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Nelson model

Hilbert Space H = L2(R3)⊗F F =
⊕

∞
n=0 L2

sym(R3n)

Standard Nelson model

H =

(
−1

2
∆X +V(X)

)
⊗1l+1l⊗dΓ(ω)+φρ(X)

(dispersion relation) ω = ω(−i∇x) =
√
−∆x +m2, m≥ 0

dΓ(ω)Φ(n)(x1, ...,xn) =

(
n

∑
j=1

ω(−i∇xj)

)
Φ

(n)(x1, ...,xn)

φ(f ) =
1√
2
(a†(f̄ )+a(f ))

φρ(X) = φ(ω−1/2
ρ(·−X))

UV cutoff 0≤ ρ ∈S
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Nelson model

Ex. σ(−1
2 ∆+V) = {Ej}, σ(dΓ(ω)) = [0,∞) (m = 0)

Embedded eigenvalues (no interaction)

⇓ +φρ(X)

Resonances and ground state
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Nelson model

Infrared problem

Existence and absence of ground states of standard Nelson
model

IIR =
∫
R3

|ρ̂(k)|2

ω(k)3 dk

E.g., ω(k) =
√
|k|2 +m2 and ρ̂(0)> 0

m > 0⇔ IIR < ∞

m = 0⇔ IIR = ∞

THEOREM Bach-Fröhlich-Sigal(AdvMath98), Arai-Hirokawa(JFA98),
Spohn(LMP99), Gérard(AHP00), Griesemer-Lieb-Loss(InvMath01),
Lőrinczi-Minlos-Spohn(AHP03), Hirokawa-H.-Spohn(AdvMath04) )....

IIR < ∞ =⇒ ∃ground state
IIR = ∞ =⇒ no ground state

cf. (Φg,NΦg)≤ 1
2 IIR
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Nelson model

Nelson model on static Lorentzian manifold

Standard Nelson model
e−itHφ(f )eitH =

∫
φ(t,x)f (x)dx

e−itHXeitH = Xt

Standard Nelson model satisfies that

(∂ 2
t −∆X +m2)φ(t,x) = ρ(x−Xt)

∂
2
t Xt =−∇V(Xt)−

∫
φ(t,x)∇Xρ(x−Xt)dx

Fumio Hiroshima
Spectrum of a Scalar Quantum Field Model on a Lorentzian Manifold
7



Nelson model

Nelson model on Lorentzian mfd
Static (time independent) Lorentzian mfd on R×R3

g = (gµν) =

(
λ

−γ

)

λ (x)> 0,
γ(x) is a Riemannian metric on R3.
�g = ∑ |g|−1/2

∂µ |g|1/2gµν
∂ν

Wave equation on Lorentzian mfd

(�g +m2)φ(t,x) = 0 on L2(R3, |g|1/2dx)
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Nelson model

Transformation: U : L2(R3, |g|1/2dx) 3 u 7→ |g|1/2u ∈ L2(R3):
Uφ(t,x) = φ̃(t,x)

U(�g +m2)U−1 = ∂ 2
t +h

h =−∑
ij

1
c

∂iaij(x)∂j
1
c
+m(x)2 → dispersion relation h1/2

Variable mass m(x) appears even when bare mass m = 0.

Nelson model on static Lorentzian manifold

H = K⊗1l+1l⊗dΓ(ω)+φρ(X)

where
K =−∑∂iAij(X)∂j +V(X)

ω = h1/2

φ(X) = φ(ω−1/2ρ(·−X))
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Nelson model

How about variable mass m(x)?

Conjecture

m(x) ↓ 0 fast =⇒ no ground state
m(x) ↓ 0 slowly =⇒ ∃ ground state

Figure: Long range variable mass ∼ massive

Figure: Short range variable mass ∼ massless
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Existence of ground state

Existence of ground state

Assumptions
(F) (Elliptic cond) C01l≤

[
aij(x)

]
≤ C11l

∂
α aij(x) ∈ O(〈x〉−1), |α| ≤ 1

C0 ≤ c(x)≤ C1, ∂
α c(x) ∈ O(1), |α| ≤ 2

(Massless)∂ α m(x) ∈ O(1), |α| ≤ 1
(P) (Elliptic cond) C01l≤

[
Aij(X)

