Point-wise exponential decay of bound states of
the Nelson model with Kato-class potentials

Fumio Hiroshima

Abstract Point-wise exponential decay of bound states of the so-called Nelson
model with Kato-class potentials is shown by constructing a martingale derived
from the semigroup generated by the Nelson Hamiltonian.

1 Introduction

To show the existence of the ground state of a model in quantum field theory
has been a crucial issue. In particular the so-called infrared-regular-condition is a
critical condition for a scalar model to have the ground state. In this article we
are concerned with the so-called Nelson model [17, 16] describing an interaction
between non-relativistic nucleons and spinless scalar mesons. The time evolution of
the non-relativistic matters studied in this article is given by a Schrédinger operator.
Then the model can be regarded as Schrddinger operator coupled to a quantum field.

The existence of the ground state of this kind of model has been shown under
some general conditions so far. Next interesting issue concerning the ground state
is to make properties of the ground state clear, which includes to estimate the num-
ber of bosons in the ground state and the decay properties on both field variable ¢
and matter variable x. In this article we treat Kato-class potentials V which were
introduced and studied by Aizenman and Simon [1] and the definition of Kato-class
potentials is based on a condition considered by Kato in [11]. The Nelson Hamil-
tonian H with Kato-class potential is defined via functional integrations. The main
purpose of this article is to show point-wise exponential decay of bound states & of
the Nelson Hamiltonian:

|®(x)| 7 <Ce M, aexeR? (1)
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The strategy is an extension of Carmona, Masters and Simon [4]. Let H® = EP.
Then @ = e*E¢~"H P, By the functional integration of e~ we can express @ as

P (x) = "E[ED(B))]
for each x € R?, where

&= e*f(;V(Bx)dSISeﬂP(K)I[ )

is the integral kernel and E denotes the expectation with respect to Brownian motion
(B;)s>0- See (18) below. We estimate E¥[E & (B, )] to get the bound (1).

Statement (1) is stronger rather than localization: [pa dx||eC™®(x) 1% < oo,
which can be shown by IMS localization [5, Theorem 3.2] in e.g.[2, 6, 8]. The
point-wise exponential decay is also shown for the so-called semi-relativistic Pauli-
Fierz model in quantum electrodynamics by the author oneself [9]. Here the integral
kernel of the semi-group generated by the semi-relativistic Pauli-Fierz Hamiltonian
is of the form

Epp = e Jo VX)ds o iAKpr)

where (X;);>0 is a Lévy process and J; the family of isometries and e~ AKPF) 3 yni-

tary operator. Hence Jje~"A(KPF)J, is contractive, i.e., ||J5e A (KPr)J, || < 1. However
the integral kernel of the semi-group generated by the Nelson Hamiltonian is of the
form (2), where I, is also a family of isometries but e~ %) is unbounded. To see
the bound ||I$e"7’(K)I,H one can apply the hypercontractivity [19] of Ifl; for mas-
sive cases, but it is non-trivial to have a bound for massless cases. In this article we

derive the operator bound A
[ 5L, || < JE®)

for massless cases in Corollary 4.6 but under infrared-regular condition, and conse-
quently show point-wise exponential decay (1).

2 Basic facts on Fock space

2.1 Boson Fock space

Let ./ be a separable Hilbert space over C. Define .7 ") = @2, where @
denotes the n-fold symmetric tensor product with ®2% = C. The space

F = &\ 7 ()

is called boson Fock space over 7. The Fock space .% can be identified with the
space of £5-sequences (¥"),c such that ¥ € .Z (") and
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1% =Y ||‘P(n)||,2<jr<n) < oo, (3)
n=0

Set (¥, ®) 7 =Y (P, <I>(">)y(,,). The vector Q = (1,0,0,...) is called the Fock
vacuum. The creation operator denoted by a*(f) and the annihilation operator by
a(f) are defined by

(@ (H)P)" = /nS,(f P ), n>1,
(@ () =0

with domain D(a*(f)) = {(M"))nzo € F | Lo nlSa(fo )2, < oo} and

a(f) = (a*(f))*. Furthermore, since both operators are closable and we denote their
closed extensions by the same symbols. The space

Fin = {(¥M),50 € Z| W™ =0 for all m > M with some M}

is called finite particle subspace. Operators a,a* leave %y, invariant and satisfy the
canonical commutation relations on Fgp:

la(f),a"(g)] = (f.8), la(f),alg)] =0, la"(f),a"(g)]=0.
Given a contraction operator T on 77, the second quantization of T is defined by
[(T) = @p_o(@"T).

Here ®°T = 1. For a self-adjoint operator i on 57, {I" (") : t € R} is a strongly
continuous one-parameter unitary group on .% . Then by Stone’s theorem there exists
a unique self-adjoint operator dI"(h) on .% such that I'(¢") = ¢"'(W) Let N =
dI"(1). To obtain the commutation relations between a*(f) and dI" (%), suppose that
f €D(h). Then

[T (h),a*(f)] = a*(hf), [dT(h),a(f)] = —a(h]), ©)

for ¥ € D(dI"(h)3/?) N .F4y,. The Segal field () on the boson Fock space .7 ()
is defined by
1 _
D(f) = —=(a"(f) +a(f)), €.
(f) \/2( (f)+alf), f

Here f denotes the complex conjugate of f. Field operator ®(f), f € 7, is a self-
adjoint operator, but a*(f) and a(f) are not. Nevertheless we can define ¢ (/) and
) by a geometric series. Let f € ¢ and we define the exponential of creation
operators Fy by
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and D(Fy) = { @ € 7 D(a" (f)")

we have
o vVm+n—1---
n!

