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�; �q �` �o �Œ�’ �• �o �M�‡ �b �U�z 	¦ �i 
Œ
\ �U	Â�Ì �› �` �o �X�i �^ �” �q �w�\ �q �p �b �w�p �8

�4 �` �o �S�“ �‡ �b�{ �^ �o �Í �w�Ä�î �U
ü �T�l �o �M�‡ �b�{

���g ������ �	�5�B�L�F�O�T�
�� �� �7 �. M 	Í �p �� �[ �^ �• �h C1���î �� 
: �› 
¶ �o �ß �Q�” �q �V�z

�f �w�� �y �: �w�x 
: �w�7 	– �‹ �› Crit (M ) �q �b �” �q�z �Í �w
Æ�s �Ü�U
R�q �b �”�•

cat(M ) % Ball(M ) # 1 % Crit (M ) # 1 % Dim(M ).

�«�� �‡ �h 2 �Í �i �Ä�” �å �µ T2 �› �ß �Q�o �ˆ �‡ �`�• �O�{ 
¶ �o �w �Ÿ �„ �: �p 
‡ �@�= �s

C1���� 
: �p �b �q�z Morse �� 
: �q �‰�a �p �b �T �’�z �r �O�` �o �‹ �Ÿ�„ �: �x 4 �: �Ž 	Í �K�”

�\ �q �t �s �“ �‡ �b�{ �` �T �`�z Hessian �U�@�= �b �” �‘ �O�s �� 
: �› �‹ �ß �Q�” �q�z �Ÿ�„ �:

�U 3 �x �w�‹ �w�U�^ �• �‡ �b�•
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�¢ Cornea-Lupton-Oprea-TanrŽ �w �-���4 �w �ã �w �­ �J 	{ �T �’ 	��l �o �V �‡ �` �h�{�£

	H�l �o Crit (T2) % 3 �q �s �“�z �Í �w
Æ�s �Ü�t �O�‡ �X�x �‡ �“ �‡ �b�{

cat(T2) % Ball(T2) # 1 % Crit (T2) # 1 % Dim(T2) = 2

�� 	Í �T �’ �w�y �/ �$ �s 
° �A

�� �[ �T �’ �-���4 �w�ã �› �- �‰�p �‹ �V	Z �b �q �M�O�w�x�z �‘ �„ �r �o 	m�s �í �� �p �s �M�v �“ �‡

�c 
Æ�D�ó �p �b�{ �î �M �-���4 �w�ã �w�� �[ �T �’ �x�z �? �’ �T �w
ƒ 
ô �U�) �Q�’ �• �h �Ì �t �f �w

�• 
: �¢ # 1�£ �p 	Í �T �’ �H�Q�’ �• �” �\ �q �x 
ü �T �“ �‡ �b �U�z �f �• �U�Õ�µ �Ä�p �K�” �q �M�O

�- 	Â�U�� �[ �T �’ �˜ �’ �• �” �_ �� �ˆ �U�8 �4 �p �V�s �M�‹ �w�p �b�{

�p �x �\ �• �Ž �™�z�� �Ø�. �x �È �A �s �‹ �w �w �ˆ �ß �Q�” �Ä �q �`�z �° 
` �w �� �Ø�. X

�t �0 �` �o 	Í �T �’ 
° �A�b �” �\ �q �› �ß �Q�o �ˆ �‡ �`�• �O�{

�Ä�î ������ �� �Ø�. X �t �0 �` �o 
Æ�s �Ü cat(X ) % Dim(X ) �U
R�q �b �”�{

	Â�Ì�� �� �Ø�. X �x �� �v �Í �i �q �` �o �‘ �M�T �’ 0 % Dim(X ) < ' �p �K�“�z

X n =
[

{ |! q| ; ! q �x X �w q���o�.�p�z q % n} , 0 % n % Dim(X )

�q �S �X �q X = X Dim(X) �U 
R�q �` �‡ �b�{ �^ �o�z X n r X n−1 �x n���o �. �w �º 
æ�w

	B �‡ �“ �i �T �’�z �D 	V �s �í �� �w 	B �‡ �“ �q �M�O�™�¯ �p X �w �¤ �p �ã �$ �p �K �”�{

	H�l �o 
ô �O�w�t 
ž �A�s 
æ
ü 	B�ù �w�x 
: �x �ô�‘ 1 �` �T 
ÿ �Q�s �M�T �’

cat(X n) % cat(X n−1) + 1, 0 % n % Dim(X )
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�p �K �” �w �p cat(X n) % n �U 
¶ �o �w n �p 
R �q �b �` �‡ �b�{ 	H�l �o�z cat(X ) =

cat(X Dim(X) ) % Dim(X ) �› �˜ �”�{ 	4 �“��

�` �T �`�z �\ �\ �t �ð �J �U 	Z �o �V �‡ �b�{ �\ �w �®	Í �T �’ �w 
° �A�¯ �x �Š �p �t �-���4

�w �ã �t �0 �b �” �‹ �w �s �w �p �`�• �O�T�• �\ �• �› �ß �o �b �” 
² �t�z �° �m	j 
‹ �› �` �‡

�b�{ �È �A �� �Ø�. X �w
æ
ü �í �� A �w�¤ �t �, �: �®+�¯ �› �q �“�z X �t [0, 1] , A �›

[0, 1] , A . (1, a) �q a ) A $ X �› �‰�° �¹ �b �” �Ä �p �7 �“ 
Ç �Z �‡ �b�{ �^ �’ �t

[0, 1] , + �q 0 , A �› �
 �: �t �õ �` �o �g �  �w�‘ �O�s 
$ �� X / CA �› �^ �“ �‡ �b�{

���[ ������ �� �Ø�. X �t �0 �` �o �'�P�Y���(�B�O�F�B�U�Í �w
Æ�! �” �› �) �Q�‡ �` �h�{

�¢�'�P�Y�w�§ �M�ã�£ X �U�D	V�s �‰	B�ù �T �’ �s �” �� { Ai $ X ; 0 % i % m} �p 
ô �O

�\ �q �U�p �V�” �q �V�z �f �w�‘ �O�s 
ô �M�M�› 
¶ �o �ß �Q�‡ �b�{ �f �` �o�z �f �• �’ �w

m �w�7 	– �‹ �› gCat(X ) & 0 �p 
¯ �`�z �®�2 �? �$ �s �ã�¯ �q �z �| �‡ �b�{ �h �i �`

�‹ �` �� �v �x �p 
ô �O�Ä�U�p �V�s �M�s �’�z gCat(X ) = ' �q �` �‡ �b�{

�¢�(�B�O�F�B�w�§ �M�ã�£ Cat(X ) = Min { m & 0; * Y 'X �T�V�D�I�U�I�B�UgCat(Y) = m}

�¢�(�B�O�F�B�w �$�P�O�F�M�F�O�H�U�I�£X �w�¢�Õ �^ m �w�£ �$�P�O�F
ü �r �q �x�z �� �Ø�. �w
ÿ �C�»

{ X i ; 0 % i % m} �¢ X i 0 X i−1�
1 % i % m�£ �p �Í �› �¬ �h �b �‹ �w�p �b�{

X 1 X m�
 X 0 = CA0�
 X i = X i−1 / CAi �¢ Ai �x X m �w�� 
æ
ü 	B�ù�£

X �U�� �v �Õ m �w �$�P�O�F
ü �r �› �Ë �m�q �V�z �f �w �‘ �O�s 
ü �r �w 
¶ �o �› �ß �Q

�‡ �b�{ �f �` �o�z �f �• �’ �w m �w�7 	– �‹ �› Cl(X ) & 0 �p 
¯ �`�z �®�(�B�O�F�B�w

