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Robot Arm

M. Farber raised the following question in 2003.
Let B be the configuration space of robot arms.
Then a motion of a robot arm is precisely giving a “path” in B.

Let 1 : P(B) — BXB be the Serre path fibration, which is given by

(D= (D), [a2)).

Remark

Then 1 is an epimorphism, if and only if B is path-connected.
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between two given states of a robot arm as the output.

He makes one condition on the outputs — the robot motion must be
“continuous™ with respect to the given pair of states of a robot arm.

How complex is the configuration space?

More precisely, for given two states of a robot arm,

Is there any algorithm to give a motion of a robot arm?
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Definition (Farber and Farber-Grant)

For a space B and a ring R [I] the zero-divisors cup-length Zr(B) and
the TC-weight wgty(u; R) for u [II= kerA~ HXBxB,R) -
H 5B; R) are defined as follows.

1. Zr(B) = Max{mzl%lH {BxB,R) [IT & 0}

1
2. wgty(u; R) = Max m20‘ Led . BB, secat(f@)<m f%) =0

They give nice computable lower bounds for Topological Complexity.

However, the cone decomposition techniques, which gives a useful upper bound
for L-S category, do not give an upper-bound for Topological Complexity.
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Fibrewise pointed space over B

James has introduced a notion of a fibrewise space with a base point as a section
of the projection:

Definition

1. X is a fibrewise space over B, if there is a “projection” px : X - B.

2. X is a fibrewise pointed space over B, if X is a fibrewise space with a
“section” Sx : B - X.

3. X is a fibrewise well-pointed space over B, if X is a fibrewise pointed
space such that Sx is a cofibration.

4. X is a fibrewise homotopy well-pointed space over B, if X is a fibrewise
pointed space which is fibre homotopy equivalent to a fibrewise
well-pointed space.
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space as follows.

Definition

Let X be a fibrewise pointed space over B. The numerical invariant catE(X) is
the minimal number M = 0 such that there is a cover of X by M open subsets
each of which is fibrewise contractible.
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James has also defined a fibrewise version of (pointed) L-S category of a pointed
space as follows.

Definition

Let X be a fibrewise pointed space over B. The numerical invariant catE(X) is
the minimal number M = 0 such that there is a cover of X by M open subsets
each of which is fibrewise contractible.

We remark that each open set must be a fibrewise pointed subspace of X and the
contraction homotopy must leave the fibrewise base points fixed.
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For some technical reasons, we define a fibrewise version of unpointed L-S
category of a pointed space as follows.

Definition

Let X be a fibrewise pointed space over B. The numerical invariant catg (X) is
the minimal number M = 0 such that there is a cover of X by M open subsets
each of which is fibrewise null-homotopic to the fibrewise base point.

We remark that each open set is not necessary to be a fibrewise pointed subspace
of X and the null-homotopy is not necessary to leave the fibrewise base points
fixed.
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The definition of a fibrewise A Structure yields the following criterion.

Theorem (Sakai)

Let X be a fibrewise pointed space over B and m = 0. Then
catB g(X)=m ifand only if idx : X - X has a lift to Pm(L (X))
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The definition of a fibrewise Ao structure yields the following criterion.

Theorem (Sakai)
Let X be a fibrewise pointed space over B and m = 0. Then
catg g(X)=m ifand only if idx : X - X has a lift to Pm(L (X))
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The definition of a fibrewise Ao structure yields the following criterion.

Theorem (Sakai)
Let X be a fibrewise pointed space over B and m = 0. Then

X
catE(X) = m if and only if idx : X - X has a lift to PQ"(LE(X)) e

Proof: If catB(X) = m, then the fibrewise diagonal
m+1
AT X - Mg X is compressible into the fibrewise fat wedge
m+1 m+1

T X [k X. Hence thereisamap 0 : X - PQ(LE(X)) such that
exc0 [g1x. The converse is clear by the definition of PS(LE(X)). [
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Let T_be the category of topological spaces and maps between them and T (2)
the category of maps and commutative diagrams.

Theorem
1. Thereis a functord : T — T(2) such that T CM(B) = catB(d(B)) + 1.

2. Thereis a functord : T — T (2) such that T C(B) = catg(d(B)) + 1.

Proof: The functor d is given by
d(B) =BxB, pg@)=pr Sie)=~A

[Skip Proof]

B & AR (UMKFE & EHF)

Groups of Self-Equivalences 13721



Proof of part 1.

Groups of Self-Equivalences 14721



il somplbaty a e LS el
Proof of part 1.

First, we show the equality T CM(B) = catS(d(B)) + 1:
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Proof of part 1.