¥ Llat ()| < oo}. Let & € Z ™). Thus

IFrll < @]+ ) ZI @) < e

n=1

Then F4, C D(Fy) follows. We also define the exponential of annihilation operators
by
= )
Gr=1Y —a(f)
=n!

with D(Gy) = {cb € M, D(a(f)")| g L lla(f) || < oo}. We simply write Fy =
e’ (1) and Gy = ¢“/). Then we can see that (¢ (/))* 5 ¢*/) and this implies that
¢ () is closable. The closure of ¢ (/) is denoted by the same symbol. Similarly the

closure of ¢“/) is denoted by the same symbol. We can represent ¢®) in terms of
both ¢ /) and e®). Let %, = L.H.{C(g), ®|g € A, P € Fpin}.

Proposition 2.1 (Baker-Campbell-Hausdorff formula) Ler f € 57 and a € C.
Then it holds on D, that

COP) — poa* (N)/V2 pea(f)/vV2 502 f]* (5)
PROOF. We shall show (5) on C(g). The proof of (5) on Fy, is similar. We have

eaa*(f)eaa(f)c(g) — eo‘(f’g)C(af—i—g). (©6)

Let y(f) = a*(f) +a(f). Then y(f) is self-adjoint and it holds that

V() — i a"y(f)" (7)

|
=0 n:

on Fin. Let Cu(g) = ¥ o “&" Q. By using the expansion (7) we can compute as

— Ln=0"p!

eau/(f)cm(g) _ i (Cl*(g) +n?(f’g))neau/(f)(2.
n=0 :

Together with ¢®¥() Q = 2@ If1? 00a" (1) ) we see that

= (DT AEDY f arrg

Hence we have
Ve (g) = ea(ﬁg)e%az\\f\\zc(f_;_g), ®)

By (6) and (8) the proposition follows. U
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2.2 Bounds

In this section we show several bounds concerning the exponential of annihilation
operators and the creation operators. We learned all these bounds from papers by
Guneysu, Matte and Mgller [7] and Matte and Mgller [15]. We consider the case
where .7 = L*(R?). In this case, for n € N the space .Z ") can be identified with
the set of symmetric functions on L?(IR9"). The creation and annihilation operators
act as

(a(f)¥)" (ky,... kn) = Vn+1 / FR)PD (k ky, .. ky)dk, n >0,

(@ (H)¥) " (ky,... k) fo WO (kg kg k), n>

with (a*(f)¥)© = 0. Let Hy = dI" (@) with ® = o (k) = \/|k|? + V2. We have

™~

(HP) ™ (k... k) = ( w(k,)) PO (ky . k).

1

We can see the lemma below:

Lemma 2.2 Let h: R — C be measurable, and g; € D(h) for j = 1,....,m. Then
for every ¥ € D(AI"(|h|*)"/?) we have ¥ € D(IT}/. a(hg;)), and it follows that

m

[Tatne))¥

J=1

< (HII&'II) lar ()" 2. ©

j=1

In particular

d n/2 n/2
< <H|g,~/fw|> | @, @ e D).
=l
PROOF. Let ¥ € D(dI"(|h|*)™). First note that
(P (dr (|h2)™e) ) :/ PO (ko <Z|h 2) dky - dky.
Rnd

By the symmetry we can replace (Y7, [h(k;)|*)" with C(n,m) [T}, |h(k;)|*. Here
C(n,m)=n(n—1)---(n—m+1). Then we have

(PO, (dr (|h2)m ) nm/ PO (ko |2H\h ki - - dky.

On the other hand by the definition of annihilation operators we have



6 F.Hiroshima

2

<ﬁla<hgj>w><"-m>

m) (Hm ||gj||2>/ <| | |h(k; > (kl, .. akn)|2dk1-~~dkn
=1
- <ﬁl||gj2> (P, (dr (|h?)ymp)™)
j=

and summation over n gives (9). By the closedness of both operators dI"(|h|?)"/2
and [T, a(hg;) we can extend to ¥ € D(dI"(|A[*)"/?). a

Next we estimate HH?ZI a* (fj)d)H.

Lemma 2.3 Let fi,g; € D(1//®) fori,j=1,....nand ® € D(H, "/2) Then

n n
n 1 2
<2 <H|fz|w||glw) Y o,
=1 :

(f[ang)dafla*(fjm)
=1 =1

where || fllo = £l +[lf/ Vol
PROOF. Let @ € F5, and f;,g; € S fori, j=1,...,m. Then

]f[la(gj)]f[la*(f,-)qs
—Zn: Y Y X (H & fou) )(Ha fp><Ha(g'q)><b. (10)

m=0C,3A Cp—n>B O'ACHB [€AC pEB® g€eEA

bijection

Here Cy = {A C {1,...,n}|#A =k}, Co = 0, and ¥ s:4c5 is understood to take sum-
bijection

mation over all bijections from A€ to B. In particular
Lﬁla@j), [T (f;)]
= =
n—1
=Y )Y Y X <H(glvfc(l))><n a*(fp)> [Ta(zy).

