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1 Pauli-Fierz model

In this paper we are concerned with the so-called semi-relativistic Pauli-Fierz model in

quantum electrodynamics, which is abbreviated as SRPF model. SRPF model is a rela-

tivistic version of the so-called Pauli-Fierz midel which has been studied so far. Before

explaining SRPF model we should review results obtained for the Pauli-Fierz model.
The Pauli-Fierz Hamiltonian is defined by

1
Hyp = 5 (ps = A(2))* + V 4 Hyag. (1.1)

Below we give definitions of notations appeared in (Il). Operator Hpr is a linear operator
defined on the Hilbert space H given by the tensor product of Hilbert spaces:

H=L*R*®F,

where F denotes the boson Fock space over one particle state space L*(R? x {1,2}) =
Wie,
F =& [@?W]

with symmetric n-fold tensor product &7, p, = (—iVy, —iVs, —iV3) denotes the momen-
tum operator for the matter (= electron) and V : R* — R an external potential. H,,q is
a self-adjoint operator acting on F ,which denotes the free field Hamiltonian defined by
the second quantization of the multiplication operator by |k| = w(k), i.e.,

Hrad = dF(w)

Finally in order to define the quantized radiation field A, (z), we introduce the annihilation
operator and the creation operator. For f € W, let a'(f) : F — F be the creation
operator defined by

(a' (1)) = Vi + 18,4 (f @ 2™),

where 5,11 s the symetrizer on ®" W, Then the annihilation operator a(f) is given by
the adjoint of af(f):



It is satisfied that [a(f),a’(g)] = (f,g). Then for each z € R3, quantized radiation field
A, (z) is given by .
Au(a) = a' () +alf2),

where f4(k, j) = %%(k)e—m, fik, §) = %%(/@)em and (e'(k), e2(k), k/|k]) is a
right-hand system in R? for each k € R3. Suppose that p = ¢ = ¢ and /wp, ¢//w, $/w €
L?(R3) throughout this paper. Let V be relatively bounded with respect to —A with a
relative bound strictly smaller than one. Then Hpg is self-aidjoint on D(—A) N D(Hyaq)
and bounded from below. Moreover it is essentially self-adjoint on any core of —A + H, 4.
The spectral properties of Hprp have been studied in the last two decades, in particular
special attentions have been payed for studying the so-called ground state. In general,
eigenvectors associated with the bottom of the spectrum of self-adjoint operator K is
called the ground state of K. We note that the existence of ground states does not
necessarily hold true. Under some condition it is proven that Hpr has the unique ground
state. This fact is not trivial due to the zero spectral gap, i.e., the bottom of the spectrum
of Hpp is the edge of the continuous spectrum.

2 Semi-relativistic Pauli-Fierz model and Feynman-
Kac formula

As is seen above Hpp can be regarded as the minimal coupling of the decoupled Hamil-
tonian —3A + V + Hy,q by A(z). The SRPF Hamiltonian is defined by the Schrodinger

operator —%A + V replaced by the semi-relativistic Schrédinger operator v —A + M?2.
We give the definition of SRPF Hamiltonian. It is however not straightforward to define
SRPF Hamiltonian as a self-adjoint operator due to non-local kinetic term. The lemma
below is a key fact to define SRPF Hamiltonian.

Lemma 2.1 ([5]) Suppose that w*%p, o/ \/w € L*(R®). Then (p, — A(x))” + M? is
essentially self-adjoint on D(A) N C>®(N), where N denotes the number operator and
C>®(N) = D(N*).

We denote the closure of (p, — A(x))* + M?[ paynce=(n) by simply the same notation
(px — A(x))* + M?, which is self-adjoint. Hence we can define the self-adjoint operator

T =V(p, — Al2)* + M?
by the spectral resolution of (p, — A(z))* + M?.

Definition 2.2 Suppose that w3/?¢, $/v/w € L*(R3). Then Hsgpr is defined by
Hgppr =T + Hp + 1V,

where + denotes the quadratic form sum. From now on we write H for Hygpr for nota-
tional convenience.