�D�P�O�F�M�F�O�H�U�I�¯�q �z �| �‡ �b�{ �h �i �` �‹ �` �� �v �Õ�w �$�P�O�F
ü �r �› �Ë �h �s �M�s

�’�z Cl(X ) = ' �q �` �‡ �b�{

Cl(X ) �q Cat(X ) �w�� �� �t �m�M�o �x �(�B�O�F�B�× 
� �U�Í �w�Ë�J �› 	Â�Ì �` �‡ �` �h�{

�Ë�J ������ �	�(�B�O�F�B�
cat(X ) % Cat(X ) = Cl(X ) % Dim(X )

�Ë�J ������ �	�(�B�O�F�B�
�o �È�A�s �� �Ø�. X �t �0 �` �o 
Æ�s �Ü Cat(X ) %
Dim(X )

2
�U
R

�q �b �”�{ �^ �’ �t X �U m���È�A�s �’ �y Cat(X ) %
Dim(X )
m + 1

�U
R�q �b �”�{

�f �• �p �x�z �\ �w�‘ �O�s 	Í �T �’ �w
° �A �x �-���4 �w�ã �t �0 �` �o �x �™�¯ �U
, �M�w�p

�`�• �O�T�• �\ �w�ð �t �0 �` �o �‹�z 	Í �w�s �Ü Cat(X ) = Cl(X ) �› �; �M�o�z �• �x �“

�(�B�O�F�B�U�Í �w�Ë�J �› 	Â�Ì �` �‡ �` �h�{

�Ë�J ������ �	�(�B�O�F�B�
Cat(X )# 1 % cat(X ) % Cat(X )

�b �s �˜ �j�z �(�B�O�F�B�w�§ �M�ã �x �-���4 �w�ã �q �ô�‘ 1 �` �T �§ �˜ �s �M�w�p �b�{
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�� �< �T �’ �w�y �/ �$ �s 
° �A

�f �• �p �x�z �Í �t �< �T �’ �w 
° �A �› �¯ �× �Þ �é �´�” �› �–�l �o �) �Q�o �ˆ �‡ �`�• �O�•

�‡ �c �� �Ø�. X �T �’ �× 
µ �t �� �‡ �” �/ 
ó �. (C∗(X ), " )�T �’�z �× �Þ�é �´�” �� H∗(X ) �U

Hq(X ) =
ker " : Cq(X ) ( Cq−1(X )
im " : Cq+ 1(X ) ( Cq(X )

�t �‘ �“ �) �Q�’ �• �‡ �b�{ �^ �’ �t�z �� R �t �� 
: �› �Ë �m�¯ �× �Þ �é �´�” �� H ∗(X ; R) �U

C∗(X ; R) = Hom(C∗(X ); R) �q # = " ∗ : C∗(X ; R) ( C∗+ 1(X ; R) �t �‘ �“ �) �Q

�’ �• �” �( �/ 
ó �. (C∗(X ; R), #) �› �; �M�o

H q(X ; R) =
ker # : Cq(X ; R) ( Cq+ 1(X ; R)
im # : Cq−1(X ; R) ( Cq(X ; R)

�t �‘ �“ �) �Q�’ �• �‡ �b�{ �› �t n �Í �i �� �� �7 �. M �t �0 �` �o �x�z M 	Í �w
• 
ü �� �Ü�w


¶ �. �T �’ �^ �’ �• �” �( �/ 
ó �. (# ∗(M ), d) �T �’ �� �‡ �” �%�F�3�I�B�N�¯ �× �Þ�é �´�” ��

H q
DR(M ) =

ker d : # q(M ) ( # q+ 1(M )
im d : # q−1(M ) ( # q(M )

�x�z �� 
: �› R = R�¢�î 
: 
¶ �.�£ �q �b �” �è 	× �w�¯ �× �Þ�é �´�” �� �q �‰�° �¹ �p �V�‡ �b�•

H ∗
DR(M ) 2= H ∗(M ; R)

�\ �\ �p �‹ �` cat(M ) % m �q �b �” �q�z M �x �ô�‘ m + 1 �• �w �ã �$ �s �‰	B �ù

{ Ai ; 0 % i % m} �p 
ô �M
� �X �d �‡ �b�{ �b �” �q �A�� �ø 
þ ai : Ai $( M �U�¯ �× �Þ�é

�´�” �t � �‹ �b �” 	j �‰�� �x Ai �U�ã �$ �p �K�” �\ �q �T �’ �D�õ 
$ �Ü

H q
DR(M ) H q

DR(Ai)

H q
DR(B n

ε )

/!
a∗

i

$"!!
!!!

!!!
!! :#""""""""""

B n
ε �x n �Í�i %�Ø�”�ç

�› � �‹ �b �” �w�p�z H q
DR(B n

ε ) = 0 �‘ �“ a∗
i �x �× �Ì �s 	j �‰�� �t �s �“ �‡ �b�•

a∗
i = 0 : H q

DR(M ) #( H q
DR(Ai), q > 0.

	H�l �o �Ú �™�w u ) H q
DR(M ) �x�z Ai �w 	Í �p �¢	— �` �± �Š �s �M �q �M �Z �‡ �d �œ

�U�£ &i|Ai = 0 �› �¬ �h �b �‘ �O�t �E
¯ �i &i ) u �› 	� �” �Ä�U�p �V�‡ �b�{ �f �O�b �” �q

�Ä�î ������ �Ú �™�t m + 1 �x �w �i u(i) ) H ∗
DR(M )�¢ 0 % i % m�£ �› �) �Q �” �q

�V�z u(i) �w �E 
¯ �i &i �q �` �o &i|Ai = 0 �› �¬ �h �b �‘ �O�t �q�l �o �X �• �y �Ì �’ �T �t

&03&13 ááá3&m = 0 �i �T �’�z u(0)áu(1)áááááu(m) = 0 ) H ∗
DR(M ) �› �¬ �h �b�{
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�«�� �‹ �O�° �S 2 �Í �i �Ä�” �å �µ T2 �t �í�l �o �ß �Q�o �ˆ �‡ �`�• �O�{

H ∗
DR(T2) = R{ 1} 4 R{ µ, ' } 4 R{ µ á' } , µ, ' ) H 1

DR(T2)

�h �i �` µ á' = # ' áµ �s �w�p�z �\ �w�� �x �M�˜ �• �” �Ž 
u �E 
: H ∗
DR(T2) = #(µ, ' )

�t �s �“ �‡ �b�{ �q �t �T �X µ á' 5= 0 �‘ �“�z cup(T2) = 2 �q �s �“�z �Í �› �˜ �‡ �b�{

2 = cup(T2) % cat(T2) % Ball(T2) # 1 % Crit (T2) # 1 % Dim(T2) = 2

�b �s �˜ �j�z �\ �• �’ �w
Æ�s �ø �x 
¶ �o �s �ø �t �” �V�õ �Q�’ �• �” �\ �q �U
ü �T �“ �‡ �` �h�{

�^ �o�z �� �ÿ �� �w	Ð�O�$ �° 
` �¯ �× �Þ�é �´�” �¢	Ð �O�$ �¯ �× �Þ�é �´�”�£ h∗(X ) �t �x

�%�F�3�I�B�N�¯ �× �Þ�é �´�” �w
u �t �0 � �b �” 
u �Ï �� �U�× 
µ �t �‹ �Ö�^ �•�z 	Í �w�Ä�î �q �‰�7

�s 
Q�í �› �¬ �h �` �‡ �b�{

�Ä�î ������ �O �‡ �X m �x �w �i u(i) ) h∗(X )�¢ 1 % i % m�£ �› 
¬ �• �q �V�z 0 5=

u(1)áááááu(m) ) h∗(X ) �› �¬ �h �b �‘ �O�p �V�” �s �’�z cat(X ) & m �U
R�q �b �”�{

