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1 Introduction

The purpose of this talk is a review of a recent progress of the spectral analysis
of a model in nonrelativistic quantum electrodynamics. A nonrelativistic electron
minimally coupled (i.e., by replacing the particle momentum p by the covariant one
p — @A) ! with the transverse degrees of freedom of a massless quantized Maxwell
field is described by “the Pauli-Fierz model” [170], which successfully gave an inter-
pretation of “the Lamb shift” in [37, 145, 199]. In particular the ground states of the
Pauli-Fierz model will be our primary concern here. The general references (books)
of this talk are [22, 52, 88, 97, 99, 138, 175, 176, 177, 178, 185, 188, 139, 200].

1.1 The history of quantum filed models

We will review a history of the Pauli-Fierz type models, e.g, the Nelson model [164],
spin-boson models (e.g., [149]), polaron models (e.g., [81]).

In 1937, F.Bloch and A.Nordsieck [42, 41] investigated a radiation field interact-
ing with a classical current, and shown that the mean number of emitted quanta is
infinite by an infrared divergence.

In 1938, W.Pauli and M.Fierz [170] introduced the Pauli-Fierz model.

In 1947, H.A.Bethe [37] theoretically interpreted the Lamb shift.

In 1948, T.A.Welton [199] gave an intuitive explanation of the Lamb shift.

In 1949, Z.Koba [145] extended Welton’s result [199] to a relativistic model.

In 1950, R.Feynman [70] applied a path integral to a mathematical formulation
of quantum electrodynamics.

In 1952, O.Miyatake [161] and L.van Hove [119] found that the ground state of
a Hamiltonian in a Fock space weakly converges to zero as a cutoff is removed 2 .

In 1955, R.Feynman [71] applied a path integral to estimate the ground state

energy of a polaron model.

1See e.g., [28, 29, 30, 78, 153, 157] for a classical Pauli operator (p — A)?> +V + o - B.

2Some relation between the van Hove-Miyatake phenomenon and an infrared divergence is
discussed by H.Ezawa [64]. The Hida space (S)* ([98]) is a dual space of a subspace (S) in a Fock
space. The van Hove-Miyatake phenomenon is investigated by J.Potthoff and L.Streit [171] in the
Hida space. However the phenomenon still survives in the Hida space.
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In 1958, E.Lieb and K.Yamazaki gave estimates of the ground state energy and
some ground state expectation values of a polaron model in [156].

In 1962, D.Shale [182] obtained a mathematical manner to study both of the
infrared and ultraviolet divergences.

In 1963, Y.Kato and N.Mugibayashi [143] constructed asymptotic fields and
were concerned with the spectrum of a Hamiltonian. E.Nelson [162, 163] examined
Feynman’s result [70] in a simple model but with a mathematical rigorous manner.?

In 1964, E.Nelson [164] introduced a model of nonrelativistic quantum particles
linearly coupled with scalar bosons, so called “the Nelson model”, and he renormal-
ized its Hamiltonian.

In 1968-1969, R.Hgegh-Krohn applied the Kato-Mugibayashi scattering theory
[143] to the Nelson model in [120]-[122], and extended the work to general models
in [123]-[125].

In 1968-1972, J.Glimm and A.Jaffe analyzed the ground state properties of a
quantum field model (A¢*-model) from the point of view of the constructive quantum
field theory in the series of papers [84]-[87] * (see books e.g., [22, 88, 185]).

In 1969, P.Blanchard [40] were concerned with asymptotics of the Pauli-Fierz
model with the dipole approximation and discussed an infrared divergence.

In 1970, I.Segal [180, 181] proved the essential self-adjointness and the inde-
composability of a quantum field Hamiltonian. J.P. Eckmann [60] renormalized the
Nelson model with relativistic kinematics (Eckmann’s model).

In 1971, J.Cannon [44] studied the quantum field theoretical property (Wight-
man functionals,etc.) of the Nelson model. L.Gross [90] proved the existence and
uniqueness of the ground state of relativistic and nonrelativistic polaron models for
zero total-momentum.

In 1972, L.Gross [91] studied the massive Nelson model with relativistic kine-
matics (Eckmann’s model) and constructed a Hilbert space on which a self-adjoint
operator without an ultraviolet cutoff acts. S.Albeverio [2, 3] was concerned with
the scattering theory of Eckmann’s model.