m=0C,;,5A Cp_, 2B 6:A°=»B \I€AC pEBC geA
bijection

By this formula we have
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(lﬁl“*(gj)d’vﬁa*(fj)@)
1 i
:i Y Y X <¢’»H(gz,fa<z>)Ha*(fp)Ha(gq)df'). (11)

m=0Cy,2A Cy—y>B 0:A° =B [€AC pEB* qeA

bijection

By [[ITj=a(h)) @l < ITj-, ||hj||HHf/2(DH and #B = m = #A, the right-hand side

of (11) can be estimated as

’ (‘pv H a(fp) Ha(gq)q’>

pEB* qeA

< (H Ipr/x/5|> (ngq/mn) 1= 2.

pEBC qeA

Since || /]| < [|fllw and [|f/v/@| <[ f]|w, we have

‘(‘Dv [T G fem) I1 a*(fp)Ha(g'q)CP) < (ﬁl&lwllﬁw) | P

[€AC pEB* geA
(12)

Hence by (11) and (12)

n n n l n m
<¢,Ha<gj>na*<fj>¢) <my (Hg,nwmnw) AR
j=1 j=1 *\i=1

m=0

Then the lemma follows. O

By Lemma 2.3 we have bounds for products of annihilation operators and cre-
ation operators. We summarise them as follows. Suppose that f; € D(1//o) for
j=1,...,n. By introducing a scaling parameter 0 < s < 1 we also have

fIla(fj)q’

<5 (Hl IIfj/\/5||> I(sHe)" > ], (13)
J=

n

1/2
L 1

< Vnl2/ 252 (H”flw) (): WII(st)'"%lz) . (14)
=1 :

m=0

ﬁa*<f,->d>

Although exponential operator ¢ (/) is unbounded, it can be seen in the proposition
below that * (/) e~ 271 is bounded for any t > 0.

Proposition 2.4 Lett >0 and f € D(1/+/®). Then both ¢* Ve~ 21t and e~ 2H eaf)
are bounded.

PROOF. Let ¥ € N>_ | D(H}'). Suppose that r < 1. By (14) for any s < ¢ we have
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moq
Y, a(f)e e

n=0

1/2
< Z \FZ"/Z s £l (Z o l[(sHe)2e” 2%“2) '

We can see that sequence {1 1a (f)”e’%Hf(P}ZZO is a Cauchy sequence in .%.
Hence e 271 € D(e*(/)) and as m — oo on both sides above we have

e De=3He || < A(f,5) ]l 20,

where A(f, s)=Yr o \%2"/2 s7"/2|| ||, Choosing s such that s < f, we can see

that ||e=2(—)Hr@|| < ||®|| and e (Ne2H for t < 1 is bounded. Suppose 1 < t.
Choosing s = 1 in the above discussion, we have

e Ve~ ]| < A(f, D)lle 20 V] < A(F,1) D).

i

Thus ¢@ (e~ 38 for t > 1 is bounded. Finally since (e~ re¢ (f)) > et (N e=3Hr

the second statement follows. Then the lemma follows.

Corollary 2.5 Let f € D(1/\/®). Then

e (Ne~2He|| < \/2¢(2/9) Hwa||e H=9H| 0<s<r <1,
€@ (Ne=2Hi|| < /2e2If1lo|[e=2C—DHr|| 1 <.

In particular we have

(| (N etHrealh) || < 204N 0 <5<t <1,
Hea*(f)e_tﬂfea(f)” <24, 1<,

PROOF. We can estimate A(f,s) as

n=0

1/2 1/2
o | —nn—n - —n s 2
A(f,s)§<z ES”HfIIﬁfs 2 ) <Z12.2 ) < V2291l
' n=0

Then (1) follows from Proposition 2.4. [l

3 Definition of the Nelson model

Let .#'(R%) be the tempered distribution on R?. Let s € R and H*(R?) be the
inhomogeneous Sobolev space, i.e.,

H'(RY) = {ue &' (R")|a € Lo (RY), (1-+|k*)%id € L*(RY)}.
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Here ii describes the Fourier transform on .&’(R?). Homogeneous Sobolev space
H*(R?) is defined by

H*(RY) = {u € " (R")|a € Lioo(RY), k' € L*(R7)}.

The scalar product on H*(R9) is defined by (f+&)ms(may = (2 kI°8) 12 (may- 1t
is known that H*(R?) is a Hilbert space if and only if s < d/2. Now we modify
H*(RY) to apply quantum field theory. We define H3(RY) by H*(RY) with (1 +
|k|?)!/? replaced by @. Hence H*(R?) and H}(R?) are equivalent for v > 0, and
H*(R?) = H$(R?) for v = 0. We set

We set Iy = 74 /Z(Rd ) and % = A 1(R?*!). We define the Fourier transform
(in the sense of tempered distribution) of .74 and .7 by Sy and A, respectively.

Although 7, <%2M, S and %ZE depend on the space dimension and v > 0, we do
not write the dependence explicitly. We also define real Hilbert spaces below:

() = {f € Hyl|f is real-valued},
Q)& = {f € H#|f is real-valued}.

Both .# and & are Hilbert spaces over R, and note that .Z¢ = 5% and &¢ = .
Hilbert space L?(IR¢) describes the state space of the non-relativistic matter, and
Fn = .F (Hy) that of the scalar bose field. The joint state space is described by the
tensor product
H =L*(RY) @ Px.

The free particle Hamiltonian is described by the Schrodinger operator

1
Hy=—=-A+V
p 2 +
acting in L2(R?). We introduce a class Z of potentials. Let V be relatively bounded
with respect to —(1/2)A with a relative bound strictly smaller than one, i.e., D(V) C
D(—(1/2)A) and
VAl <all=(1/2)A7] + oI/

for f € D(V) with some a < 1 and b > 0. Then we say V € %#. We introduce As-
sumption 3.1.