First, we show the equality T CM(B) = catS(d(B)) + 1:

assume TCM(B) =m+1,m=0
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First, we show the equality T CM(B) = catS(d(B)) + 1:

aﬁsr:ﬁ)e TCM(B) = m+ 1, m = 0 and that there is an open cover
i—o Ui = BxB
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First, we show the equality TCM(B) = catS(d(B)) + 1:
qﬁsn:ﬁle TCM(B) = m+ 1, m = 0 and that there is an open cover
i—o Ui = BB and a series of sections Sj : Uj — P(B) of
m:P(B) - d(B) satisfying sj(b, b) = ¢y for b [CBl, since we are considering
monoidal topological complexity.

Then each Uj is fibrewise compressible relative A(B) into
A(B) BB = d(B) by a homotopy H; : Ujx[0,1] — BXB given by

Hi(a,b;t) = (si(a, b)(t),b), (a,b) LUL, t []0,1],

PP W Tl G R P AT & XK 5 I Topological Complexity is a fibrewise L-S category Groups of Self-Equivalences 14 /21



Topological complexity and fibrewise L-S category
Proof of part 1.

First, we show the equality TCM(B) = catS(d(B)) + 1:

qﬁsn:ﬁle TCM(B) = m+ 1, m = 0 and that there is an open cover

i—o Ui = BB and a series of sections Sj : Uj — P(B) of
n:P(B) - d(B) satisfying Sj(b,b) = ¢, forb [CB, since we are considering
monoidal topological complexity.

Then each Uj is fibrewise compressible relative A(B) into
A(B) BB = d(B) by a homotopy H; : Ujx[0,1] — BXB given by

Hi(a,b;t) = (si(a, b)(t),b), (a,b) LUL, t []0,1],

where we can easily check that H; gives a fibrewise compression of U; relative
A(B) into A(B) [[BXB.
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Proof of part 1.

First, we show the equality TCM(B) = catS(d(B)) + 1:

qﬁsn:ﬁle TCM(B) = m+ 1, m = 0 and that there is an open cover

i—o Ui = BB and a series of sections Sj : Uj — P(B) of
n:P(B) - d(B) satisfying Sj(b,b) = ¢, forb [CB, since we are considering
monoidal topological complexity.

Then each Uj is fibrewise compressible relative A(B) into
A(B) (BB = d(B) by a homotopy Hj : Uj*[0,1] — BxB given by
Hi(a,b; t) = (si(a,b)(t),b), (a,b) UL, t []Q,1],

where we can easily check that H; gives a fibrewise compression of U; relative
A(B) into A(B) [[BXB.

Since ;—oUj = BxB = d(B), we obtain cat5(d (B)) < m, and hence we
have catS(d(B)) + 1 = T CM(B).

V=P R T C i PR A € & R S I Topological Complexity is a fibrewise L-S category Groups of Self-Equivalences 14 /21



Proof of part 1.

Groups of Self-Equivalences 15721



il somplbaty a e LS el
Proof of part 1.

Conversely assume that catE d@B))=mm=0

Groups of Self-Equivalences 15721



Topological complexity and fibrewise L.-S category
Proof of part 1.

(Fﬁgﬁersely assume that CatE (d(B)) = m, m = 0 and there is an open cover

BH & BHF (MKRF & %S Groups of Self-Equivalences 15721



Topological complexity and fibrewise L.-S category
Proof of part 1.

(“ﬁgﬁersely assume that CatE (d(B)) = m, m = 0 and there is an open cover
i—o Ui =d(B) of m: P(B) — d(B) where Uj is fibrewise compressible
relative A(B) into A(B) [Cd(B) = BxB:

BH & BE JUHMAKRE & % E5F) Groups of Self-Equivalences 15721



Topological complexity and fibrewise L-S category
Proof of part 1.

(“ﬁnﬂitlersely assume that CatE (d(B)) = m, m = 0 and there is an open cover
i—o Ui =d(B) of m: P(B) — d(B) where Uj is fibrewise compressible
relative A(B) into A(B) [Cd(B) = BxB:

let us denote the compression homotopy of U;j by Hi(a, b; t) = (oi(a, b; t), b)
for (a,b) Uk and t [C]Q, 1],

BH & BE JUHMAKRE & % E5F) Groups of Self-Equivalences 15721



Topological complexity and fibrewise L-S category
Proof of part 1.

(ﬁnﬂjersely assume that CatE (d(B)) = m, m = 0 and there is an open cover
i—o Ui =d(B) of m: P(B) — d(B) where Uj is fibrewise compressible
relative A(B) into A(B) [Cd(B) = BxB:

let us denote the compression homotopy of U;j by Hi(a, b; t) = (oi(a, b; t), b)
for (a,b) Uk and t []Q, 1], where gj(a,b,0) = aand o(a,b, 1) = b.