In 1973, E. Nelson [165, 166] constructed a quantum field from a Markov field.

3E.Nelson established imaginary-time path integrals. T.Ichinose and H.Tamura [132, 133] con-
structed a distribution-valued countably additive measure presenting a real-time evolution of a
Dirac Hamiltonian in two space-time dimensions.

4From the point of view of the constructive quantum field theory, K.R. Ito [134, 135], and
D.Brydges, J.Frohlich and E.Seiler [43] considered QED in two space-time dimensions.
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Hilbert space

L*RY @ F

Decoupled Hamiltonian

(—(1/2)A+V)®1+1® HY

Free Hamiltonian

Dispersion relation

Quantized field

Canonical pair

CCR

Total Hamiltonian

(—(1/2A+V)® 14 ap(\, z) +1® HY

Self-adjointness

Self-adjoint on D(A) N D(Hg) for all « € R

Ground state ¥,

Exists for all & € R and is unique

Particle localization

1@ ()| < De?!

Boson localization

(g, e N,) < oo forall B € R

Finite-time Gibbs meas.

FX0) F(Xag)e i VOXdn e [ [ W XX o) g ¢

Pair potential

W (X, t) = [ga |ME)|2eFX eIt g

Infinite-time Gibbs meas.

Exist

Diamagnetic inequality

| (W, e D) | < ([|W]], et 2ATV=e2INEIR) g )

Stability

inf o(—(1/2)A + V) < info(H) + (a2/2)|A/v/|?

Table 2: The one-particle Nelson model
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The Pauli-Fierz polaron model | H(p) = (1/2) <p ~ P — aA(), 0))2 .

Field momentum P; = [ka""(k)a" (k)dk

Field momentum PN = [ka'(k)a(k)dk

Table 3: Polaron models

In 1973-1974, J.Frohlich investigated an infrared divergence of a polaron model
in [74, 75]. He also shown the existence and uniqueness of the ground state of a
polaron model without an ultraviolet cutoff for sufficiently small total momentum.

In 1976, K.Rzazewski and W.Zakowicz [179] solved an initial value problem of
the Pauli-Fierz model with the dipole approximation and an z?-potential.

In 1978-1980, J.Frohlich and Y.M.Park [79, 80] opened a problem on the analysis
of nonrelativistic quantum electrodynamics.

In 1980, A.Grossmann and A.Tip [93] studied a resonance of a single mode
Pauli-Fierz model with the dipole approximation and an z2-potential.

In 1981-2000(!), A.Arai gave a firm mathematical base on the Pauli-Fierz model.
The first mathematical rigorous results on the model were, as far as we know, due
to A.Arai. He investigated the model with the dipole approximation in the series of
papers [7]-[18], and shown that the model was exactly solvable, i.e., he obtained the
self-adjointness of the Hamiltonian, the existence and uniqueness of its ground state,
asymptotic completeness, the instability of its embedded eigenvalues (resonance),
scaling limits, and long-time behaviors of a two-point function, etc.

In 1983, M.D.Donsker and S.R.S.Varadhan [58] obtained, independently of the
existence of the ground states, asymptotics of the ground state energy of a polaron
model as the coupling constant tends to infinity, by means of a large deviation theory
of path integrals.

In 1985, T.Okamoto and K.Yajima [167] shown the existence of a resonance of
the massive Pauli-Fierz model in terms of a complex scaling technique ([5]).

In 1986, H.Spohn proved the existence of the ground state [193] and its localiza-

tion [192] of a polaron model for arbitrary values of total momentum for one or two

p € R4

The Nelson polaron model | H(p) = (1/2)(p — PN)? + ag(\,0) + HY, peR?
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dimensions. He also considered an effective mass in [197].

In 1989, H.Spohn [195] investigated the ground state properties of a spin-boson
model, in which he proved the existence of the ground states of the spin-boson model
and shown its localization ®. The work has been continued by H.Spohn, R.Stiickl
and W.Wreszinski in [198] to generalized versions: “J-spin boson models”.

In 1995, M.Hiibner and H.Spohn [128, 129] studied a resonance of the spin-boson
model with a help of a modification of a positive commutator method. For the
Pauli-Fierz model with a confined external potential and sufficiently small coupling
constants, V.Bach, J.Frohlich and I.E.Sigal [31] proved the existence of a ground
state, its particle localization, and the existence of resonance poles, by means of a
renormalization group method. The full papers [32, 33] were published in 1998.