Assumption 3.1 The following conditions hold:

() @eS"RY, ¢(k)= (k) and p/w,p//® € L*(R).
2) Vez.

The free field Hamiltonian Hy = dI'(w) on .%N accounts for the energy carried by
the field configuration. The matter -field interaction Hamiltonian Hj acting on the
Hilbert space .77 describes then the interaction energy between the bose field and
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the matter . To give a definition of this operator we identify 7 as the space of
Fn-valued L2-functions on R¥:

D
jf%/didx:{F:Rd%ﬁN
R

[ IF@IEas <}
For each x € RY, Hj(x) is defined by

Hi(x) = 5 (a9 +au($e)).
Here ay; and ay; denote the creation operator and the annihilation operator in the
boson Fock space .7 (.#3;), respectively. Since (k) = ¢(—k), Hi(x) is symmetric,
and it can be shown by using Nelson’s analytic vector theorem that Hj(x) is es-
sentially self-adjoint on ﬁﬁn(%bM) of ZN. We denote the self-adjoint extension of
Hi(x) by Hi(x). The interaction Hj is then defined by the self-adjoint operator

Hy = /R ej Hi(x)dx.
Under the conditions of Assumption 3.1 the operator
H=H,® 1+ 1®H;+H (15)
acting in JZ is called the Nelson Hamiltonian. Let
Hy=H,® 1+ 1®H;, D(Hy)=D(H,® 1)ND(1® Hy).

Then Hy is self-adjoint on D(Hp) and bounded below. Suppose Assumption 3.1.
Then H is also self-adjoint on D(Hp) and bounded below, furthermore, it is essen-
tially self-adjoint on any core of Hy. This follows from Kato-Rellich theorem [10].

4 Point-wise exponential decay

4.1 Integral kernels

We review a family of Gaussian random variables indexed by a real vector space
M. We say that (¢(f),f € #) is a family of Gaussian random variables on a
probability space (2, X, ) indexed by a real inner product space .# whenever

()¢ : A > f+— ¢(f)is amap from .# to a Gaussian random variable on (2, X, 1)
with Eu[¢(f)] = 0 and covariance Eu[¢(f)¢(g)] = 5(f.8).z-

D9(af+Bg) =ap(f)+Bo(g). o, R,
(3)X is the completion of the minimal o-field generated by {¢(f)|f € .#}.
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Also let (¢g(f),f € &) be a family of Gaussian random variables on a probability
space (Zg, Xg, Ug) indexed by a real inner product space &. Let &' C R and put

&(O) = {f € &|suppf C O x RY}
and the projection & — &(0) is denoted by e4. Let

Lo =o({ge(NIf €£(0)}).

Define
Ep = {® € L*(2g)|® is £y-measurable}.

Let e; = 57/, t € R. Then {e; };cr is a family of projections from & to Ran(7;). Let
%, t € R, be the minimal o-field generated by {¢g(f)|f € Ran(e;)}. Define

& = {® € L*(2g)|P is X;-measurable}, 1€ R.

We will see below that F' € &, ;) can be characterized by suppF C [a,b] x RY.

Lemma 4.1 (1)&({t}) = Ran(e;) and any f € Ran(e;) can be expressed as f =
& R g for some g € M. In particular, e =er.

@)&([a,b]) =LH.{f € &|f € Ran(e,),a <t < b} " holds.

PROOF. Refer to see [18] (]

We will define a family of transformations I, from L?(2) to L?(2g) through the
second quantization of a specific transformation 7; from .# to &. Define 7, : 4 — &
by 7, : f — & ® f. Here §(x) = 0(x —1) is the delta function with mass at 7. Note
that & ® f = & ® f, which implies that 7, preserves realness. It follows that

T =N sreR.

In particular, 7; is isometry between .# and & for each r € R. Let [, = I'(7,) :
L*(2) — L*(2g), t € R, be the family of isometries:

Ly =1Tg, L:0(f1)- @(fu): =:0e(& @ f1) - P( @ fu):.
Let @ = o(—iV) = v —A + v2. The self-adjoint operator
Hy = dI(®)

is called the free field Hamiltonian in L>(2). It follows that A = 6w H;6y'. From
the identity 77, = e~ 51? it follows that

L =e 1 s reR. (16)
On L*(RY) ® L*(2) we define the Nelson Hamiltonian by

H=H,® 1+ 1®H+gH,
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where Hj = ff@ Hi(x)dx with Ay(x) = ¢(P(- —x)). Since H and H are unitarily
equivalent, we denote H for H for simplicity in what follows. Let (B;),>0 be the
brownian motion on the probability space (2°,B(Z"), #).

Proposition 4.2 Suppose Assumption 3.1. Then fort > 0 and F,G € I,
(Fe ™ G)p = /IR B [e*féV<B~‘>‘“<F<Bo),I;Se*""*f(S 00BN, G(B,)) 120 | -
(17)

Here F,G € S are regarded as L*(2)-valued L*-functions on RY.

PROOF. See Appendix and see [14]. .
We call
I, = ge Pt d0(—B)ds)y,

the integral kernel of the semi-group generated by H. Thus

(Fe™G)p = /R (dxE [e* [V B)ds(p(By), T0,1G(B)) 12 Qﬂ

and we have .
e M G(x) = EF {e*foWB»v)d‘fI[oJ]G(Bt)} .