�\ �w�‘ �O�t �µ �t �s �’ �s �M�‘ �O�t 
u �› �^ �” �q �V�z �; �M�” �i �w�D�ó �s �7 �G�x 
: �›

cup(X ; h) �s �r �q 
¯ �` X �w �¢	Ð �O�$ �¯ �× �Þ �é �´�” h �t �m�M�o �w�£ �D�V�Q���M�F�O�H�U�I

�q �z �| �‡ �b�• �› �t h∗(X ) = ÷H ∗(X ; R) �w�q �V�z �\ �• �› cupR (X ) = cup(X ; R)

�s �r �q 
¯ �` X �w�¢�� 
: R �w�£ �D�V�Q���M�F�O�H�U�I�q �z �• �\ �q �U�K�“ �‡ �b�{ �^ �’ �t

cup(X ) = Max { cup(X ; h) |h �x	Ð�O�$�¯�×�Þ�é�´�”
¶�o�›�ˆ�X }

�q �� �Š�” �q�z �Í �w�s �Ü�U�˜ �’ �• �‡ �b�•

cup(X ) = Min

(
m & 0; + 1

�T�U�B�C�M�Z
ø" m+ 1 : X

! m + 1(
m+ 1Y

X
qm + 1(

m+ 1
3 X

)

�h �i �`�z qm+ 1 �x�z 
u �í �� �w �¤ �w �G�B�U�X�F�E�H�F�w 
æ
ü �› �
 �: �t �õ �b �ø 
þ �p �b�{

�7 �™�t �8�I�J�U�F�I�F�B�E�w�• �[ �h �®	� �M�ã�¯ �‹ 	º �p �` �‡ �b�{

�Xcat(X ) = Min

(
m & 0; + 1 ø" m+ 1 : X

! m + 1(
m+ 1Y

X
qm + 1(

m+ 1
3 X

)

�Ž 	Í �› �‡ �q �Š�” �q�z �Í �w
Æ�s �Ü�U�y �/ �$ �t �x �˜ �’ �• �o �M�‡ �` �h�{

cup(X ; h) % cup(X ) % �Xcat(X ) % cat(X ) % Cat(X ) % Dim(X )

�h �i �`�z �\ �w�¤ �p �q �î �$ �t �- �‰�D�ó �s �w�x cup(X ; R) �X�’ �M�T �‹ �` �• �‡ �d �œ�{
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�� �7�‘ �s �í �� �t �0 �b �” �-���4 �w�ã �w�‹

�í �� �U�o 	m�p �b �q �-���4 �w�ã �w�‹ �› �> �Š�” �Ä�x �É�` �X�s �M	Ô�ù �U�K�“ �‡ �b�{

�«�� �-���4 �w�ã �U 0 �t �s �” �t �x �f �w�í �� �U�D	V�p �K�” �\ �q �U
ž �A	G
ü �p �b�{

�«�� �-���4 �w�ã �U 1 �t �s �” �t �x �f �w�í �� �U �D�P���)�í �� �p �K �” �\ �q �U
ž �A 	G
ü �p

�b�{ �í �� �U�� �� �7 �. �s �’�z �f �• �x �• �Ø�t �× �Þ�Ä�Ð�” �‰�‹ �t �s �“ �‡ �b�{

�«�� n �Í �i �U�P�S�V�TTn �x Dim(Tn) = cat(Tn) = cup(Tn; Z) = n �› �¬ �h �b�{

�«�� �ô �Í �i �• �Ø Sn1 , ááá, Snr �w�Ú
u X = Sn1 , ááá, Snr �x �Í �› �¬ �h �b�{

Dim(X ) = cat(X ) = cup(X ; Z) = r

�«�� n �Í �i �î �¢
ó 
É�z �› �i 
:�£ �ù �è �í �� RPn�¢ CPn�
HPn�£ �x �Í �› �¬ �h �b�{

Dim(RPn) = cat(RPn) = cup(RPn; Z/ 2Z) = n

Dim(CPn) = cat(CPn) = cup(CPn; Z) = n

Dim(HPn) = cat(HPn) = cup(HPn; Z) = n

�` �T �` �« �Q�y �M�F�O�T�í �� �› 	��l �o �^ �Q�z �\ �• �’ �w
° �A�x 	G
ü �p �x �K�“ �‡ �d �œ�•

�Ä�î ������ Ln(p) = S2n+ 1/ (Z/ p)�¢ Z/ p �x �• 
: p > 2 �w	n �s ���£ �w�q �V�z

H ∗(Ln(p); Z/ p) 2= # Z/p(x)6 Z/ p[y]/ (yn+ 1), ( (x) = y,

�h �i �`�z x ) H 1(Ln(p); Z/ p)�
y ) H 2(Ln(p); Z/ p) �p �K�“�z xyn 5= 0 �q �s �” �w�p

Dim(Ln(p)) = 2n + 1, cup(Ln(p); Z/ p) = n + 1.

�^ �o�z �������å�E�t �× �Þ�Ä�Ð�” �æ�t �h �8 �$ �s 
R�L �› �‹ �h �’ �` �h �.�J�M�M�F�S�w�� �g �T �’

�;�B�C�S�P�E�T�L�Z�’ �t �‘�l �o �f �w	O�A 
Q�U�¦ � �^ �•�z �q �O�‹ �Æ
C�t �Z �€ �^ �• �” �®�� �v

�x �w�Í �i �› 	† �V �ô �Í �w�× �Þ �Ä �Ð�” �� �U
¶ �o 	« �Q�o �M�” �í ���¯ �¢�� �v �1�P�T�U�O�J�L�P�W

�Q�J�F�D�F�£�x�z �¢�&�D�L�N�B�O���)�J�M�U�P�O�w�™�¯ �p�£ �j�• �O�r �� �v 
ó �. �w
Ò�0 �$ �s �“ �æ�q �s �“

�‡ �b�{ �\ �• �Ž �™�z) �q �` �o �x �� �v 
\ 
R�s �� �w	Ô�ù �` �T �ß �Q�s �M�\ �q �t �` �‡ �b�{

���[ ������ �È�A�s �í �� X �U �U�Z�Q�F() , n) �w �&�J�M�F�O�C�F�S�H���.�B�D�-�B�O�F
ó �. �¢ K () , n) �q


¯ �b�£ �p �K�” �q �x�z �� ) �q �× 
µ 
: n �t �0 �` �o 7q 6= n) q(X ) = 0 �T �m ) n(X ) = ) �U


R�q �b �” �\ �q �p �b�{ �› �t �&�J�M�F�O�C�F�S�H���.�B�D�-�B�O�F
ó �. �x �� �v �1�P�T�U�O�J�L�P�W�Q�J�F�D�F�p �b�{

��



�Ä�î ������ n �U 2 �Ž 	Í �T �m ) �U�ž�” �Õ�ç �� �w�q �V�z Dim(K () , n)) = ' �p �K �”

�U�z �-���4 �w�ã �‹ cat(K () , n)) = ' �› �¬ �h �b�{

�f �` �o�z �2 �m�T �w�ð �J �U�’ �^ �• �‡ �` �h�{

�ð�J ������ �	���
 �� �� �7 �. M �T �’ 1 �: �› 
H�M�o �` �‡ �O�q�z �× �Þ�Ä�Ð�” �$ �s �Í �i �U

�< �U�” �w�q �‰�7 �t�z �-���4 �w�ã �w�‹ �‹ �n �” �w�p �`�• �O�T�•

�	���
 �� �� �7 �. M �x�z �r �œ�s �Í �i �w�• �Ø�q �w�Ú
u �› 	��l �o �‹ �-���4 �w�ã �w�‹ �U 1