In 1996 A.Arai and M.Hirokawa proved the existence of the ground state of a
spin-boson model for sufficiently small coupling constants in [23], and extended this
to a generalized version in [24]°.

In 1996-1997, C.Fefferman, J.Frohlich and J.M.Graf [72, 73] considered the sta-
bility of the Pauli-Fierz model and gave a lower bound of its ground state energy.

In 1997, H.Spohn [194] shown the asymptotic completeness of the Pauli-Fierz
model with the dipole approximation and non z2-potentials. E.Lieb and L.E.Thomas
[155] gave an alternative simple proof of the asymptotics of the ground state energy
of a polaron model given by Donsker and Varadhan [58].

In 1998, H.Spohn [197] proved the existence of the ground state of the Nelson
model for arbitrary coupling constants by a functional integral method. After [197],
C.Gérard [83] proved the same thing as that of [197] with some generalization in
an entirely different way. V.Bach, J.Frohlich and I.E.Sigal [34] proved the existence
of the ground states of the Pauli-Fierz model without an infrared cutoff and with
Coulomb potentials (cf. F.Hiroshima [109, 113]), and they shown that the spectrum
of the model was purely absolutely continuous except in small neighborhood of the
ground state energy and the ionization thresholds. See also [35].

In 1999, E.Lieb and M.Loss [154] contributed to estimate both of upper and
lower bounds of the ground state energy of the Pauli-Fierz model. R. Minlos and

H.Spohn [160] proved the absence of the ground states of the Nelson model with an

5The problem whether the ground state of the spin-boson model exists or not in the original
Hilbert space had not yet been solved in [195]. H.Spohn actually shown the existence of its ground
states in the Hilbert space in his “unpublished note” dated 26 June 1989!

6GSB-model.
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infrared divergence’.

In 2000, A.Arai [19] proved independently of the existence of the ground states
that the essential spectrum of the Pauli-Fierz model coincided with its spectrum.®
F.Hiroshima proved the essential self-adjointness of the Pauli-Fierz model for arbi-
trary coupling constants in [112], and he also shown the uniqueness of its ground
state in [110]. V.Betz, F.Hiroshima, J.Lérinczi, R.Minlos and H.Spohn [111, 38|
constructed an infinite-time Gibbs measure associated with the Nelson model and
shown the boson localization of its ground state for arbitrary coupling constants.
F.Hiroshima and H. Spohn [117] shown a binding through an interaction between
a particle and a quantum field for the Pauli-Fierz model with the dipole approx-
imation and shallow potentials?. Recently, M.Griesemer, E.Lieb and M.Loss [89]
address that the ground state of the Pauli-Fierz model exists for arbitrary coupling

constants!

2 The Pauli-Fierz model

2.1 A Fock-Cook representation

We start with introducing some basic facts of a quantum field often used in this
talk. We define the Boson Fock space over L?(RY) by

F = F(PRY) = a5z, (27 L*(RY) |

where ®YL?(R?) := C and ®"L?*(R%) denotes the symmetric tensor product of
L3(RY), ie., f € @ L*(RY) if and only if f € L2 (R? x --- x R%) and
————

n

f(klv'"7ki7"'akj7'”7kn):f(k:h"'vkj?”')kia"'akn)v 1§17]§n

The creation operator a'(f) and the annihilation operator a(f) smeared by f €
L*(R%) are defined by, for ¥ = @ v ¢ F,

t @(”)k7...’knzin kj\If("‘l)k,---,E,---,kn,
(a'(£)®)™ (ks )ﬁ;f() (ks )

TA.Arai and M.Hirokawa [25] gave a sufficient condition for the existence of the ground states
in some domain with an infrared divergence for a GSB model. See also A.Arai, M.Hirokawa and
F.Hiroshima [27].