B & AR (UMKFE & EHF)

Groups of Self-Equivalences 15721



Proof of part 1.

q_ﬁnﬂjersely assume that CatE (d(B)) = m, m = 0 and there is an open cover
i—o Ui =d(B) of m: P(B) — d(B) where Uj is fibrewise compressible
relative A(B) into A(B) [Cd(B) = BxB:

let us denote the compression homotopy of U;j by Hi(a, b; t) = (oi(a, b; t), b)
for (a,b) Uk and t []Q, 1], where gj(a,b,0) = aand o(a, b, 1) = b. Hence
we can define a section Sj : Uj — P (B) by the formula

si(a b)(t) = gi(a,b;t) t C]0,1].

BH & B JNMKE & KE&HF)

Groups of Self-Equivalences 15721



Topological complexity and fibrewise L-S category
Proof of part 1.

qﬁnﬂjersely assume that catE (d(B)) = m, m = 0 and there is an open cover
i—o Ui =d(B) of m: P(B) — d(B) where Uj is fibrewise compressible
relative A(B) into A(B) [Cd(B) = BxB:

let us denote the compression homotopy of U; by Hj(a, b; t) = (gij(a, b; t), b)
for (a,b) Uk and t []Q, 1], where gj(a,b,0) = aand o(a, b, 1) = b. Hence
we can define a section Sj : Uj - P(B) by the formula

si(a, b)(t) = oi(a,b;t) t L]0,1].

1
Since ;g Ui-£ BxB, we obtain TCM(B) < m+1

PP W Tl G R P AT & XK 5 I Topological Complexity is a fibrewise L-S category Groups of Self-Equivalences 15/ 21



Topological complexity and fibrewise L-S category
Proof of part 1.

qﬁnﬂjersely assume that catB 5(d(B)) = m, m = 0 and there is an open cover
i—oUi=d(B)ofm: P(B) — d(B) where U; is fibrewise compressible

relative A(B) into A(B) [Cd(B) = BxB:

let us denote the compression homotopy of U; by Hj(a, b; t) = (gij(a, b; t), b)

for (a,b) Uk and t []Q, 1], where gj(a,b,0) = aand o(a, b, 1) = b. Hence

we can define a section Sj : Uj — P (B) by the formula

si(a, b)(t) = oi(a,b;t) t L]0,1].

. 1 , M
Since ;g LE‘I: B =B, we obtain T C"(B) < m+1 and hence we have
TCM(B) < catB(d(B)) + 1.

PP W Tl G R P AT & XK 5 I Topological Complexity is a fibrewise L-S category Groups of Self-Equivalences 15/ 21



Topological complexity and fibrewise L-S category
Proof of part 1.

qﬁnﬂjersely assume that catB 5(d(B)) = m, m = 0 and there is an open cover
i—oUi=d(B)ofm: P(B) — d(B) where U; is fibrewise compressible
relative A(B) into A(B) [Cd(B) = BxB:

let us denote the compression homotopy of U; by Hj(a, b; t) = (gij(a, b; t), b)
for (a,b) Uk and t []Q, 1], where gj(a,b,0) = aand o(a, b, 1) = b. Hence
we can define a section Sj : Uj - P(B) by the formula
si(a, b)(t) = ai(a,b;t) t [0, 1].

_ —1 . M
Since ;g LE‘I: B =B, we obtain T C"(B) < m+1 and hence we have
TCM(B) < catB(d(B)) + 1.
Thus we have T CM(B) = catE(d(B)) + 1. O

PP W Tl G R P AT & XK 5 I Topological Complexity is a fibrewise L-S category Groups of Self-Equivalences 15/ 21



Topological complexity is a fibrewise L-S category

BH & BEHF (LM ; Groups of Self-Equivalences 16 /21



Topological complexity is a fibrewise L-S category

Theorem (Main Result)

BH & BEHF (LM ; Groups of Self-Equivalences 16 /21



Topological complexity is a fibrewise L-S category

Theorem (Main Result)
There is a functor d : T — T (2) such that T C(B) = catS(d(B)) + 1,

B & B (LM KF & &S Groups of Self-Equivalences 16721



Topological complexity is a fibrewise L-S category

Theorem (Main Result)

There is a functor d : T — T (2) such that T C(B) = catS(d(B)) + 1, ifB
has the homotopy type of a locally finite simplicial complex.

B & AR (UMKFE & EHF)

Groups of Self-Equivalences 16 / 21



Topological complexity is a fibrewise L-S category

Theorem (Main Result)

There is a functor d : T — T (2) such that T C(B) = catS(d(B)) + 1, ifB
has the homotopy type of a locally finite simplicial complex.

Proof:

B & AR (UMKFE & EHF)

Groups of Self-Equivalences 16 / 21



Topological complexity is a fibrewise L-S category

Theorem (Main Result)
There is a functor d : T — T (2) such that T C(B) = catS(d(B)) + 1, ifB

has the homotopy type of a locally finite simplicial complex.