�i �Z 
ÿ �Q�” �w�p �`�• �O�T�•

�	���
 �(�B�O�F�B�w�§ �M�ã �p �x �s �X�z �-���4 �w�ã �› 	Í �T �’ 
° �A �b �” 
Æ�! �” �x �Á �M�w�p

�`�• �O�T�•

�	���
 �-���4 �w�ã �p �x �s �X�z �(�B�O�F�B�w�§ �M�ã �› �< �T �’ 
° �A �b �” 
Æ�! �” �x �Á �M�w�p

�`�• �O�T�•

�	���
 �ô �Í �i �× �Þ �Ä �Ð�” �� �U�r �• �T �’�l �o �M�” �� �v �1�P�T�U�O�J�L�P�W�Q�J�F�D�F�w �-���4 �w�ã

�w�‹ �x �Á�v �G�p �`�• �O�T�•

�	���
 �� ) �x cd() ) = cat(B) ) = gd() )�¢ B) = K () , 1)�£ �› �¬ �h �b �p �`�• �O�T�•

�h �i �` cd() ) �x ) �w�¯ �× �Þ�é �´�” �Í �i �p�z gd() ) = Dim(B) ) �p �b�{

�• �Š�w�Ë�m�x �y �X�T �’ �w�ð �J �p �` �h �U�z 
² 
H�D�w	4 �˜ �“ �t �r �> �p �V�‡ �` �h�{

�~ �m�è �x �ô �Í �)�P�Q�G
Æ�! �” �› �; �M�o �s �œ�q �T �^ �• �h �q �¥�l �o �M�‡ �b�{

�› �m�è �x �è 	× �w�× �Þ�Ä�Ð�” �æ�w	� �O�p �x �p �V�f �O�t �Á�M�‘ �O�p �b �w�p�z �« �Q�y

�T�J�N�Q�M�F�I�P�N�P�U�P�Q�Z�U�I�F�P�S�Z�p �? �T 
Æ�! �” �U�^ �• �s �M�T �q �T �w�Ý
Ý�› �J �M�o �M�‡ �b�{

�’ �m�è �x �4�F�S�S�F�' 
Ý�w�¦ �Á�w�m�‹ �“ �p �b �U�z �™�Ž �t �� �o �s �Ä�T �‹ �` �• �‡ �d �œ�{

�\ �w �7 �™�w �ð �J �t �0 �b �” �à �� �$ �s �r �t �U �&�J�M�F�O�C�F�S�H���(�B�O�F�B�w �' 
Ý �q �z �y

�•�z �� �‹ �° �r �> �w �‡ �‡ �i �q �¥ �M�‡ �b�{ �× 
ü �w �ò �a �p �x cat(BG) = cd(G)

�T �m Cat(BG) = gd(G) �p �K�l �o �‹ �S �T �` �X �Á �M�> �U �` �‡ �b�{ �‹ �` �T �`

�h �’ cat(BG) = 2 < 3 = Cat(BG) �q �s �” �\ �q �U �K �” �w �p �`�• �O �T�{ �\ �w

�&�J�M�F�O�C�F�S�H���(�B�O�F�B�w�' 
Ý�q 
� 
S�b �” �q �M�O�z �8�I�J�U�F�I�F�B�E�w�' 
Ý�U
Y�` �M�w�T �‹ �`

�• �‡ �d �œ�U�z �q �t �T �X�z �˜ �T �“ �‡ �d �œ�{

�Ž 	Í �p �b�{

� 
I �� 
É �¢�M�˜ �d �w�“ �S�£

�Ý	- �G�¶ �G�¶ �Ã
: �g �¶ �Z �€ �Ã

��



�-�V�T�U�F�S�O�J�L���4�D�I�O�J�S�F�M�N�B�O�O�§ �Â�° �æ
: �q

�" �¿ �Ï ��

� 
I �� 
É

�y �/ �$ �s �× �Þ �Ä �Ð�” �æ�w 	� �O �› �& �; �b �” �i �Z �p �-���4 �§ �Â �° �æ
: �U �>

�� �p �V �” �í �� �x �8 �4 �^ �• �” �„ �r �� �X �x �s �X�z �« �Q �y n �Í �i �Ä�” �å �µ Tn ��

Rn/ Zn 8 S1, (n �x ), S1 �w �-���4 �§ �Â�° �æ
: �x n �p �K�” �q �b �Y�t �> �� �p �V�” �U�z

�M�F�O�T�í �� �w �-���4 �§ �Â �° �æ
: �w�> �� �p �^ �Q�î �x �É �` �M�{ �^ �’ �t �í �� X �w �-���4

�§ �Â �° �æ
: cat(X ) �U �r �O�M�O	Ô�ù �t 
ÿ �Q�” �T �b �’ �ð �J �p �K �“�z �« �Q�y �s �Ü

cat(X ), Sn = cat(X ) + 1 �U
R�q �b �” �T �r �O�T �‹ �� �� �å �Ù�X�° �r �> �p �K�l �h�{

�\ �w �è �� �p �x �-���4 �§ �Â �° �æ
: �w �× �Þ �Ä �Ð�” �æ�$ �s �� �Ø�t �« �è �`�z ��������

�å �Ž �™�t �˜ �’ �• �h �M�X�m�T �w�- �‰�D�ó �s 
Æ�! �” �› A1���Ï �� �q �w�� �È�› �_ �s �U�’ 	º

�p �` �h �M�{ �f �• �’ �x �‡ �c 	Í �T �’ �w
° �A�› �) �Q�” ! �ô �Í �×�¿ �Ó
Æ�! �” " �p �K�“�z �‡

�h �< �T �’ �w
° �A�› �) �Q�” �3�V�E�Z�B�L�
�4�U�S�P�N�w ! �D�B�U�F�H�P�S�Z�X�F�J�H�I�U" �S�‘ �| �f �w�~ �‘ 
[

�p �K �” ! �N�P�E�V�M�F�X�F�J�H�I�U" �p �K �”�{ �î �x �f �w�‘ �O�s 	ý �` �M
Æ�! �” �w�J 	Ô�b �” �a

�� �p�z �8 �4 �^ �• �o �M�h �s �Ü cat(X , Sn) = cat(X ) + 1 �U
R�q �` �s �M�� �� �7 �. X

�w�« �U�K�” �\ �q �U 3 �Í �i 
ó 
É�ù �è �í �� CP3 �› �; �M�o �_ �M�i �^ �• �o �M�”�{



�®
ü �¨ �í ���¯�l �o �? �p �`�• �O�{

�.�J�M�O�P�S�t �‘�l �o�z �• 
ì �� �w�Ë�m	O�A�s 
Q�í �U�f �w
ü �¨ �í �� �w�× �Þ�Ä�Ð�” �æ�$ �s 
Q

�í �q �` �o �¤ �t �� �a �\ �Š �’ �• �o �M�” �\ �q �U�Ì �’ �T �t �s�l �o �M�‡ �b�{ �h �i �` �.�J�M�O�P�S

�w�Ï 
R�O�x�z �• 
ì �› 	� �• 
ì �t 	��l �o �S�T �s �M�q �× �Þ�Ä�Ð�” �� �q �T �w
Q�í �› �O�‡ �X

�‹ �V	Z �d �‡ �d �œ�w�p�z �> �› �m�Z �s �M�q �M�Z �‡ �d �œ�{

�\ �• �›�z �o �t �ß �Q�h �M�w�p �b�{ �b �” �q 
ü �¨ �í �� �w�× �Þ�Ä�Ð�” �æ�$ 
Q�í �x�z �-�J�F

�� �s �r �w�• 
ì �� �w�� �Ï �� �t 
S�é �` �o �M�” �\ �q �t �s �“ �‡ �b�{ �f �• �s �’�z �) �Q�’ �• �h