8 Asymptotic completeness for the massive Nelson model is established in [55, 6].

9A.Arai and M.Hirokawa [26] found a non-perturbative ground state of the Wigner-Weisskopf
model for large coupling constants. Also see [101].
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(@ ) = VAT [ SN0 oo )l
j=1

where ~ denotes neglecting the term!®. Let Q, :== 1® 0@ 0--- € F be the bare

vacuum. It is well known that
For=L{a'(f) - a'(f) 0, U |f; € PR, j = 1,...,n,n € N}

is dense in F, where £{- - -} denotes the finite linear hull of vectors in {- - -}. Moreover
Fo is an invariant subspace of a* = a' or a. af obeys the canonical commutation

relations on Fy, i.e.,

[a(f).a'(9)] = (f, 9)rzmay,  [&*(f),d*(g)] = 0,

where (f,g)x (resp. ||f]|x) denotes the scalar product (resp. the norm) of Hilbert
space K. We omit K in (f, g)x unless no confusion may arise. Note that (f, g) is

linear in g and antilinear in f. a* satisfies that

(a(f)\ljv CI))}' - (\1/7 aT(f)CI))}-
for U, & € Fy. We define

J:EMZZJ'"@C'I"@F, Femo = Fo®- - ®F,
-1 d—1
where ® denotes an algebraic tensor product, and a™ : Fay — Fru is defined by

r
—~

) =1 - @d(f)®--o1, r=1,.,d—1.

d—1

It obeys that, on Fgyy,

(@™ (f),a*M(9)] = 6-5(F,9),  [a"*(f),a*(g)] = 0.
We denote by the same symbol af its closed extension. The vectors
e"(k):= (ef(k),---,ej(k), r=1,..,d—1,
are d — 1 possible orthonormal polarization vectors perpendicular to k, i.e.,

e"(k)-e(k) = 6,5, € (k)-k=0, aekcR™
WFormally we write a®(f) = [ a*(k)f(k)dk.
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Note that!!
dy (k) = e}, (k)ey (k) = 0, — (kuky) /K],
We define a quantized radiation field AM(S\) by

~ ~ 1 . X RN
AN =A,\z) = 7 {a”T(eze’kx)\) + a’”(ele’km)\)} , p=1,...4d,

and its canonical pair Hu(;\) by

~ ~ 1 e N
IL,(A\) =1\ ) = Zﬁ {a’"T(eZe_’k‘”)\) - ar(e;;e’kx)\)} , w=1,..4d,

where g(k) := g(—k) and g denotes the Fourier transform of g. Note that

~

d
divA(A) =Y [pu, 4,(A)] =0, (the Coulomb gauge),
pn=1

on some domain. It is checked that 2

on fEMO and
. ) 1 . . )
(Au (M), A (p)8h) = S (dA, p) = (1Lu(A) 2, 1L, (9) ).

Throughout this talk we assume that

A—=k) = A(k), (2.1)

namely, ) is real. This assumption ensures that both of A,()\) and II,(\) are sym-

metric operators.

UThe summation of repeated indexes are understood (the Einstein rule).
2Formally one writes

(A, (k), T, (K] = (6, — kuko /|k[2)o(k — k') or [A.(z), 1, (y)] = i(6,m — 0,0,/ |7 — y|)d(z — y).
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2.2 The second quantization
Let h be a self-adjoint operator of L?(R?). Define S; : F — F, t € R, by
Seal (f1) - a(fo)Q = al (™ f1) - aT (e f,) 0, S = Q.
It is seen that S; ® --- ® S;, t € R, is a strongly continuous one-parameter unitary
—

group on Fgy. Thus there exists a self-adjoint operator dI'y,(h) in Fgy such that

S, @ @8 =M ¢ e R,
| ——
d

We call d',(h) “the second quantization” [49] of h. Actually dI',(h) acts ' as
follows:
dl'y(h)Q, = 0,

ATl ()™ (F)0% = 3 a™ () (1) -+l (1)

Let
wu(k) = /|k* + 1%, =0,

and define the free Hamiltonian in Fgy by 4
Hy, = dl'y(w,).
It is known that!®
o(Hp) = {0} U[p,00), op(Hy) ={0}, 0ess(Hy) = [1,00),
and {0} is of multiplicity one and
Hyy, = 0.
In what follows we assume that ;= 0 and set

W = Wp.

J
13 0o n ~=
de(h):@nZOZFll@... h - -®1.

