives
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real-valued function on M.

1 Lusternik-Schnirelmann category

Def 1.1
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Thm 1.2 (Lusternik-Schnirelmann [15]) Any C°-
function on a closed manifold M has at least cat(M)+1
critical points.

1.1 “Strong” cats

The topological invariant gcat(X) was defined and shown not
to be a homotopy invariant by Fox. Ganea altered the defini-

tion of strong category as a homotopy invariant Cat(X).

H Ao, ..., A ; closed in X'}
X =" oA' each A; is con-

" tractible
Cat(X) = Min {m>0|Jyy(~x)) geat(Y) = m}

geat(X) = Min {m>0

Def 1.3 (Ganea [5]) For a space X, consider all the se-
quences {h, : A, — Y, m >n > 0} such that Yy = {x},
Y,o1. =C(hy,) DY, (m—1 >mn) and Y,, ~ X for some

m > 0. Cone(X) is the least m minus 1 for all such

sequences - a cone-decomposition of X.



Thm 1.4 (Ganea [5]) Cone(X) = Cat(X).

Thm 1.5 (Ganea [5]) Cat(X)—1 < cat(X) < Cat(X).
Fact 1.6 (1) cat({*}) = 0.

(2) cat(S™) = 1. More generally, cat(XV) < 1.

(3) If X dominates Y, then cat(X) > cat(Y). In par-
ticular, cat(X) = cat(Y) provided that X and Y are

homotopy equivalent.

(4) (Varadarajan [23], Hardie [7]) Fibre space (E,p, B, F)

satisfies for cat: cat(F)+1 < (cat(F)+1)-(cat(B)+1).

(5) Fibre space (E,p, B, F) also satisfies for Cat: Cat(FE)+1

< (Cat(F)+1)-(Cat(B)+1).
(6) (Fox [4]) cat(X xY) < cat(X)+ cat(Y).

(7) (Takens [22]) Cat(X xY) < Cat(X)+ Cat(Y).



1.2 “Weak” cats

Def 1.7 (Whitehead [24, 25])

Amtl. X ALY }

t(X) = Mi >
weat(X) - {m_O 15 trivial.

where T X/T]"™ X = A™"' X (smash product). By

the definition, we obtain the following result for any X.

Thm 1.8 (Whitehead) (1) wcat(X) < cat(X).

(2) Let h* be a multiplicative cohomology. If a product of

m elements in h*(X) is non-zero, then wcat(X) > m.

Def 1.9 cup-length is often denoted by c(—), but here we

denote cup(—) to avoid confusion with Chern classes:
(1) Let h be a multiplicative cohomology.
cup(X; h) = Min {mz() | V{uo,---,umef}*(x)}u()“"um — ()}

(2) CUP<X> = Max,, multiplicative cohomology {CUp(X; h>}

Rem 1.10 cup(X; H*(; R)) is often denoted by cup(X; R).
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1.3 (Higher Hopf invariants)

Berstein-Hilton [1] defined their higher hopf invariants as fol-

lows, where s is a compression of A™*! to the fat wedge:
(X A) - m (T XTI X A), ¢>1

Def 1.11 (unstable and stable Hopf invariants)

1. For any X with cat(X) < m and a suspension XV,

H,, : [V, X] — 2ZVE" @]

Ho(f) = { %(X)U) :;?%;s:agtructure map for}

C [V, E™HQX)] for f €[V, X].

2. Then we stabilise this by >°°.

H (f) — Z”L(X)(ﬁ O(X) 1s a structure map
" ] = ZOOH%(X)(f) for cat(X) =m

C {ZV,E™YQX)} for f €2V, X]

Rem 1.12 We can also define ‘crude’ Hopf invariants.
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2 New computable invariants
Rudyak and Strom altered the definition of Fadell-Husseini’s
topological invariant category weight (see [3]) as a homotopy

invariant to give a new lower estimate for L-S category:

Def 2.1 (Rudyak [16, 17], Strom [21]) For any ele-

ment u € h*(X), where h is a cohomology, one defines
wgt(u; k) = Min {m>0 (en)u(u) £ 0}

Thm 2.2 (Rudyak [16, 17|, Strom [21]) Let h be a

multiplicative cohomology.

(1) wgt(u+wv; h) > Min{wgt(u; h), wet(v; h)}.
(2) wet(uv; h) > wgt(u; h) + wgt(v; h).

(3) wat(f*(u); h) = wet(u; h) for any map f.
Def 2.3 (Rudyak [17])

reat(X) = Min{m>0|3,crx pn(ax)) €00 ~ 1y (stably)}.
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In fact, for a symplectic mfd (M,w), Rudyak shows that
rcat(M ) and dim M give the lower and upper bound for both
Fix(M) and Crit(M) and that rcat(M) = dim M under a
suitable condition. We introduce versions of Toomer invari-

ants by homomorphism (e}), : h*(X) — h*(P™(QX)).

m

Def 2.4 (1) Let h be a cohomology theory.