In order to construct a functional integral representation (Feynman-Kac type formula)
we prepare probabilistic notations. Let (B;);cr be 3-dimensional Brownian motion on
a probability space (€2, B,, P*) and (1;);>0 be a subordinator defined on a probability
space (), B,,v) such that

E [e_“Tt] = ¢tV 2”MLM)]"oru > 0.

We are concerned with Hggpr by means of a functional integral. Let f,¢g € L?(R%) and
Xy = By, for t > 0. Then it is well known that

[ oS, [FORlo(x0] = (fe7),
where h denotes the semi-relativistic Schrodinger operator:
=VvV-A+M?2—

Furthermore we can see that

[ st [TORIg e V0] — (1,701

Let us consider the field part. Let (@, 1) be a probability space and (¢(f), f € @3L*(R3))
a Gaussian random variable indexed by f € @3L?(R3) such that the mean is zero and the
covariance is given by

E, [0()o(9)] = 5(f. D9).

where D = D(k) = (6/“’ o %)1@1 v<3

(Qg, up) and the Gaussian random variable (¢g(f), f € ®@3L?*(R*)) such that the mean
is zero and the covariance is given by

is 3 x 3matrix. Also we define a probability space

. [06(/)05(0)] = 5(f, D ® 1)

It is well-known that F = L*(Q,du) and A,(z) = ¢ (DP_0,,@(- — ), Where )
(p/+/w)"Y. Moreover there exists a family of isometries (J;)ser such that J; : L2(Q)

%

J*J ‘t 5|Hrad

where H,.q denotes the free field Hamiltonian in L?(Q)), which is unitary equivalent to
H,.q in F. Then we define

ﬁ:\/(px_/i(x))2+M2+V4}Tm

in L2(R*) @ L*(Q), where A, (x v) = ¢ (®2_10,,0(- — x)). It is seen that H = H. Under
this identification we consider H instead of H in what follows.



Theorem 2.3 ([7]) It follows that

(F,e_tﬁG):/ daEZ°

Pxv
R3

|(JoF (Bo), =50 1,G(By,)) e~ Io" V(B

where .
Ky = 69i:1/ jr: (- — Bs)ds
0
with T = inf{t > 0|T; = s}, and j; : L*(R®) — L*(R?) is defined by

- e~ itho w(k) . 5
Jief (kok) = f(k), (k, ko) € R® xR,

VT VwE)? [k

A crucial point of the functional integral representation is that an interaction term is put
together as e~*#(5t) The immediate corollary is to specify the domain of H.

Theorem 2.4 ([, 2]) Suppose that w*?¢, o/v/w € L*(R®) and V is relatively bounded
with respect to \/—A with a relative bound strictly smaller than one. Then H is self-
adjoint on D(v/—A) N D(Haq)-

Proof We show the outline of the proof. Using the functional integral representation
we can show that

e D(V=2) N D(Hraa) € D(V=5) N D(Hyua)

which yields that Hy is essentially self-adjoint on D(v/—A) N D(Hyaq). Next we can show
the bound

IV=AF| + |HuaF|| < C||HoF||, (2.1)

where Hy is H with V replaced by 0. From (E0) it follows that Hy is self-adjoint on
D(v/—A) N D(H,aq). Furthermore we can see that V' is relatively bounded with respect
to Hy. Hence H is self-also adjoint on D(v/—A) N D(H;aq) by the Kato-Rellich theorem.

3 Existence and uniqueness of ground state

In this section we review the existence and the uniqueness of the ground state of H. Let
us assume that M > 0. In this case the existence of ground state has been shown in e.g.,
8, @] for M > 0 and m > 0. Now we suppose that M = 0. In this case Hamiltonian
under consideration is of the form.

|p96 - A(SC)‘ + Vv + Hrad-

Hence the kinetic term is not smooth function of $(p, — A(x))?, which is a serious disad-
vantage to show the existence of the ground state. In [2] it is shown that

o(H)={E}U[E +m,0)
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under the assumption w(k) = /|k|?> +m?. The most singular case is m = M = 0, but
the existence of the ground state is established in [3].