YFormally Hy, is written as Hy, = [ wo,(k)a" (k)a" (k)dk.
156(T):the spectrum of T, 0ess(T):the essential spectrum of T, oqisc(T):the discrete spectrum of
T, o, (T):the point spectrum of T, 0,.(T):the absolutely continuous spectrum of T'.
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It is a direct calculation that
etdlo(W) gt ( f)emitdlo(h) — gri(ith £),
etdlo() 7 ( )e=itdlo(h) — g7 (g=ith f)
In particular, for N}, := dI'y(1),
gl (f)e A = ia”l(f), (2:2)

/™20 (M) g ()= im /20 () — _jqr(f). (2.3)

Operator N, is called the number operator. From (2.2) and (2.3) it follows that
e A (N)eT 2N = T1,(N), p=1,..,d. (2.4)
For later convenience, we introduce some fundamental inequalities:
la (Yl < AN+ 11/ Vel Hy e, (2.5)

la" (/)W < || f/vell|| HY W, (2.6)
for 16 ¥ € D(Hﬁ/Q) and

la”*(£)a ()Tl < (1 /@l + 1FDAS V@Il + DI+ IV f ]+ e fIDIE + 1)@,

(2.7)

for ¥ € D(Hy) ([13]). Moreover
la T (I < IAIAN] + 13>, (2.8)
la" ()l < AN e, (2.9)

for U € D(N,/).

2.3 The definition of the Pauli-Fierz Hamiltonian

Let
3]
Hy, = (R @ F = " Fdzx.

Here L?(R?) accommodates the state space of the electron moving in d-dimensional

space and F that of bosons (photons). Define

~

3]
A, = /Rd AN z)de, p=1,..4d.
6 D(T) denotes the domain of T.
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The Pauli-Fierz Hamiltonian Hpr is defined as a densely defined symmetric operator

acting in ‘Hy, by

Hp pR1—aAP+V®1+1x H,

= o

where M is the mass of the electron, a a coupling constant!”

and we work with a
unit i = ¢ = 1 8. For simplicity we set M = 1. \ serves as an ultraviolet cutoff. A

physically reasonable choice of A is

A(k) = p(k) /[ (2m)d(k),

where p is a charge density, i.e.,

a=— dp(a:)d:c, p(x) > 0. (2.10)
R
In particular for d = 3, R
A(k)?
dk 2.11
/Rs Wk = (2.11)

implies that

0 = /(2m)33(0) = /R p(z)dz = —a.
We call (2.11) infrared cutoff condition. Throughout this talk we do not impose
(2.10).

1Physically a = —/1/137 with a unit A =c =1

18 Actually Hpr is a Hamiltonian reduced by “the one-particle sector”. Define the antisymmetric
Fock space by Fas := @22, (®7,L?(R?)), where @7 ,L*(R%) denotes the n-fold antisymmetric
tensor product of L2(R%). Set Hr := Fus ® Fem. Then

Hr = 0% HE, HZ = (@Z,L*(RY)) ® F = L2 (R¥) @ Fu.

Let U(z) and ¥T(z) be formal kernels of the annihilation operator and the creation operator in Fyg,
respectively, i.e., anticommutation relations {¥(z), ¥T(y)} = 6(z—y) holds. The total Hamiltonian

H is defined on Hr by

H = %/\I/T(;v) (p - aA(X,ac))Q U(z)dzx

+/w(k)a7'T(k)a’"(k)dk + aQ/\I/T(x)\IIT(y)V(m —y)¥(2)¥(y)dzdy,
where V(z) = —1/(4w|x|). Thus it follows that

H|—H1 = HPF)

Z Z
1 RS ) 1
_ ! o , _ S > 2.
Hlyz =55 (pi—aA(\ ) +Hi —a §,¢,47r\zi Z>2
i#]

b)
j=1 - Ij‘

When Z > 2, a longitudinal interaction (a Coulomb potential) does appear.
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2.4 Self-adjointness for |o| < 1

We abbreviate 1 ® X and X ® 1 by X unless no confusion arise. The Pauli-Fierz

Hamiltonian is written as
HPF = Hp + Hb + OéHI,
where
H,:=-A/2+V, H;:=—-pA+aA®

Assume that
[AfI < allHyfI| + bl £]] (2.12)

for f € D(H,) with some constants a and b. Let \/y/w, A, wA,wh € L2(RY) .
Then, by the fundamental inequalities (2.5), (2.6) and (2.7), we easily have

IpAY| < C4||(Hp + Hy, + 1) (2.13)

|A*W|| < Cof|(H, + 1)¥| (2.14)

with some constants C; and Cs for ¥ € D(H,) N D(Hy,).