Moreover if HG = EG we have

G(x) = ¢'FE* [e*féV(BM“I[O_,,]G(B,)} . (18)

We discuss the boundedness of the norm of IZe‘I’E(f )1, for not only massive case but
also massless case. We see some intertwining properties of I, and 7,. We can identify

O(f) (resp.¢(f)) with %(az(f) +ag(f)) (rep. %(a},l(f) +apm(f))). Under this
identification I; can be recognised as a map from .7 (#) to .Z (%), i.e.,

L[Tau(Fe =[]ax (5
j=1 j=1

and I as that from .7 (%) to .7 (#4). 1t follows that on the finite particle sub-
space,

Lay(f) = dp(n)l, Lau(f) = ag(t/)L, (19)
Vap(f) = ay(w N, Taplef) = an(5 NI, (20)

where ¢, = 7,7/ In particular

—

Lay (v f) = apef ), Lan(% f) = ag(

Vap(nf) =ay(DY, Tap(nf)=au(f)

e )l = ap (P, 1)
I (22)
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Theorem 4.3 Suppose that | € S and T/l*7/\/5 € Ay for t = a,b with a # b.
Then T::e% 1, is bounded and

y Lz ! pery T R ey
Iy < 2exp (117 + (1v ) (I + IGFI))
Here xV'y = max{x,y} and

1% fllo = 1% /Nl 20y + 1T /@ 2

PROOF. By Baker-Campbell-Hausdorff formula we have

S

HE() _ gz Jrar () il
The intertwining property yields that

ey /*f\< 17
[, = o V3 @l) la-blH; , Sz (G ) 31, 23)

Since V3 M“*f) B8 and o 7 HrgviM( %) are bounded operators which op-
erator bounds are given by

a 1

355 ”f|<x/§exp{( o (RTIE,
‘ ‘ a 1 — —

e~ 2 Hr f (T f) [ <\6exp{( = )<||r;f|;;M+|T;f/\/5|%4>}.

b|

Hence together with them we have

1,4 1
* ,05(f) — 2 * £12
[TGe® VL, || < 2exp <4||fﬁaE+ (1\/ = |) (||T FIIE+ 11z 7115 ))

Then the proof is complete. (|

Corollary 4.4 (Integral kernel) The integral kernel is given by

Ly

i 1 .
ﬁa}*w(Ut)e—terﬁaM(Ut)e4

I[O",]:e
where U, = [} dse™®We=*Bs ¢(k) [\ /o (k), U, = [} dse**K)eBs (k) / /o (k) and

W / / dk"p )) o ls—r{0(k) j—ik(B,~B,)

PROOF. This follows from (23) and the definition of Ijo ). (]
We consider special cases of Theorem 4.3.

Corollary 4.5 Let T > 0. Let f € Ay, ie., f//@ € L*(RY). We set

)
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=g ([ (wr)(-m)as).

Then (1) and (2) follow.
(1) Suppose that /o, f /v ©3 € L*(R?). Then

T, A n n
15?17 | < 2exp <2||f/w2+2(TV (17 /ol + ||fNE|2>) Y
(2) Suppose that f/w € L*>(R?). Then
* P T, 4 2 2 2 A 2
Iige X1T||<zexp(2||f/w|| ar@ v )(IF/ Vel + 1 /ol >). @)
PROOF. We see that

T
‘/ T, fds
0

We can also see that

2 T T
— / ds / di(e " 12F 7). <2T | 0],
s o 0 M

2

T R 5 T 2 R )
o [ sl <TIfj0R |5 [ wfasval| < TIFNVOR
0 My 0 Ay
T 2 . T 2 .
G [ wrds|  <TIf/0lP, |5 [ nrdsive|  <TIVR,
0 Sy 0 Sy

Then (1) follows from Theorem 4.3. For (2) we can estimate as

2

T T 2
i [ wtas| <rivar (e [ aasva| <riiel,
0 Ay 0 Ay
T 2 . T 2 R
I [ e <ripval 6 [ arasive| <ol
0 e 0 g
Then (2) follows. O

We can plug (24) and (25). Let

o [/l 27 0l + IV )
E0) = {2|f/w||2+2(||f/x/52+f/wllz) }

Definition 4.1 (Infrared regular condition) The condition

[P(k)?
/Rd P dk < oo

(26)

is called the infrared regular condition.
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Corollary 4.6 (Integral kernel under infrared regular condition) Let ®x be in
Corollary 4.5. Suppose that f/\/@,f/o € L*(R?) and [a |@(k)|? /o (k)3dk < .
Then it follows that

[TGe®1Ir|| < 2¢"5@) T >0. @7

PROOF. We have

e 17| < 2exp (§||f/w||2+2T<|f/w||2+ |V ||2>)
forT > 1, and

ITe®¥ 17| < 2exp <§||f/w||2+zf<||f/¢5||2+ ||f/w||2>)

for T < 1. Then (27) is shown. U

4.2 Kato-class potentials

Definition 4.2 (Kato-class potentials [1, 11])(1) V : R? — R is called a Kato-
class potential whenever

lim sup lg(x—=y)V(y)|dy=0

I’—)OxeRd By (x)
holds, where B,(x) is the closed ball of radius r centered at x, and

|.X|, d=1,
g(x) =4 —loglx|, d=2,
x>, d>3.

We denote this linear space by # (R?).
(2) Vis Iiato—decomposable whenever V.=V, —V_ with V, € L} (R?) and V_ €
H(RY).