Proof: 1f B has the homotopy type of a locally finite simplicial
complex,

B & AR (UMKFE & EHF)

Groups of Self-Equivalences 16 / 21



Topological complexity is a fibrewise L-S category

Theorem (Main Result)
There is a functor d : T — T (2) such that T C(B) = catS(d(B)) + 1, ifB

has the homotopy type of a locally finite simplicial complex.

Proof: 1f B has the homotopy type of a locally finite simplicial
complex, then we obtain that d (B) is a fibrewise well-pointed space over B

BH & BE JUHMAKRE & % E5F) Groups of Self-Equivalences 16/ 21



Topological complexity is a fibrewise L-S category

Theorem (Main Result)
There is a functor d : T — T (2) such that T C(B) = catS(d(B)) + 1, ifB
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Topological complexity is a fibrewise L-S category

Theorem (Main Result)
There is a functor d : T — T (2) such that T C(B) = catS(d(B)) + 1, ifB

has the homotopy type of a locally finite simplicial complex.

Proof: 1f B has the homotopy type of a locally finite simplicial
complex, then we obtain that d (B) is a fibrewise well-pointed space over B by
using a lemma of Milnor which is showing that such B is locally equiconnected
in the sense of Fox. U
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2. wgtB(u;R) = Max m=0| L], X [TE, catg(f)<m fu) =0

3. ngt (X;R) = Max m=0

L1

©eX)Sis a split mono of modules over
unstable cohomology operations

Theorem

wgtE(u; R) = Max I:mlzo\(e?ﬁ)%) = OIZI
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Relationship among lower estimates

We immediately obtains the following.

Theorem
For any space B and any ring R [Llwe have Zr(B) = Cupg(d (B);R).

Motivating by this equality, we could proceed to obtain the following equality.

Theorem

For any space B, any element u CHYBxB, A(B)' R) and any ring R 1]
we have Wgty (U; R) = wgtE(u; R) = MwgtB(d(B); R).
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Using a version of Higher Hopf invariants, we can examine a cone
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In case B = {[}]it is used as essential invariant to determine cat(Spin(9)) by
Kono and myself.
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Fibrewise categorical sequence

Definition

Let X be a fibrewise well-pointed space over B. The fibrewise categorical
length catlenB(X) is the least number m = 0 such that there exists a sequence
{Xilhi : Ai - Xj—1, 0<i=m} of spaces satisfying Xo = B and Xm [g K
and that Ag : Xj - XjxgXj is compressible into Xij><gXj—1 [BlxgXj in
Xm><gXm.

Using a version of Higher Hopf invariants, we can examine a cone

decompossition can be shortened as a categorical sequence or not.

In case B = {[}]it is used as essential invariant to determine cat(Spin(9)) by
Kono and myself. But we don’t know whether Cat(Spin(9)) = 8 or 9.
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Concluding Remarks

First, the construction of fibrewise projective spaces should be performed for

any fibrewise well-pointed spaces.

But, at this moment, Sakai and I am not quite confident on our construction
when the fibrewise space is not a quasi-fibration.

Second, in the definition of a fibrewise L-S category, the free loop space gives

the fibrewise loop space over B for d (B). We hope that this gives a useful
information to determine the fibrewise L-S category and especially the
topological complexity.

At least for me, the difference of the cohomology rings of Q(S?") and
Q(S2"*1) explains why T C(S?") =38 2 =T C(S?"1), forn = 1:
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First, the construction of fibrewise projective spaces should be performed for
any fibrewise well-pointed spaces.

But, at this moment, Sakai and I am not quite confident on our construction
when the fibrewise space is not a quasi-fibration.

Second, in the definition of a fibrewise L-S category, the free loop space gives

the fibrewise loop space over B for d (B). We hope that this gives a useful
information to determine the fibrewise L-S category and especially the
topological complexity.

At least for me, the difference of the cohomology rings of Q(S?") and
Q(S2"*1) explains why T C(S?") =38 2 =T C(S?"1), forn = 1:
Q(S?"*1) has no torsion in its homology, but it is not the case for Q(S2™).
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Concluding Remarks

First, the construction of fibrewise projective spaces should be performed for

any fibrewise well-pointed spaces.

But, at this moment, Sakai and I am not quite confident on our construction
when the fibrewise space is not a quasi-fibration.

Second, in the definition of a fibrewise L-S category, the free loop space gives

the fibrewise loop space over B for d (B). We hope that this gives a useful
information to determine the fibrewise L-S category and especially the
topological complexity.

At least for me, the difference of the cohomology rings of Q(S?") and
Q(S2"*1) explains why T C(S?") =38 2 =T C(S?"1), forn = 1:
Q(S?"*1) has no torsion in its homology, but it is not the case for Q(S2™).
Actually, Q(S°") has lots of 2-torsions in its homology.
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