Proposition 2.1 ([167]) Let A\/v/@, A, wA,wA € LARY) and |a| be sufficiently
small. Assume (2.12). Then Hpy is self-adjoint on D(H,) N D(Hy), bounded below,

and essentially self-adjoint on any core of H, + Hy,.
Proof: By virtue of (2.13) and (2.14), we have
[H1¥|| < C'|(Hp + Hy) V|| + C"[|¥]]

with some constants C” and C”. The proposition follows from the Kato-Rellich
theorem and the fact that D(H, + Hy) = D(H,) N D(Hy). QED

2.5 Problems of embedded eigenvalues and binding through
a coupling

Here we state the purpose of this talk. The decoupled Hamiltonian (v = 0) is
denoted by
Hd = Hp + Hb.
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First we let
o(Hy) = {E;}  U[E,00), Ey<Ey < <X

Then
o(Ha) = [Ey,00), op(Ha) = {E;},.

Thus all the point spectra of Hy are embedded in the continuous spectrum. We can
say that the spectral analysis of H = Hy + aHj is a problem of a perturbation of
embedded point spectra. We will see that, under some condition, the point spectrum
Ejq survives after adding the perturbation aHj. See Section 6.

Secondly we assume that

Then
o(Hq) =[0,00), op(Hg)=0.

Our question is as follows: does there exist the ground state of H = Hq+ «aHj for
some o > 0?7 The answer is YES. As heuristic level one argues that the coupling to
the radiation field amounts to renormalizing a bare mass M to an “effective” mass
M (a?) with M (a?) increasing in o?.Thus effectively instead of H, = —A/(2M)+V
we should consider

~A/(2M(a?) + V. (2.15)

Hence a bound state can be produced through a coupling « sufficiently large. Most
likely (2.15) has no sharp mathematical meaning. However we will see an associated

phenomenon of the Pauli-Fierz model in Section 8.

3 A Schrodinger representation

3.1 The simultaneous diagonalization of the quantized ra-
diation field

In order to obtain a functional integral representation of a heat semigroup, we shall

~

take a Schrodinger representation of the quantized radiation field A(A). Note that

~

. 1 $
(A,U»()‘)an Au(p)Qb) = i(d,uu/\a p)a

(4,0, A,(5)] = 0.
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Define a quadratic form on @?L?(R%) by

o(f.9) = 5w fundn). fog € SR,

In particular we set q(f, f) := q(f). Let (Q, ) be a probability measure space and
é(f) a Gaussian random process on (Q,v)! indexed by real f € @?L?(R?) with a

covariance

| #(5)o(a)v(6) = 5a(1.9)

Note that
/ 2D dy () = /DD o € C,
Q

We set for f € &?L?(RY)
O(f) == o(R[) +io(Sf).
Let Q2 be the identity function in L*(Q). Set
Li(Q) = {:0(f1) - o(fa):, Qlf; € @'L*(RY),j = 1,....,n,n € N},

where the wick product :¢(f1)--- ¢(f,): is recursively defined by

It is known that L3(Q) is dense in L?*(Q) and

( ¢(f1) o gb(fﬂ) ) :¢(gl) o ¢<gm): )LQ(Q) = 5nm Z Q<f17 gﬂ'(l)) T Q(fm gﬂ(n))v

Wegn

19 Actually we can construct the Gaussian measure v on “the Schwartz distribution space of
transverse vector potentials” ([73, 105])
divl = O}

ST = { NS S;eal(Rd) X X S;eal(Rd)
d

by the Minlos theorem (e.g., [97]).
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where G,, denotes the set of the nth-degree permutations. Let T : L*(R?) — L*(R%)
be a contractive operator. We define a contractive operator 2 T'(T) : L*(Q) — L*(Q)
by
D(T) wp(f1) -+ o(fn): = 0([T1f1) - - ([T]fn):
DNT)Q:=Q,

where [T]:=T @ ---®T. Let h be a self-adjoint operator of L*(R¢). Then I'(e'")

d
is a strongly continuous one-parameter unitary group in ¢. Thus there exists a

self-adjoint operator dI'(h) of L?(Q) such that
[(eth) = et'® - ¢ R,
The number operator in L?(Q) is defined by
N :=dI'(1),
and the canonical pair of ¢(\) by
T(A) 1= ™ p(N)e N2,

Let
W :=w(—iV)

and we define the free Hamiltonian of L*(Q) by

Set
“w
~~
AN =008 N 80), p=1,...d
d

Proposition 3.1 ([105]) There exists a unitary operator 6 : F — L*(Q) such that
(1) 09, = Q; (2) 67 Hy0 = Hy; (3) 67 AL\ —2))8 = A, (\, z) for each x € R

Let H be a Hilbert space defined by?!