]
≤ C11l

(Binding potential) V(X)≥ C0〈X〉2δ −C1
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Existence of ground state

THEOREM (GHPS) Existence of ground state

Suppose m(x)≥ a〈x〉−1 for some a > 0, and δ > 3/2. Then H
has a ground state.
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Existence of ground state

Proposition (Bruneau-Dereziński) general ω and K

Suppose that
(1) ω ≥ 0, Ker ω = 0 (2) supX ‖ω−1/2ρ(·−X)‖< ∞

(3) (K +1l)−1/2 is compact (4) ω−1ρ(·−X)(K +1l)−1/2 is
compact

(5) ω−3/2ρ(·−X)(K +1l)−1/2 is compact (∼ IIR < ∞).

Then K⊗1l+1l⊗dΓ(ω)+φρ(X) has a ground state.

Proof of THEOREM: Check (5).
Key estimate m(x)≥ a〈x〉−1 =⇒ ω−3/2〈x〉−3/2−ε is bounded

V(X)> 〈X〉3+ε ′ =⇒ 〈X〉3/2+ε(K +1l)−1/2 is compact.
Then
ω−3/2〈x〉−3/2−ε〈x〉3/2+ερ(x−X)〈X〉−3/2−ε〈X〉3/2+ε(K +1l)−1/2 is
compact.
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Absence of ground state

Absence of ground state

Probabilistic approach
Particle Part

Let Φp > 0 be the normalized ground state of K,
Φp(x)≤ C0e−C1|x|δ+1

(ground state transform) U : L2(Φ2
pdx)→ L2(dx), f 7→Φpf

L = U(K− infσ(K))U−1

Field Part
F ∼= L2(S ′

R,dν), ν Gaussian measure such that∫
S ′

R

eαφ(f )dν = e(α
2/4)‖f‖2

Total Hilbert space and Hamiltonian
L2(R3)⊗F ∼= L2(R3×S ′

R,Φ
2
pdx⊗dν)

H ∼= L⊗1l+1l⊗dΓ(ω)+φρ(X)
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Absence of ground state

THEOREM (GHPS) Absence of ground state

Suppose m(x)≤ a〈x〉−1−ε , ∀ε > 0, and δ > 0. Then H has no
ground state.
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Absence of ground state

Outline of proof
e−TH is positivity improving.
If H has a ground state Φg =⇒ Φg > 0.
1l = 1lL2⊗Ω. =⇒ ΦT

g = e−TH1l/‖e−TH1l‖→Φg (T→ ∞).

γ = lim
T→∞

(1l,ΦT
g )

2 = lim
T→∞

(1l,e−TH1l)2

(1l,e−2TH1l)

Lemma (Lőrinczi-Minlos-Spohn 03)
γ > 0 =⇒ H has a ground state
γ = 0 =⇒ H has no ground state
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Absence of ground state

Feynman-Kac formula X = C(R,R3)

∃diffusion (Xt)t∈R on a prob.space (X ,B(X ),∃Px) st

(f ,e−tLg)L2(Φ2
gdx) = E

[
f (X0)g(Xt)

]
where E [· · · ] =

∫
Φ2

p(x)dx
∫

dPx · · · .

(1l,e−TH1l)H = E
[
e
∫ T

0 dt
∫ T

0 dsW(Xt,Xs,|t−s|)
]

W = W(X,Y, |t|) = 1
2
(ρ(·−X),ω−1e−|t|ωρ(·−Y))
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Absence of ground state

γ = lim
T→∞

(1l,e−TH1l)2

(1l,e−2TH1l)
Denominator:

(1l,e−2TH1l) = E
[
e
∫ 2T

0
∫ 2T

0 W
]
= E

[
e
∫ T
−T
∫ T
−T W

]
Numerator:

(1l,e−TH1l)2 ≤ E
[
e
∫ T
−T
∫ T
−T−2

∫ 0
−T
∫ T

0 W
]

γ ≤ lim
T→∞

E
[
e
∫ T
−T
∫ T
−T−2

∫ 0
−T
∫ T

0 W
]

E
[
e
∫ T
−T
∫ T
−T W

] = lim
T→∞

EµT

[
e−2

∫ 0
−T
∫ T

0 W
]
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Absence of ground state

Proof of THEOREM:

EµT

[
e−2

∫ 0
−T
∫ T

0 W
]
= EµT [1lAT · · · ]+EµT

[
1lAc

T
· · ·
]

where
AT = {(x,w)|sup|s|≤T |Xs(w)| ≤ Tλ ,X0(w) = x}

1
1+δ

< λ < 1 (δ > 0 is needed.)
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Absence of ground state

EµT

[
1lAT e−

∫ 0
−T
∫ T

0 W
]

W(X,Y, |t|) = 1
2
(ρ(·−X),ω−1e−|t|ωρ(·−Y))

Lemma (GHPS)

Suppose m(x)≤ a〈x〉−1−ε . Then
C1e−C2tω2

∞(x,y)≤ e−tω2
(x,y)≤ C3e−C4tω2

∞(x,y) where ω2
∞ =−∆

C1W∞(x,y,C2|t|)≤W(x, t, |t|)≤ C3W∞(x,y,C4|t|)

W∞(X,Y, |t|) =
1

4π2

∫
ρ(x)ρ(y)

|x− y+X−Y|2 + t2 dxdy

=⇒ 1lAT

∫ 0

−T

∫ T

0
W ≥

1lAT cons.
∫ ∫

dxdyρ(x)ρ(y) log

{
8T2λ +2|x− y|2 + cT2

8T2λ +2|x− y|2

}
→ ∞ as

T→ ∞.
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Absence of ground state

EµT

[
1lAc

T
e−

∫ 0
−T
∫ T

0 W
]

EµT

[
1lAc

T
e−

∫ 0
−T
∫ T

0 W
]
≤ CeTCE [Ac

T ]

Exponential decay Φp(x)≤ C0e−C1|x|δ+1

Lemma (Kipnis-Varadhan)

E [Ac
T ]≤ T−λ (a+bT)1/2e−Tλ (δ+1)

λ (δ +1)> 1 =⇒ EµT

[
1lAc

T
· · ·
]
→ 0 (T→ ∞).
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Removal of UV cutoff

UV problem

Standard Nelson model Let

(UV cutoff) ρ̂Λ(k) =
{

(2π)−3/2 |k| ≤ Λ

0 |k|> Λ

(Renormalization) EΛ =−1
2
(2π)−3

∫ |1l|k|<Λ

|k|(|k|2/2+ |k|)
dk

lim
Λ→∞

ρ̂Λ(k) = (2π)−3/2

THEOREM (E. Nelson 1964) Removal of UV cutoff

There exits H∞ st s− lim
Λ→∞

e−t(HΛ−EΛ) = e−tH∞
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Removal of UV cutoff

Nelson model on Lorentzian mfd
(UV cutoff) ρΛ(·) = Λ3ρ(Λ·)
(Renormalization) EΛ(X) =

−1
2
(2π)−3

∫
(h0(X,ξ )+1)−1/2 K(X,ξ )

(K(X,ξ )+1)2 |ρ̂(ξ/Λ)2|dξ

Symbols

h0(X,ξ ) = ∑ξiaij(X)ξj K(X,ξ ) = ∑ξiAij(X)ξj

ρΛ(x−X)→ δ (x−X)
∫

ρ(y)dy

THEOREM (GHPS) Removal of UV cutoff
There exists a self-adjoint operator Hren bounded from below
such that s− lim

Λ→∞
e−t(HΛ−EΛ(X))→ e−tHren .
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Concluding Remarks

Concluding Remarks

Critical ratio 〈x〉−1

a〈x〉−1 ≤ m(x) H has a ground state
m(x) ≤ a〈x〉−1−ε H has no ground state.

Condition V(x)≥ 〈x〉2δ − ε can be changed to binding
condition due to Griesemer-Lieb-Loss (InvMath 01),
which include Coulomb potentials.
The standard Nelson model without UV cutoff also has a
ground state (Hirokawa-H.-Spohn, AdvMath 05). However
it is unknown the uniqueness of the ground state.
(Gubinelli-H.-Lőrinczi 2011).
Geometric characterization of the existence and the
absence of ground state of QFT model.
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Concluding Remarks

Thank You !
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