�� �Ø�. �w�× �Þ �Ä �Ð�” �æ�$ 
Q�í �U�f �w�� �Ï �� �t 
S �é �b �” �‘ �O�s �• 
ì �� �x �K �” �w�p

�`�• �O�T�• �• �x �“ �.�J�M�O�P�S�t �‘ �• �y�z �t �x �:�&�4 �p �b�{

�o �È�A�� �Ø�. �x�z �? �’ �T �w�• 
ì �� �w
ü �¨ �í �� �q �s �“ �‡ �b�{

�\ �• �› �O�‡ �X�; �M�” �\ �q �U�p �V�• �y�z �-���4 �w�ã �q �M�O�× �Þ�Ä�Ð�” 
Æ�! �” �› �®�• 
ì

���¯ �w�� �Ï �� �w�t �? �p �g �r �b �” �\ �q �U�p �V�” �T �‹ �` �• �‡ �d �œ�{

�h �i �`�z �f �w	Â�Ì �w�h �Š�t �.�J�M�O�P�S�w�Ï 
R�` �h �Š�G�s �®�• 
ì ���¯ �x�z �è 	× �f�‘

�w
ƒ �� �b �” �� �v 
Q�w	Ú�E�›�z �p 
µ �s �U�’ �¬ �h �` �‡ �d �œ�{ �× �Þ�Ä�Ð�” �æ�$ �t �x�z �\

�w�®�• 
ì ���¯ �x �) �Q�’ �• �h �o �È�A�� �Ø�. X 	Í �t 
³ �T �• �h �¢�• �: �q 	4 �: �U�, �: �t �{

�� �^ �• �h�£ �ç�” �Ó
¶ �. �w�^ �” �• 
ì �í �� �¢�ç�” �Ó�í �� ! (X )�£ �w�× �Þ �Ä�Ð�” �� �› �Ë

�j�z �^ �’ �t �5�P�E�B�w �T�U�B�O�E�B�S�E�Q�B�U�I�w�í �� &(X ) �q �× �Þ�Ä�Ð�” �‰�‹ �t �s �“ �‡ �b�{

	H�l �o �ç�” �Ó�í �� �x �• 
ì �� �t �× �Þ �Ä �Ð�” �‰�‹ �s �í �� �q �` �o�z �• 
ì �� �w�Ï ��

�› �c �’ �` �h �� �p �w �× 
µ �s �Ë �ò �� �‰�¢�ç�” �Ó�w �A �ù�£ �› �Ë �m�\ �q �t �s �“ �‡ �b�{

�` �T �` �\ �w�ç�” �Ó�w�A�ù �x �o �• �i �‹ �Ë �h �c�z �A�ù 
Q�‹ 
R�q �` �s �M�s �r�z �° �_ �b �”

��



�q �( �“ �µ �¯ 
� �M
Q�í �x �Á�^ �f �O�p �b�{ �f �• �t �‹ �� �˜ �’ �c �\ �w�ç�” �Ó�í �� �x�z �× �Þ

�Ä�Ð�” �o �• �i �› �Ë�j�z �× �Þ�Ä�Ð�” �A�ù 
Q�› �¬ �h �` �‡ �b�{

!!!! !!!!

"
"

"
"

#

#

#

#

#

#

# # #

X

X

Y

Y

Z

Z

X (YZ)

(X Y)Z

�^ �’ �t �f �• �i �Z �p �s �X�z �‘ �“ �ô �Í �w�Ï �� �‡ �p �Ë�j �‡ �b�{

"
"

"
"

"
"

$
$

$
$

$
$

X ((YZ)W) (X (YZ))W

X (Y(ZW)) ((X Y)Z)W

(X Y)(ZW)

! ! ! ! ! ! ! ! ! ! ! !

""""""""""""

	H�l �o �ç�” �Ó�í �� �x �• 
ì �� �w�Ï �� �› �c �’ �` �h �� �p �w�× 
µ �s A1���Ï �� �› �Ë�m�\

�q �U
ü �T �“ �‡ �b�{ �\ �w m 
j �è �w�Ï �� �› �) �Q�” �· �ç �x �Í �w�‘ �O�t �) �Q�’ �• �‡ �b�•

K (m) = { (t1, ááá, tm) ; 7k 0 % tk % k # 1 #
Pk−1

i= 1 t i}

�� �ç�” �Ó�í �� �w A' ���Ï ��

�È �A�� �Ø�. X �w
æ
ü �í �� A �w�¤ �t �, �: �®+�¯ �› �q �“�z + �T �’ 	Z �o A �w�¤ �t �•�l

�o �X �” �“ �w 
¶ �. �› ! (X , A) �p 
¯ �` �‡ �b�{ �“ u ) ! (X , A) �x �• �: �x u(0) = +

�q �s �“�z 	4 �: �x u(1) ) A �› �¬ �h �` �‡ �b �T �’�z �ø 
þ �¢�Q�B�U�I���G�J�C�S�B�U�J�P�O�£

p : ! (X , A) ( A, p(u) = u(1)

�U �˜ �’ �• �‡ �b�{ �\ �w �ø 
þ �x �¤ �: a ) A �p �w �G�J�C�S�F�U �‰�a �× �Þ �Ä �Ð�” �� ! (X )

�› �Ë �m�i �Z �p �s �X�z �Ñ�• �  �Ì�” �� �q �‰�7 �t �®�)�P�N�P�U�P�Q�Z�-�J�G�U�J�O�H�1�S�P�Q�F�S�U�Z�¯�› �¬

��



�h �` �‡ �b �w�p�z �× �Þ �Ä �Ð�” �æ�$ �t �x �Ñ�• �  �Ì�” �� �q �‰�7 �t �{ �O�Ä �U�p �V �‡ �b�{

�‡ �h �\ �• �› 
Ò�0 �$ �t �
 �Q�h �‹ �w�U �D�P�G�J�C�S�B�U�J�P�O�p �b�{

�«�� ! (X , X ) �x �Q�B�U�I�w�Õ�^ �› �° �7 �t �y �X�` �o �M�X�q�z 
¶ �o �U�‰�Ì �t 1 �: �t �‡ �p

�m�• �• �o �` �‡ �M�‡ �b �T �’�z �í �� �× �. �U�D	V�t �s �“ �‡ �b�{

�^ �o�z �������� �å �t �4�U�B�T�I�F�G�G�U�Í �w�� �g �› 	Â�Ì �` �‡ �` �h�{

���g ������ �	�4�U�B�T�I�F�G�G�
�� �Ø�. X �t �0 �` �o�z �f �w�ç�” �Ó�í �� ! (X ) �w A1���Ï �� �T

�’ �í �� �w
ÿ �G�» { Pm(! (X ))} �¢�ù �è �í ���£ �q �ø 
þ �w�» { eX
m : Pm(! (X )) ( X }

�U�Ï 
R�^ �•�z eX
1 : P1(! (X )) 1 X �x �× �Þ�Ä�Ð�” �‰�‹ �ø 
þ �q �s �”�{

�\ �w �q �V�z �Q�B�U�I���G�J�C�S�B�U�J�P�Op : ! (X , X ) ( X �› �ù �è �í �� Pm(! (X )) �t �¾�V

�í �` �h �G�J�C�S�B�U�J�P�O�› pm : Em+ 1! (X ) ( Pm(! (X )) �q 	{ �T �d �o �< �^ �M�{ �^ �o�z

�4�U�B�T�I�F�G�G�w�æ�� �w 4 �å �™�������� �å �t �(�B�O�F�B�U�Í �w�A�L �› 
C
¯ �` �‡ �` �h�{

���g ������ �	�(�B�O�F�B�
�í �� X �t �0 �` �o �× 
µ �s �í �� �» { Gm(X ) ; 0 % m %