Lemma 4.7 ([3]) Let 0 <V € 7 (R?). Then there exist B,y > 0 such that

sup E¥[ef0V(BIs) < bt (28)

xeR4

Furthermore, if V € LP(R?) with p > d /2 and 1 < p < oo, then

B <c(p)/er(e)" 5|V ", (29)
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—1_4d
where € = 1 % and

_[@m)r p=1
c(p)= { (2m) =42 g4/ C0) p > 1
with %Jr% = 1. In particular L (R?) C # (R?) for p > d/2 and 1 < p < .
PROOF. There exists #* > 0 such that & = sup,_ga E*[ 3 V(By)ds] < 1, forall t < 1%,
and o — 0 as r — 0. By Khasminskii’s lemma we have

1
sup E¥[eloVB)ds) o 1 (30)
xeﬂgi [ ] 1- Q

for all # < ¢*. We obtain

* * * 2
Ex[ef()m V(Bs)ds] :Ex[efé V(Bx)dsEB,* [efé V(BS)dsH < 1 .
AN

Repeating this procedure we see that

V(B 1 [t/r]+1
sup E*[elo VB4 < 31
sup Xl < () &

for all + > 0, where [z] = max{w € Z|w < z}. Setting v = (1710“) and 8 =
»

log {( 1_1%* e } This proves (28). Next we prove (29). Suppose V € L”(R¢) with
p>d/2and 1 < p < . We let p > 1. By Schwarz inequality we have

R4

1/q
BV (8] < () @2 ( [ om0 Ty, = a4 ey,

In particular we have
BV (BONlw < e(p)= PV, p>1.

We introduce a Mittag-Leffler function which is defined by mj;(x) =Y, mx" ,
where I denotes the Gamma function, x € R and b > 0. It is known that Mittag-

1/b

Leffler function my(x) satisfies that lim,_,e(mp(x) — %ex ) = 0 and there exists

kp > 0 such that my,(x) < kbexl/b for all x > 0. Let 0 < 51 <sp < --+ < 5;. By the
Markov property of Brownian motion we have

E*[V(By,) -~V (By)] < c(p) IV I[5sy ¥/ %P (55— 1)) (5 — s5p_g) /),

Then
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X 1 ! k
E k,{ / V(Bs)ds}
PV / ds -- dsks ACP) (5, — )P . (5 — 5,_1) -2/

_ (C(P)HVIIptgF(S))
I'(1+ke) ’

where e =1 — % > (. Then it can be derived that
sup E}C[e.ﬁ;v(BS)dS} < mg (C([))HVHPF(S)IE) < keec(p)l/eHV”L/SF(e)I/St'
xeRd
Then (29) is proven. Let p = 1. Then d = 1 and it follows directly that
E* [V (B,)]ds < (27t) 2|V |y = (1)t 2|V 1.

Hence (29) is proven in a similar way to the case of p > 1. O
We introduce Assumption 4.1.

Assumption 4.1 The following conditions hold:

() ¢eS"(RY), k) = ¢(—k) and /w0, p/\/o € L*(R?).
(2) V is Kato-decomposable.

Suppose Assumption 4.1 and define the family of operators
(TF) (x) =B YO 10 1 F (B,)].
Lemma 4.8 T; is bounded.

PROOF. Let F € JA. Since ||Ijp 1 F (B;)|| < 2¢FW||F(B,)|, where E(t) is given by

t, . A ~
E(t)= 5|\<P/\/5||2+2t(1 v (lo/Vol*+ /o)),
from
ITF I, = [ dxIEle 8V 1 P (B[
it follows that

ITF I, <2 [ dBle2 8V -0 B (B, + ) )2

Since V is Kato-decomposable, we have sup, _pq E[e 200V (B4 — C < oo, and
thus || F |5, < 4CeE0 | F| %4, follows. O

We note that if infrared regular condition [ga |@(k)|?/@(k)*dk < o holds, then
Tjo]I < 2¢£®) can be replaced with
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Tl < 2¢™(9). (32)

In what follows we show that {7; : r > 0} is a symmetric Cp-semigroup. To do that
we introduce the time shift operator u; on Lz(Rd) by

u f(x) = f(xo—1,x), x=(x0,x) €R xR

It is straightforward that ¥ = u_, and u;u, = 1. We denote the second quantization
of u; by U; = I's(u,;) which acts on L?>(Zg) and is a unitary map. We can see that
Uy = I54,. We set

t
K, :/0 8, @(-— By)ds.
Lemma 4.9 T,T; = Ty, holds for s,t > 0.

PROOF. By the definition of 7; we have
T,T,F = EXle” 0V By, BB o= bV By, F(B,)]). (33)
By the formulae I, = I, I;U* = E;UX  and I, = U_l, 4y, (33) is equal to
E¥[e 0V (Brdrps o—0u(Ks) g B [ 15 VB oKy 1, F(B)]]. (34

Since Uy is unitary, we have U:Ye_‘PE(K’)U,S = ¢ %K) a5 an operator. The test
function of the exponent u* (K; is given by

t
W K = /0 8,05 ® (- — By)dr:

Moreover by the Markov property of E;, t € R, we may neglect E; in (34), and by
the Markov property of (B;);>o we have
T,T,F =E e~ l0V(Br)drps o= 9e(Ks) [e*fsmv(B’)d’e*‘PE(Kf'H)IH,F(BH,) EAl
—F* [e_j3+l V(Br>dr16€_¢E(Kx+’)Is+tF(Bs+t)} =T, ,F,
where K{* = [T, @ ¢(- — B,)dr and (Z;),;>0 denotes the natural filtration of
(Bl)tZO' D

The strong continuity of the map ¢ — 7; on 7 can be checked, while Ty = 1 is
trivial.