Theorem 3.1 ([3]) Suppose that w?/?$, p//w € L*(R?), |l‘im V(z) =00 and ||VV]|s <
T|—00
0o. Then H has the ground state.

Proof We introduce an artificial boson mass m > 0. In this case the existence of
normalized ground state W¥,, is established. It is enough to show that the weak limit of
Wi,

w— lim ¥, = V¥,
m—0

is non-zero. In order to avoid infrared divergence we introduce f[ r which is defined by
H with ¢(- — z) replaced by ¢(- — x) — @(+). Note that Hg = H. By an application of
asymptotic annihilation operator:

aoo(f) _ thm eitﬁRefitﬂa(f)eitmefitﬁR
—00

we can see that a.(f)V,, = 0. By the Cook method argument, we then have

(W= = [ F0) (o= B w(h)) (k) (@) W

where ¢;(k) is a bounded operator for each k € R?, and (z) = \/|z[> + 1. Let N be the

number operator in F. From this formula we can see that

L. [|[NU,,|| < C|(z)?¥,,||, where C' is independent of m.

2. sup,, ||\I[$7:,L)HWLP(Q) < oo for 1 <Vp < 2 and any compact set  C R3".

3. e, || < oo.
By (1) - (3) above, we can see that ®,, strongly converges to ®y. Thus @y # 0 follows.
Finally we show the uniqueness of ground state.

Corollary 3.2 ([6, @]) Lett > 0. Then i3 Ne=tH=i3N s nositivity improving. In par-
ticular when H has a ground state, it is unique up to multiple constants.

4 Decay of bound states

In this section we discuss a martingale property of H , which can be applied to spatial
decay of bound states. Let h = —%A + V be a Schrodinger operator with an external
potential V. Define

Xt(ZL’) _ 6tEe— fg V(Bs—i-ac)dsf(Bt + ZE),
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where f denotes a bound state such that hf = Ef. Then it can be checked that (X;(z)):>0
is a martingale with respect to the natural filtration of Brownian motion. We would like
to extend this to quantum field theory. Define

Hy(z) =eFe” Jo V(Brs+a)ds ;—ig(Ki( Jt@(BTt + )
where H® = E®.

Theorem 4.1 ([7]) Let V' be relativistic Kato decomposable potential. Then there exists
a filtration (M;)i>o such that (Hy(x))i>o is a martingale, i.e.,

E*E,,,[Hy(x)|M,] = Hy(x) fort>s.
An application of the martingale property is to show the spatial decay of bound state ®.

Corollary 4.2 Let 7 be a stopping time with respect to (My);>9. Then
196 (2) | 22(0) < ||y E o= I (V(Zr+2)-E)dr
where Z; = Br,.

Proof By Theorem B we see that (Jo® - Hy(z))i>0 is an L*(Qg)-valued martingale.
Hence (Jo® - Hipr(2))i>0 is also martingale which implies that

]EO’OIEME [Jo® - Hy(z)] = IEO’O]ENE [Jo® - Hipr(T)] -
We have
[Po(2) 2@y = sup E™E,, [Jo® - Hy(z)]

®eL?(Q)
lI®ll=1
< sup EE,, [Jo® - Hypr(2)] < |®||E® [ fo" 7 VZrta)—pdr)

®eL2(Q)
le|l=1

Spatial decay properties can be derived immediately from the lemma above.
Corollary 4.3 ([7]) Let V be relativistic Kato decomposable.