M= PRY o Q) = [ 1(Q)dr

20T is a functor from the set of contractive operators on L?(R%) to that on L?(Q). See [164].
2194 is the set of L?(Q)-valued L2-functions on R?. Thus, for F € H, F(z) € L*(Q) a.e. z € R?
and [ga [F(2)]72q)dz = [|FI[3-
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Set o
A, = /Rd A, (\(- — z))da.

The Pauli-Fierz Hamiltonian in a Schodinger representation is defined by

1
H::§(p®1—aA)2+V®1+1®Hf.

Let
@
O = Odzx.
Rd

From Proposition 3.1 it follows that on a dense domain

O 'HO = Hpy.

3.2 Ergodic properties of the decoupled Hamiltonian

Let (M, m) be a o-finite measure space. We say that ¥ € L*(M,dm) is positive
if ¥ >0 (U # 0) for a.e. M. We also say that operator A of L?*(M,dm) is
“positivity preserving” (simply we say PP) if (¥, A®)2(as4m) > 0 for all positive
U, ®, moreover, “positivity improving” (simply we say PI) if (U, A®)2(asgm) > 0
for all positive U, ®. Let K be a nonnegative self-adjoint operator in L?(M,dm). Tt

t

is well known that if e7*¥ is PI, then the ground state of K is unique and strictly

positive.
Let T be a contractive operator of L*(Q). It is established (e.g.,[88, 185]) that
I'(T) is PP and that I'(T) is PLif || T|| < 1.

Proposition 3.2 ([68, 69, 183]) e 't is PI for all t > 0 in L*(Q).
Define a set Vj of external potentials V' by
Vo: V.=V, —V_ such that Vo >0, V, € L{_(R?) and V_ is infinitesimally small

with respect to the Laplacian in the sense of form.
Proposition 3.3 ([188]) Let V € Vy. Then e~ is PI for all t > 0 in L*(R%).

Proposition 3.4 ([110]) Let V € Vy. Then e " He®1418H) s PI for all t > 0 in
H.
Proposition 3.4 does not directly follows from Propositions 3.2 and 3.3. It is seen
that e t{UHp@1H18H) — —t(Hp@1)o—t(1®H:) Towever, both of e tHr®1) and e t(1®H:)
are not PI, which are PP in H.

By Proposition 3.4, H, + H; has a strictly positive unique ground state ¢, ® €2,

where ¢, denotes the ground state of H,.
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4 Functional integral representations

In this section we assume that A/\/@, X, VoA, wh € L2(R?) | || < 1, V is relatively
bounded with respect to the Laplacian. Set

H = Hy+ H; +V,

where
1 2
Hy :zi(p—aA) :
We want to construct a functional integral representation of the form
((I)’ e—ﬁoKe—hHfle_ﬁlKe—(tQ—h)HfQ . fm_16—Bm,1K6—(tm—tm,1)H\Ij)H ’
where f; € L*(R%), j =1,..,m — 1, K is a nonnegative self-adjoint operator.

—tdT(h(—iV))

4.1 A decomposition of e and Gaussian random

processes

For f,g € ®?L?(R*), we define

w(f9) = [

Rd+1

~

o (k) fu (. o) G (K, Ko kel

Let (Qo, o) denote a probability measure space and ¢o(f) be a Gaussian random

process indexed by real f € ®¢L*(R*!) with a covariance

/Qo ¢o(f)do(g)volddo) = ;QO(JC: 9)-
For f € @dLQ(RdH), we define

Po(f) = @o(Rf) +igo(If).

Let Qg be the identity function in L?(Qy). Let j; : L?(R?) — L*(R%*!) be defined
by
e~ tko w(k)

ﬁﬂm%):\@% w@%+ﬂ%Pﬂ@’ (k.ko) eR'x R, teR.