Theorem 4.10 Semigroup {T; : t > 0} is a symmetric Cy-semigroup.

PROOF. Since it was shown that {7; : ¢+ > 0} is a Cp-semigroup, it is enough to
show that T; is symmetric, i.e., (F,T;G) = (T;F,G). Let R = I(r) be the second
quantization of the reflection r, and U; = I':(u,). Then we have

(F.T,G) = /R D [om 8V B (1, (By), 06k G, )]
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where u,;rK; = [; 8_;® @(- — By)ds. Noticing that By = B,_; — B, 4 Byfor0<s<t.
Thus we can replace B, with By. Thus

(F,T,G) = /R , dxE[e™ J0V B4 (1, F (By + x), e @K, G(B, + x))).

Here K; = [ 8, ® ¢(- — By)ds. Exchanging [rs dx and [, d#°, and changing vari-
able —B; + x to y, we have

(FT.G) = [ dyEle” BY By (B, +y). e *F1,G(By+7))).

Here K, = fé O—s ® ¢(- — B;—y — y)ds. Thus we conclude that (F,T;,G) = (T,F,G)
and the theorem follows. O

By Theorem 4.10 there exists a self-adjoint operator Hgao such that 7, = e HKato
fort > 0.

Definition 4.3 (Nelson Hamiltonian with Kato-class potential) LetV be a Kato -
decomposable potential. Then we call the self-adjoint operator Hxao Nelson Hamil-
tonian with Kato-class potential V.

In what follows notational simplicity we also write H for Hkgaeo. L.€., the Nelson
Hamiltonian written by H but with Kato-decomposable potential is understood as

H, Kato-

4.3 Martingales

Let us consider the Schrodinger operator H, = — %A + V. Let f be an eigenvector
of Hy; Hpf = Ep f. Then we define the random process

he(x) = e’EPeffév(B’H)drf(B, +x), t>0.
Note that E[/(x)] = f(x) for all + > 0. We see that the random process (% (x));>0
is martingale with respect to (% ),>0. We extend this to the Nelson Hamiltonian.
Suppose that E is an eigenvalue associated with a bound state &;
HDP =E®P.
Define

H(x)=efe™ JoV (Br+x)dr ,~ 5[y 5@e(—x=B)dN] (B, + x). (35)

Then (H;(x));>0 is a random process on (2" x Zg, B(Z") x X, # x ug) for each
x € R?. By the functional integral representation we have

(. ®) = (W) /R | dxy, [P () E[IH, (x)])
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Hence it follows that @(x) = (e "#~E)®d)(x) = E[I;H,(x)]. Define the filtration
(A1)i>0 by
'%t :% XZ(—oo,t]a tZO

Theorem 4.11 Suppose Assumption 4.1. Then (H;(x))s>0 is martingale with respect
to (M) 1>0.

PROOF. Let us set
K(0,5) =e” JoV(Brtx)dr ,—¢g(J5 6r@¢(-—x—B)dr)
We have
IE[.LE]E [Ht (x) |ﬂv} = etEK(():S)ENEE [K(Sa t)é(Bt +X) "%A]

We compute the conditional expectation of the right-hand side above. From Markov
property of (B;);>o it follows that

EﬂEE [K(S, t)It @(Bt + x) |%]
=E, []EBS [e_ Jo V(Brx)dr ,— 0 (f§ 5r®¢('—X—Br—S)dV)It(P( B,_s+x) |2<,w75]} } .

From the Markov property of projection E; = LI it furthermore follows that

=K, {EBS [e, Jo SV (Brrx)dr ,—g(J 809(—x—B,)dr) ®(B,_y +)| ZSH

— E,EB: [e—./3"‘V(Br+x>dre—¢ﬁ(,l;f 8:29(—x—Br-)dr], (B, _, +x)} .

Let U; = I'(ug), where u; : & — & denotes the time-shift operator defined by
usf(t,x) = f(t + s,x). Since the shift operator and the projection are related to
E; = LI5U_s, we have

— LU BB {e, oV (Brx)dr ()] 829 (—x—B-5)dr)y, (B, + x)}
= LIGESs [e* Jo V(Brtx)dr ,— g (f§ 8r7x®(P(-fxfBr—x)dr>It_s@(Bt_s —|—x)]
= LIGE® [K(0,¢ — 5)I,_s@(B,—; +x)].
Hence we conclude that
EuE[H, (x)| 4] = eEK(0,5)e” ") H-E) p(B + x) = Hy(x).

Then (H;(x));>0 is martingale. O
Let 7 be a stopping time with respect to .#;. Then H;,-(x) is also martingale. In
particular E,  E[H; (x)] = EuE[H;a7(x)].
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4.4 Main theorem

In tis section we assume that @ is a bound state of H: HP = EP.
Lemma 4.12 Suppose Assumption 4.1. Then || ®(-)|;2( ) € L*(RY).

PROOF. It follows that @(x) = E,,E[I;H; (x)] for an arbitrary > 0. Since we can
see that Ijg ) is bounded and ||Tjp ;|| < 2¢%(), we obtain

/2 1/2

()] < 255 (e B) 7 (| o(8,) )

Since sup, ga E¥[e 206V (B)dr] < oo and B¥[||D(B;)||%] < C||®||, the lemma follows.
O
Now we state the main theorem in this article.