1) wgt(X;h) = Min {m>0| (eX). is a mono }

m

i) Mwgt(X; h) = Min {mZO
unstable h*h-modules

(eX), is a split mono of}

(2) i) wet(X) = Max {Wgt(X; h)

h is a multiplicative
cohomology

i) Mwgt(X) = Max {ngt(X; h)

h is a multiplica-
tive cohomology

Thm 2.5 Let h be a multiplicative cohomology.
wet( X h) = Max{wgt(u; k) | u # 0 in h*(X)}
Thm 2.6 The above formulae and Rudyak [17] imply

cup(X) < wgt(X )= rcat(X)< Mwgt(X)< cat(X).
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2.1 Upper bounds for L-S cat of Lie groups

2.2  With Mimura and Nishimoto

Let G — E 2 YA be a principal fibre bundle with structure
group G and let y : GXG — G be the multiplication.

Thm 2.7 If a cofibre sequence KA F —F, 1<i<m,
satisfies the following conditions, then Cat(E) < m+k.

(1) Fy = {x}, F, ~ G.

(2) The restriction of u to F;xF; C F,xF,, ~ GXG can

be compressed into Fiy;, 1>k, 7>0.

(3) a : A—G is compressible into Fy_q, for some k>m.

This enables us to give a nice upper bound for L-S category
of simply-connected compact Lie groups.

For non-simply-connected Lie groups, we need another re-
sult: Let /' — X — B be a fibre bundle with structure group

G, where B is (d—1)-connected, d>1, and of finite dimension.
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Thm 2.8 I[fa cofibre sequence Kz-ﬁFi_l%Fi, 1 <1<m,

satisfies the following conditions, then Cat(E) < m-+<25=.

(1) Fy = {x}, F,, = F.

(2) The restriction of ¥ : GXEF — F, the action of G on
F, to G22I xF ¢ GxF, ~ GXF can be com-
pressed into Fii;, 1>k, 7>0.

These theorems produce determinations of L-S cat for a num-

ber of Lie groups of low rank.

2.3 With Kono To determine L-S cat of higher spinor

eroups, the above computations of cone-length are not strong

enough. So, we try to reduce the value of L-S cat by using
higher Hopf invariant.

Thm 2.9 I[fa cofibre sequence Kz-ﬂFi_l%Fi, 1 <1 <m,

satisfies the following compatibility conditions, we have

cat(E) < Max(m+4n, m+2). « is compressible into F,, C
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F,, ~ G and H?"(a) = 0 for some n > 1, under the fol-

lowing compatibility condition.

(1) Fy = {x}, F,,, ~ F.

(2) The restriction of u to F;xF; C F,xF, ~ GXG can
be compressed into Fiy;, 1>k, 7>0.

(3) a : A—G is compressible into F,(G), H*(a) =0 for
some k>m, where o, denotes the standard structure

map of cat(Fi(G)).

Proof ofTheorems 2.7, 2.8 and 2.9 :  We can construct
concretely a desired cone-decomposition. In particular, we

compute the higher Hopf invariant of the attaching map of

the top-cell, and obtain that it is 0. QED.

This result produce a determination of -S cat of Spin(9).

Using the above results, we obtain the following table.
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rank 1 2 3 4
SU(2) [1] SU(3) (2| SU4) | 3| SU(5) | 4
A PUER) 31 PUB) (6] PUME) | 9| PUG) 12
B Spin(3) | 1| Spin(5) | 3 | Spin(7) | 5 | Spin(9) | 7
n17SO(3) 131 SO() |8 SO(7) |11 SO(9) |20
Sp(1) [1] Sp(2) |3] Sp(3) | 5| Sp(4) |7
Cn IPSp(1) (31 PSp(2) |8 PSp(3) | 7 | PSp(4) | ?
Spin(6) | 3 | Spin(8) | 6
D, SO(6) | 9| SO(8) |12
PO(G) | 9 | PO(8) |18
excpt. Gy |4 Fy ?
Prob 1 cat(Spin(2n+1)) = cat(Sp(n)) ¢
Prob 2 cat(PU(n))=3(n—1) 2

Rem 2.10 (1) We know cat(Sp(4)) =6, 7 or 8.

(2) Kono-1. announced the following result:

cat(Spin(9)) = 8 = Mwgt(Spin(n); Fs)

> 6 = wgt(Spin(n); Fa).

(3) M.-N.-1. announced that cat(PU(n)) < 3(n — 1) and

cat(PU(p")) = 3(p" — 1), for any power of a prime p".
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