1. Suppose that lim|, o V(2) + E < 0.
(m > 0) there exists constant C' such that

1@o(2)]| < e[yl

(m = 0) there exists constant Csuch that

C

Torpa el
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2. Suppose that limyy_,o V(x) = 0o. Then there exist constants ¢ and C' such that
1@y ()] < Ceel,

Proof (1)We take 75 = inf {s||z; + 2| < R}, which is a stopping time, and corollary
follows from Corollary B2. (2)We take 7 = inf {s||z5| > R} which is also a stopping time
and the corollary follows from Corollary B2

5 Path measures associated with the ground state

For SRPF Hamiltonian we can consider the path measure associated with the ground
state. The path measure of this kind is useful to study ground state expectation with
respect to observables for the Nelson model and spin-boson model [, 4] in scalar quantum
field theory. Unfortunately the path measure of SRPF Hamiltonian can not be applied
as those models do. In this section we only show the existence of the path measure for
SRPF Hamiltonian. Let ¢ € L?(R?) be positive. Define the family of probability measures
ur, T >0, by

pr(4) = 5 [ daB, [Lao(Bon)o(Br)e [V P

where £ = %(Kt, DK;) and A€ 9. Here 9 = Us>oF[—sq) and Fl_sq = 0 (Z, : 17 € [—s5, 5]).
B
2, =By =0 =0
By r<O.

¢ plays a role of a pair interaction in a Gibbs measure, but we do not mention it here.
Let X =, x Q,.

Theorem 5.1 There exists a probability measure poo(A) on (X,0(9)) such that
lim pr(A) = peo(A) VAE Y.
T—o0

Proof The main idea of the proof is to show that

s ¢T—S(Z—S) ¢T—S(ZS)):|
A) = e2F dzE | 1 = J g )
pr(d) = e / ! {( ol gr]

where ¢, = e*(H=E ¢ & 1 and
J[ftt _ te — [t V(zs)ds —1¢E(Kt)Jt

Since H has the ground state, we can see that ﬁT T e’FW, as T — oo. Hence we have

¢
lim pp(A) = P /RS dzE” (14 (Vg(Z-s), J1=s.¥4(Z)) ]

T—o0

and the right hand side above has the extension to the probability measure in (X, 0(9))
O



Acknowledgements: FH thanks a kind hospitality of Aarhus university in Denmark and
the International Network Program of the Danish Agency for Science, Technology and
Innovation. This work is also financially supported by Grant-in-Aid for Science Research

(B)16H03942 from JSPS.

References

1]

V. Betz, F. Hiroshima, J. Lérinczi, R. A. Minlos, and H. Spohn. Ground state properties of the
Nelson Hamiltonian - A Gibbs measure-based approach. Rev. Math. Phys., 14:173-198, 2002.

T. Hidaka and F. Hiroshima. Self-adjointness of semi-relativistic Pauli-Fierz models. Rev.Math.Phys.,
27:1550015, 18 pages, 2015.

T. Hidaka, F. Hiroshima, and I. Sasaki. Spectrum of semi-relativistic Pauli-Fierz Hamiltonian II.
arXiw:1609.07651, preprint, 2016.

M. Hirokawa, F. Hiroshima, and J. Lérinczi. Spin-boson model through a Poisson driven stochastic
process. Math. Zeitschrift, 277:1165-1198, 2014.

F. Hiroshima. Essential self-adjointness of translation-invariant quantum field models for arbitrary
coupling constants. Commun. Math. Phys., 211:585-613, 2000.

F. Hiroshima. Ground states of a model in nonrelativistic quantum electrodynamics II. J. Math.
Phys., 41:661-674, 2000.

F. Hiroshima. Functional integral approach to semi-relativistic Pauli-Fierz models. Adv.in Math.,
259:784-840, 2014.

M. Konenberg, O. Matte, and E. Stockmeyer. Existence of ground states of hydrogen-like atoms in
relativistic QED I: the semi-relativistic Pauli-Fierz operator. Rev. Math. Phys., 23, 2011.

M. Konenberg, O. Matte, and E. Stockmeyer. Existence of ground states of hydrogen-like atoms in
relativistic quantum electrodynamics. II. The no-pair operator. J. Math. Phys., 52, 2011.



	Pauli-Fierz model
	Semi-relativistic Pauli-Fierz model and Feynman-Kac formula
	Existence and uniqueness of ground state
	Decay of bound states
	Path measures associated with the ground state