' } �¢�(�B�O�F�B�í ���£ �q �ø 
þ �w �» { gX
m : Gm(X ) ( X } �U �Ï 
R �^ �•�z gX

1 :

G1(X ) 1 X �x �× �Þ �Ä �Ð�” �‰�‹ �ø 
þ �q �s �”�{ �^ �’ �t�z cat(X ) % m �q �s �” �t �x

gX
m 9 s = idX �› �¬ �h �b �ø 
þ s : X ( Gm(X ) �U�� �O�b �” �\ �q �U
ž �A	G
ü �p �K�”�{

�\ �w �(�B�O�F�B�í �� �x�z �, �Š�$ �t �-���4 �w�ã �w �P�S�J�H�J�O�B�M�w�� �[ �t �, �n �V�z �G�J�C�S�B�U�J�P�O

�q �D�P�G�J�C�S�B�J�U�P�O�› �; �M�o �< �ò �$ �t �Ï 
R�¢�(�B�O�F�B�w �G�J�C�S�F���D�P�G�J�C�S�F�Ï 
R�£ �^ �• �‡ �` �h

�U�z �7 �� �w�í �� �q �w�� �� �x �) �Q�’ �• �o �M�‡ �d �œ�p �` �h�{ �� 
ü �° 
` �w�í �� �i �q 
R

�q �` �s �M�w�p �`�• �O�U�z �q �t �T �X�z �8�I�J�U�F�I�F�B�E�w�� �[ �› �; �M�o �Ï 
R�` �Ú�b �q�z

�4�U�B�T�I�F�G�G�w�ù �è �í �� �q �w�� �� �U
ü �T �“ �‡ �b�{

�Ä�î ������ cat(X ) % m �q �s �” �t �x eX
m 9 ! = idX �› �¬ �h �b �ø 
þ ! : X (

Pm(! (X )) �U�� �O�b �” �\ �q �U
ž �A	G
ü �p �K�”�{

�\ �w	Â�Ì �w�Ù�  �ï �Ä �x�z �4�U�B�T�I�F�G�G�t �‘ �” A1���Ï �� �w
Ó�' 
Q�p�z �-���4 �w�ã �w��

�[ �q �` �o �x�z �8�I�J�U�F�I�F�B�E�w�� �[ �› �> �; �` �s �Z �• �y �s �“ �‡ �d �œ�{

�� 
ü�z �\ �• �› �_ �m�Z �h �w�U �-���4 �w�ã �› �ß �Q�• �Š �h �ˆ �; �p �K �” �q �t�l �o �M�M

�q �¥ �M�‡ �b�{ �² �x �f �• �‡ �p�z �4�U�B�T�I�F�G�G�w�ù �è �í �� �w�× �Þ �Ä �Ð�” �æ�$ �s 
Q�í �› �Ð

�‚ �o�z Am���Ï �� �• A1���Ï �� �w�Z �€ �› �` �o �M�‡ �` �h �w�p�z �‘ �f �w�H�t �M�” �q �¥�l

�o �M�h �ã �U�z �> �U�m�M�h �’ �× 
ü �w �H�t 	E �ˆ �£ �M�o �M�h �q �M�O�7 �s �ò �a �p �b�{

�p �‹ �ã �x �> �U�² �M�h �’ �‡ �h �r �\ �T �t �æ�l �o �` �‡ �O�T �‹ �` �• �‡ �d �œ�{
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�� �ô �Í �)�P�Q�G
Æ�! �”

�ô �Í �)�P�Q�G
Æ�! �” �› �–�l �o �-���4 �w�ã �w�‹ �U�M�m
ÿ �Q�” �w�T �› 
Q�� �b �” 	Ú�E�› �‹ �V

	Z �` �‡ �b�{ �‡ �c�z �ô �Í �)�P�Q�G
Æ�! �” �w�� �[ �› �) �Q�‡ �`�• �O�{

�Ë�J ������ �	�#�F�S�T�U�F�J�O���)�J�M�U�P�O�
cat(X ) % m �w�q �V�z �8�I�J�U�F�I�F�B�E�w�� �[ �T �’ �0 �¯


¢ �ø 
þ �w �D�P�N�Q�S�F�T�T�J�P�Os : X (
m+ 1
T X �¢�G�B�U�X�F�E�H�F�£�› 	� �” �q�z �Í �w�ø 
þ �¢�ô �Í

�)�P�Q�G
Æ�! �”�£ �U�� �O�` �‡ �b�{

H s
m : ) q(X ; R) ( ) q+ 1(

m+ 1Y
X ,

m+ 1
T X ; R), q & 2 �T�m R �x�ž�”�Õ�ç��

���g ������ �	�#�F�S�T�U�F�J�O���)�J�M�U�P�O�
f : Sq ( Sr �w �q �V�z Q = Sr / f eq+ 1 �q �S �X

�q�z cat(Q) = 2 �q �s �” �t �x H s
1(f ) 5= 0 �p �K�” �\ �q �U
ž �A	G
ü �p �b�{

�\ �• �x �-���4 �w�ã �w �8�I�J�U�F�I�F�B�E�w�� �[ �t �‘ �� �` �o �M�‡ �b �w�p�z �ù �è �í �� �› �– �O

�‹ �w�t 
¶ �Ø�$ �t 	{ �V�õ �Q�o�z �Í �› �˜ �‡ �b�{

�Ë�J ������ cat(X ) % m �w�q �V�z �Í �w	B�ù �‹ �w�ô �Í �)�P�Q�G
Æ�! �” �U�� �[ �p �V�‡ �b�{

Hm : [$ V, X ] ( 2[" V,Em + 1(# (X))]

�h �i �`�z Em+ 1(! (X )) �x m+ 1 �x �w ! (X ) �w �K�P�J�O�q �× �Þ�Ä�Ð�” �‰�‹ �s �í �� �p �b�{

���g ������ �� �Ø �. X �U cat(X ) = m & 1 �T �m (d# 1) �È �A �	d & 2�
 �p 	Ú �E

�®Dim(X ) % dcat(X )+ d# 2�¯ �› �¬ �h �b �q �V W = X / α D e+ 1 �	e & d�
 �q �` �‡ �b�{

�	���
 �®cat(W) = cat(X )+ 1�¯ �q �s �” �t �x �®Hm(* ) 5.0�¯ �U
ž �A	G
ü �p �b�{

�	���
 �‡ �h cat(W) = cat(X )+ 1 �q �b �” �q �V�z �®n & 1 �t �0 �` �o cat(W, Sn) =

cat(W)+ 1�¯ �q �s �” �t �x �®$ n
∗Hm(* ) 5.0�¯ �U
ž �A	G
ü �p �b�{

�\ �w�A�L �T �’ �Í �w�A�L �› �˜ �” �w�x �‰�` �– �� �o �s �\ �q �p �b�{

���g ������ �$�8 
ó �. �w�� { Q(+) ; +&2 �x
É
: } �p �Í �› �¬ �h �b �‹ �w�U�� �O�` �‡ �b�{




cat(Q(2), Sn) = cat(Q(2)) �G�P�S�B�M�Mn & 1,

cat(Q(+), Sn) = cat(Q(+)) �G�P�S�B�M�Mn & 2 �B�O�E+> 2.
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�t 	Â�� ! 8 ) ) 15(S8) �q , 2 ) ) 3(S2) �› �)�P�Q�G
Æ�! �” 1 �› �) �Q�” �i �q �b �” �q�z

H1(! 8) = 1 ) ) 15(! (S8)+! (S8)) 2= Z �q H1(, 2) = 1 ) ) 3(! (S2)+! (S2)) 2= Z
�U
R�q �` �‡ �b�{

�› �t [-15, -15] ) ) 29(S15) �x �R 
( 	j �‰�� E : ) 28(S14) ( ) 29(S15) �w 
þ �t ��

�‡ �• �” �× �Ì �p �s �M�i �p �b �U�z �f �• �× �. �U �8�I�J�U�F�I�F�B�E
u �s �w �p�z �R 
( �x �× �Ì

�t �s �” �q �M�O�Ä �î �t �£ �è �` �o Q(2) = S8 / σ8◦[∂15 ,∂15] e30 �q �S �V �‡ �b�{ �‰�7 �t

) 4`−3(S3) 2= Z/ +{ * 2
1(3)} �w �Ë 	O �R 
( �U �× �Ì �t �s �” �q �M�O �Ä �î �t �£ �è �` �o

Q(+) = S2 / η2◦α2
1(3) e4`−2 �q �S�V�‡ �b�{

�• �Ø �w �× �Þ �Ä �Ð�” �� �t �m�M�o �w �5�P�E�B�w �A �L �› �o 	m�t �p �o �x �Š �” �i �Z

�p cat(Q(2), Sn) = cat(Q(2)) = 2 �	n & 1�
 �q cat(Q(+), Sn) = cat(Q(+)) = 2

�	n & 2�
 �U
R�q �U
ü �T �“ �‡ �b�{ 	4 �“��

�` �T �` �(�B�O�F�B�w�' 
Ý �U�« �è �^ �• �h �w�x�z �� �7 �. �t �0 �b �” �µ �¯ �T �’ �p �` �h �w

�p�z �\ �w�
 �: �T �’ �\ �w�A�L �x 
Æ	G
ü �s �‹ �w�q �t �˜ �_ �” �› �˜ �‡ �d �œ�{

�î �x �\ �w�Ì �: �p �(�B�O�F�B�w�' 
Ý�x 
R�q �` �Q�s �M�q �M�O�§ �M�' �_ �› �Ë�j �‡ �` �h �w

�p�z 	Í �w
ó �. �T �’ �� �7 �. �› �^ �” �\ �q �› �ß �Q�‡ �` �h�{ �f �\ �p Q(( ) = S2 / ηβ eq+ 1�


( ) ) q(S3) �q �S�X�q�z �× 
µ �s �ø 
þ Q(( ) ( CP2 �U�Ï 
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�t �x �\ �w E(( ) �w�¤ �t �(�B�O�F�B�' 
Ý�w�� �7 �. �q �` �o �w
S�« �U�_ �m�T �“ �‡ �` �h�{

�î �x �q �O�z �\ �w�ô �Í �)�P�Q�G
Æ�! �” �› �(�B�O�F�B�w �D�P�O�F
ü �r �q �A�| �m�Z �o 	Í �T �’ �Ú


€ �-���4 �w�ã �› 
° �A�b �” 
Æ�! �” �› �Ï 
R�` �m�m�K�“ �‡ �b�{
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�� �5�P�P�N�F�S�� 
Æ�! �”

�3�V�E�Z�B�L�• �4�U�S�P�N�w �j �/ �p �x�z 	—�` �§�l �h �� �p �� �[ �^ �• �o �M�h �w �p �b �U�z

�4�U�B�T�I�F�G�G�w�ù �è �í �� �› �; �M�o �Í �w�‘ �O�s �- �‰�D�ó �s 
Æ�! �” �U�) �Q�’ �• �‡ �b�{

���[ ������ �	���
 h �› 	Ð�O�$ �s �¯ �× �Þ�é �´�” �æ�q �` �‡ �b�{

�J�
wgt(X ; h) = Min
©

m & 0
ØØ (eX

m)∗ : h∗(X ) ( h∗(Pm(! (X ))) �x�o�ù
™

�J�J�
Mwgt(X ; h) = Min
Ω

m & 0
ØØØØ
(eX

m)∗ ��h∗(X ) ( h∗(Pm(! (X ))) �x h∗h��
�N�P�E�V�M�F�T�w�� �w �T�Q�M�J�U�N�P�O�P

æ

�	���
 �J�
wgt(X ) = Max { wgt(X ; h) | h �x	Ð�O�$�¯�×�Þ�é�´�” }

�J�J�
Mwgt(X ) = Max { Mwgt(X ; h) | h �x	Ð�O�$�¯�×�Þ�é�´�” }

�h �i �` wgt(X ; h) �x�z h �U �è 	× �w �¯ �× �Þ �é �´�” ÷H ∗ �w 	Ô�ù �t�z �3�V�E�Z�B�L�q

�4�U�S�P�N�t �‘�l �o �  �q �t �) �Q�’ �• �h �‹ �w�p �b�{ �‡ �h�z �A�Á Mwgt(X , h) �x �\ �w�Ë
�

�w �D�B�U�F�H�P�S�Z�X�F�J�H�I�U�t �4�U�F�F�O�S�P�E�E 
: �w�^ �; �› �� �Š �o �ß �Q�h �‹ �w�q �M�Q�” �p �`�•

�O�{ �^ �o�z �\ �w�� �[ �T �’ �Í �x �Ì �’ �T �p �b�{

���g ������ cup(X ; h) % wgt(X ; h) % Mwgt(X ; h) % cat(X )

�‰�` �– �3�V�E�Z�B�L�q �4�U�S�P�N�x �'�B�E�F�M�M���)�V�T�T�F�J�O�J�	���������
 �w �) �Q �h �• 
ì 
Æ�! �”

�D�B�U�F�H�P�S�Z�X�F�J�H�I�U�› �× �Þ�Ä�Ð�” 
Æ�! �” �q �s �” �‘ �O�t �6 �� �[ �` �h �‹ �w�p �b�{

���[ ������ �	�3�V�E�Z�B�L���������
 �4�U�S�P�N���������
 u ) ÷h∗(X ) �t �0 �` �o

wgt(u; h) = Min
©

m & 0
ØØ (eX

m)∗(u) 5= 0
™

�	h �x	Ð�O�$�¯�×�Þ�é�´�”�


�\ �• �t �‘ �“ �-���4 �w�ã �w�< �T �’ �w
° �A�› �- �‰�b �” �“ 
Ê�ˆ �› �) �Q�h �q �\ �– �t �G�V

�s �™�¯ �U�K�“ �‡ �b�{

���g ������ �	�3�V�E�Z�B�L�
�4�U�S�P�N�
h �› 	Ð�O�$ �¯ �× �Þ�é �´�” �q �` �‡ �b�{

�	���
 uv 5= 0 �J�Oh∗(X ) =: wgt(u; h) + wgt(v; h) % wgt(uv; h)

�	���
 wgt(X ; h) = Max{ wgt(u; h) | u ) ÷h∗(X )}

�\ �w �D�B�U�F�H�P�S�Z�X�F�J�H�I�U�› �4�Q�F�D�U�S�B�M�4�F�R�V�F�O�D�F�w�
 �: �T �’ �
 �Q�o �ˆ �‡ �`�• �O�{
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���[ ������ { (E ∗∗
r (X ; h), dr) | r & 1} �› �o �È �A �s �� �Ø �. X �t �× �Þ �Ä �Ð�” �‰�‹

�s P1(! (X )) �w �G�J�M�U�S�B�U�J�P�O{ Pm(! (X )) | m & 0} �t 
Ç
5 �`�z h∗(X ) �t 	) �� �b �”

�3�P�U�I�F�O�C�F�S�H���4�U�F�F�O�S�P�E�� �w �T�Q�F�D�U�S�B�M�T�F�R�V�F�O�D�F�q �` �‡ �b�{

�\ �w�q �V�Í �U
R�q �` �‡ �b�{

���g ������ �	�(���8�� �8�I�J�U�F�I�F�B�E�
�(�J�O�T�C�V�S�H�
�.�D�$�M�F�B�S�Z�


�	���
 h∗(! (X )) �U h∗ 	Í �G�S�F�F�s �’ �y E ∗∗
2 (X ; h) 2= Cotor∗,∗

h∗(# X) (h
∗, h∗)