Theorem 4.13 (Point-wise exponential decay) Suppose Assumption 4.1 and in-
frared regular condition [ga |@(k)|>/w(k)3dk < oo. Assume either (1) or (2):

(Dlimyy o,V (x) = oo,
limy . V- (x) +E +E($) < 0.

Then there exist constants ¢ and C such that
1D ()2 < Ce M.

PROOF. Suppose (1). Let g = inf{¢||B;| > R}. Then 73 is a stopping time with
respect to the natural filtration of the Brownian motion (B;),;>¢. Let

Wr(x) = inf{V(y)|[x —y| <R}.
Note that Wg(x) <V (x+y) for [y| < R, and we see that
Xg(x) =Wr(x) —E—E(@) = oo (x| = ).
Let ¥ € L?(Q). Then Ig¥ - H, (x) is also martingale. Actually we can see that
EuEllo¥ - H (x)| 4] =10 - By, E[H, (x)| 4] = 1o¥ - Hy(x).
Hence it follows that

(Io¥, ‘P(x))LZ(Q) =EuElo¥ - Ho(x)] = Eyp E[lo¥ - Hypg (x)]-

Boud |[Tjp | < 2¢'E(®) is derived from the infrared regular condition and the expo-
nent is linear in . Then
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2@ = " sup  [(o¥, P(x))| = [EpE[o¥ - Hinge (x)]]
el (2),|¥] =1

< |E[foH:ng (0)]]] < 2E[e”

t/\‘L'R (

VB E @] sup ([ (x|
xeR4

ANTR

Then it is enough to estimate E[e~fo  (V(Br)—E—E(@))dr] T et

INTR

Ele—Jo " (V(Brx)—E-E(@))dr) < E[ljgere” (EATR)XR (x )]_|_E[]1{TR>I}€*(I/\TR)XR(X)].

It is trivial to see that E[lg,>,ye~ " ®Xk®)] < ¢~"Xe(®) We also see that

_ . Sa— © 2 4 R
E[l{grye” 0% )]SE[“{\B,\zR}]:(Z;W/R/f et

Let R = p|x| (0 < p < 1) and = §|x|, where we assume that J is a positive constant.
Since X,||(x) — o as [x| — oo, we have

Efe ("0%(0)] < g3l | o\ g=2(p?/B)l],

Then the theorem follows. Next suppose (2). Let Tg(x) = inf{z > 0||B; + x| < R}.

Similarly to (1) it is enough to estimate E[eerR V- (Brx) +EE(9))dr "]. By the as-
sumption on V_, there exist € > 0 and R > 0 such that for all |x| > R it holds that
V_(x)+E+E(§) < —€& < 0. By the definition of stopping time |B, + x| > R for
r <t A tg(x). Then the integrand in [y ™ (V_(B, +x)+E + E(¢))dr is less than
—&. Hence

Elelo ef’”R " (Br+x)+E+E() ))dr] <Ele (mR(x))e]

=E[ljyqppye €]+ E[Lysgeine” B¢ < e + B[y g00)-

~ P22+ b

We have E*[1;>,(0)) = (27) /2 fl<ryce VT, Set 1 = R = |a.
Then
B (Mo g0y < () 42eVR3M [ o3l gy < el
- <1
and

Ele AR )(V_(Br+x)+E+E(¢))dr] < eehl 4o o2l

Thus the proof is complete. (]
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5 Proof of Proposition 4.2

PROOF. For & >0 let B} = pe(Hy), where pe (X) = X +€X?. Then A is bounded
below for € > 0. We can also see that e "7 — ¢~'H strongly as € | 0. We shall con-
struct a functional integral representation of (F, e tH* G) for € > 0 and by a limiting
argument we construct that of (F,e " G) for € = 0. Assume that V € Ci (R?). Let

=(— . the Trotter-Kato product formula s ande ™ I — ¢ t We
1/2)A. By the T Kato product formula [12, 13] and e~ ¥~ = 1T
have

J

(F,e "™ G) = lim (IOF <Hl/x€ P g iV Ij-,)l,G).

Here H?ZI tj = t1 ---1,. Using the identity Ise_HISIS = Ese_HIE (S)ES for s € R, where

9= [, pe 0689~ ) dx

and E, = LI is a projection, we can see that

n—1
(F,e°G) = lim (IOF (HE,tenHI <2>e2he£VE,-,> 1,G>.
] n
By the Markov property of E’s we can neglect E;’s. Then
(F,e 1 G) = lim <10F (He R ’#)e—r’z"e—»’«v> I,G).
J

The right-hand side above can be represented in terms of the Wiener measure as

n-l n—11 jt
(Fye ™°G) = lim dx]EX{ "ZOV(B%)<IOF(BO) ~Zj) i <,,>1,G(Bt))]

n—eo Jpd
Note that s — 6, Q @(- — ) is strongly continuous as a map R — &, almost surely.
Hence s — ¢ (8, ® @(- — By)) is also strongly continuous as a map R — L?(2g).

Then we can compute the limit and the result is
(F, eftHE G) _ / dxF* {effé V(By)ds (I()F (BO) ’ e*F«Qt*(DE(f(; 5x®q)(.7BS)ds)ItG(Bt))} )
R4
Here Q; = [; ¢ (8 ® @(- — By))?ds. Take € | 0 on both sides above we have

(F(By),e " G) = /'ddex [e*fé v (Bs)ds (IOF(BO),e"PE(fé 5s®<°<'*3s>"“‘>1,c;(3,)>} .
R

Then the theorem follows for V € Ci (R4). By a simple limiting argument we can
prove (17) forV € Z. O
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