Report problems

(Infinite dimensional analysis=000000=0 200)

O Solve at least 4 problems below and post it by 8/11 at the JIMUSHITSU.
O Copys of problems are put in the JIMUSHITSU

1.

Let 5 be a Hilbert space. Let T : 5# — S be a densely defined bounded
operator. Le., D(T) C 4 is dense and there exists ¢ such that ||Tf|| < ¢|| f||
for all f € D(T). Show that there exists unique extension 7' D T such that T
is bounded and ||T|| = ||T||.

Let T : 5 — S be a densely defined operator.

(a) Let T be a closed operator. Then show that 7% = T.

(b) Let T be a closable operator. Then (1')* = T*

Let T': # —  be a bounded operator such that ||T'|] < 1. Then show that
I — A is bijective, and > 7 ; A™ uniformly converges to (I — A)~L.

Let T : 5 — ¢ be a symmetric operator. Then show that T is closable and
T is also symmetric. Le., T C (T)*.

Let T : 5# — 5 be a closed operator.

(a) Show that KerT is a closed subspace.

(b) Show that 7 = KerT & Ran(T™).

Let F: RY — R be a Lebesgue measurable function such that F' € L2 (R).

loc

Then show that My with the domain D(Mp) = C5°(R?) is essentially self-
adjoint on the Hilbert space L?(IR%).



10.

11.

Let F' € 7 (the set of linear functionals s — C). Then show that there
exists ®p € A such that F(®) = (Pp,P) VO € 2, ||F| = ||Pr|| and it is
unique. item Let A : 77 — JZ be self-adjoint and B be symmetric. Suppose
that D(A) € D(B) and ||Bf]|| < a||Af]| + b]/f]| with 0 < a < 1 and b > 0.
Then show that A + B is self-adjoint on D(A).

Let V(z) = —1/|z|. It is well known that !

/Rd ‘f('T)‘Z/‘-T’Qde' < 4/(d — 2)2 /Rd ‘Vf(l')|2dx

Let d = 3. Using this inequality show that D(V) D D(—A) and for arbitrary
e > 0 there exists b. such that ||V f|| < el — Af|| + b|| f|| for any f € D(—A)

Let A: ¢ — S be a self-adjoint operator. Let U, = ¢4, ¢t € R.
(a) Let f € D(A). Then show that U, f is strongly differentiable with respect
to .
(b) Let Uyf is strongly differentiable with respect to ¢t. Then show that
f e D(A).

Let P,Q : 5 — S be a self-adjoint operator satisfying the Weyl relation.
Then there exists 4%, and U, : , — L(R) such that 2 = @,,7%, and
U-tQU,, = & and U_'PU,, = p.

Let P, = p; — qAj(x), © = (z1,72) € R?, where A;(z) = ;_Wb and
T |x
1 T
A = —_——.
2(7) 27 |x|?

(a) Show that P is essentially self-adjoint on C°(R)®C°(R \ {0}), and P,
on C(R \ {0}H)&Ce(R).
(b) The closure of P; is denoted by P;. Show that e5Pr1eitPe = o=iaPst gitP2 gisPr
where &, = / A(x)-dz. Here Cy; is the rectangle in R?, which is defined
Cat

in the lecture and f C.r A(z) - dz denotes the line integral on Cy

'Hardy’s inequality