�	���
 dr : E s,t
r (X ; h) ( E s+ r,t−r+ 1

r (X ; h)�
H (E ∗,∗
r (X ; h), dr) 2= E ∗,∗

r+ 1(X ; h)

�	���
 E ∗,∗
1 (X ; h) 2= E0h∗(X )�
E s,t

1 (X ; h) 2= Fshs+ t(X )/ Fs+ 1hs+ t(X )�


Fmhn(X ) = ker
©

(eX
m)∗ : hn(X ) ( hn(Pm(! (X )))

™

�	���
 �	�8�I�J�U�F�I�F�B�E�
r > cat(X ) =: E s,t
r (X ; h) 2= E s,t

1 (X ; h)

�	���
 �	�(�J�O�T�C�V�S�H�
s > cat(X ) =: E s,t
1 (X ; h) = 0

�«�� �Ú�™�w u ) h∗(X ) �t �0 �` �®[u] 5= 0 �J�OE s,∗
1 (X ; h) =: wgt(u; h) = s�¯

�« ������ �	���
 wgt(Ln(p)) = cat(Ln(p)) = Dim(Ln(p)) = 2n + 1 �	p > 1�


�	���
 �4�Z�N�Q�M�F�D�U�J�D�� �7 �. M �t �0 �` �®) 2(M )= 0 =: wgt(M ) = cat(M ) = 2n�¯

�	���
 cup(Sp(2); Z/ 2) = 2 < 3 = cup(Sp(2); gK O) = cat(Sp(2)) = Cat(Sp(2))

�	���
 wgt(Sp(2); Z/ 2) = 2 < 3 = Mwgt(Sp(2); Z/ 2) = cat(Sp(2))

�	���
 wgt(Spin(9); Z/ 2) = 6 < 8 = Mwgt(Spin(9); Z/ 2) = cat(Spin(9))

8 = cat(Spin(9)) % Cat(Spin(9)) % 9�¢�,�P�O�P���*�£

�	���
 �w 	Â �Ì�• ! (Ln(p)) 1 Z/ p, ! (S2n+ 1) �p �b �w �p�z P1(! (S2n+ 1)) =

$ (! (S2n+ 1)) 1 $ Z/ p - (�I�J�H�I�F�S�D�F�M�M�J�O�E�J�N& 2n + 1) �q 
¯ �d �‡ �b�{ 	H�l �o

H ∗(P1(! (S2n+ 1))) = 0, �J�G1 < + < 2n + 1

�U�˜ �T �“ �‡ �b�{ 	H�l �o y ) H 2(Ln(p); Z/ p) �t �0 �` �o �x

y|P 1(# (S2n + 1)) = 0, wgt(y) & 2

��



�q �s �“ �‡ �b�{ �‰ �7 �t wgt(x) & 1 �q �s �“ �‡ �b �w �p�z �� �g ������ �T �’

wgt(xyn) & 1 + n , 2 = 2n + 1 �U�˜ �’ �• �‡ �b�{ 	H�l �o

2n + 1 % wgt(xyn) % wgt(Ln(p)) % cat(Ln(p)) % Dim(Ln(p)) = 2n + 1

�U
R�q �`�z cat(Ln(p)) = 2n + 1 �U�˜ �’ �• �‡ �b�{

�	���
�w
Æ�s �Ü�U�™�¯ �b �” �w�x�z Spin(9) �w �-���4 �w�ã �w�‹ �U Cat(Spin(9)) �t �‘

�“ �> �� �^ �• �h �w�p �x �Á �M�\ �q �p �b�{ �\ �w�> �� �t �x�z 	—�` 
² �t �p �o �V �h �(�B�O�F�B�w

�D�P�O�F
ü �r �q �ô �Í �)�P�Q�G
Æ�! �” �› 
Ê �ˆ �ù �˜ �d �” �\ �q �p�z �i�‘ �x �'�P�Y�U�f �w�� �O�›

	Â �Ì �` �o �M�h �D�B�U�F�H�P�S�J�D�B�M�T�F�R�V�F�O�D�F�› �é �. �$ �t �Ï 
R�b �” �\ �q �p �˜ �’ �• �” 
Æ�! �”

�®�D�B�U�F�H�P�S�J�D�B�M�M�F�O�H�U�I�¯�› �Š�í �$ �t �x �–�l �o �M�‡ �b�{

�î �x �q �O�z �\ �w�ß �Q�M�› �Ë�t 
* �` 
� �Š�o�z �4�U�F�F�O�S�P�E�E
: �‘ �“ �‰�` �– E1���× �Þ

�Ä�Ð�” �E
: �t 	¯ �: �› �K�o�z �f �w�^ �; �q �D�õ �t �s �” 	j �‰�� �› �
 �Q�” �\ �q �p �‘ �“ �§ �M


Æ�! �” �› �Ï 
R�b �” �Ä�› �ß �Q�o �M�‡ �b�{ �K�˜ �‘ �X�y�z �-���4 �w�ã �w�‹ �t �° �• �b �” �‘ �O

�s �‹ �w�U�I �` �M�q �\ �– �p �b �U�z �f �• �x �j�•�l �q �Á�g �T �‹ �` �• �‡ �d �œ�{

�f �w �M�O�q �` �o �x�z ! (X ) �w Z/ p���� 
: �w �/ 
ó �. �t E1���( �E 
: �w �Ï �� �› �Ö

�•�z ! (X ) �w A1���Ï �� �› �; �M�o E1���( �E 
: �w�M�t �S �M�o �ù �è �í �� �w�Þ �Ã �ç �› �Ï


R�b �” �\ �q �p �-���4 �w�ã �› �› �Ã�n �Z �” �\ �q �› �ß �Q�o �M�‡ �b�{

�\ �w �• �“ �M�p �ð �J �q �s �” �w �x�z A1���Ï �� �› �) �Q�” 	j �‰�� �U �f �w �‡ �‡ �p �x

E1���( �E
: �w�Ï �� �q �x �D�õ �t �s �’ �s �M�\ �q �p �b�{ �î �M�z A1���Ï �� �› �) �Q�” 	j �‰��

�x �Í 
: �› �! �Q�o �` �‡ �M�‡ �b �w�p�z E1���( �E
: �w�ø 
þ �t �x �s �“ �‡ �d �œ�{

µm : A6 ááá(m �x ) ááá6 A ( A, degµm = m # 2

�f �\ �p �ß �Q�o �M�” �w�x�z A1���Ï �� �w�� �[ �› �! �Ë�` �o �O�‡ �X E1���( �E
: �w�M�t �ù �˜

�d �” �\ �q �p �b�{ �î �x �‹ �O�
 �: �ð �J �U�K�l �o�z �f �• �x �, �: �› �r �w�‘ �O�t �ß �Q�” �T �p

�b�{ �h �i �`�z E1���( �E 
: �w�Ï �� �› �h �• �h �q �V �t�z �i �w A1���Ï �� �q �‰�‹ �t �s �’ �s

�M�q �S�é �t �s �’ �s �M�\ �q �t �s �“ �‡ �b�{

�p �b �U�z �� �t �‹�l �q �‘ �M�M�O�U�K�” �T �‹ �` �• �‡ �d �œ�{ �q �t �T �X�z 
¶ 
µ �p �V�o

�M�‡ �d �œ�w�p�z �? �T �p �V�f �O�p �` �h �’ �² �t �‹ �­ �Q�o �< �^ �” �q �. �` �M�p �b�{

�Ž 	Í �p �b�{

� 
I �� 
É �¢�M�˜ �d �w�“ �S�£

�Ý	- �G�¶ �G�¶ �Ã
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