It is immediate to see that

N

. 1 lt—slw
(]tfa]sg)LZ(Rd“) = §(fa€ ¢l g)LQ(Rd)a
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namely
1 .
s = 56—“—8'“(—@“, t,s € R. (4.1)

Let J; : L*(Q) — L*(Qy) be defined by

Jo 0(f1) - o(fn) =003l f1) - - - @ol[ge) fu):,  Je82 = Qo

It is easily seen that, by (4.1), J; extends to an isometry of L?(Q) to L?(Q) such
that
JiJ,=e sl s € R, (4.2)

In addition to ¢g, we need another Gaussian random process. For f,g € ®¢L?(R**?),

we define -
q1 (f7 g) = /11d+2 duu(k)fu(ku kOu kl)gu(ka ko; kl)dkdkodkl

Let (Q1,v1) denote a probability measure space and ¢;(f) be a Gaussian random

process indexed by real f € ®@?L?(R**?) with a covariance

/Q1 o1 (f)o1(g)ra(denr) = ;Ch(f, 9).
For f € @/L*(R™?), we define

o1(f) = 1(Rf) +1ip1(Sf).

Let € be the identity function in L?(Q;). Let h be a nonnegative multiplication
operator of L%(R%). We define & : L?(R*) — L?(R4*?) by

- e~ itk h(k R
gf(ka ko, kl) = ﬁ h(]{?)2(—|—)|]{31|2f<k’ kO) (k7k07k1) S Rd xR x R7 t€R.

Similarly to (4.1) we have

1 .
767|t78‘(h(71V)®1) (43)
2

under identification L*(R41) = L2(RY) ® L?(R). Define Z; : L*(Qo) — L*(Q1) by

gtkgs =

Zt :@o(f1) - @o(fu) =01 ([&el f1) - - o1 ([&e) fn):, Zell = Qo
From (4.3) it follows that

——— —|t—s|dT(h(~iV)@1) (4.4)

Eigs=e :



4.1 A decomposition of e

—tdl(h(—iV))

and Gaussian random processes

L*(@y)
= Q\
—|t—s|dT'(h(—iV)®1)
L*(Qo) ¢
' Q
LQ(Q) e |t S‘Hf k L2
Figure 1: (4.2) and (4.4)
—tdD(h(—iV)®1)
L*(Qo) ‘ . LA(Qo)
Js J:
—tdD(h(—iV))
L*(Q) ‘ . L2(Q)

Figure 2: (4.5)

21
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From the definitions of J; and =, we see that

Joe A (h(=iV)) — (—tdl(h(~iV)@1) (4.5)
We define the canonical pairs of ¢o(f) and ¢1(g) by
mo(f) 1= € 2y F)emim0,

mi(g) = ™2 (g)e”TN/2,

respectively, where Ny and N; are the number operators in L?(Qg) and L*(Q,),

respectively.

4.2 Functional integrals

Let b(t) := {b,(t)} be the d-dimensional Brownian motion starting at the origin
on the probability measure space (C([0,00); RY),db). Let X, := b(s) + x be the
Wiener path and dP := dz ® db on W := R¢ x C([0, c0); R%).

We define the subspace of coherent states in L?(Q) by

LE(Q) :={F(¢(f1), -+, 0(fa))|F € S(R"), f; € ®'L*(R),j =1,...,n,n € N},
where S(R™) denotes the set of Schwartz test functions on R™.

Theorem 4.1 (Functional integral representation I [105, 111])

Let h be a nonnegative multiplication operator of L*(R?) and set K := dI'(h(—iV)).
Let 0 <t <ty < - < tp,and 0 <7y <15 < -+ <71, We assume that
Fo,Fp €M, Fr,--, Fpy € LA(Q)OL®(RY). Set Fj :=E=,.J,, Fj. Then

(F07 6—T1K€—t1HF1€—(T2—T1)Ke—(tz—t1)HF2 . Fm_l6—(7-,”—frmfl)Ke—(tm—tm,l)HFm)

_ / dPe” fo V(Xs)ds (ﬁO(XO)a 6ia¢1(L(X))ﬁ‘tl (th) . ﬁtm (Xtm)> ) ,
w L2(Q1)

where o
LX) = @y Y [ 60 = X)db,(s) € &' LR,
=17t
and [5 ---db,(s) denotes L*(R*?)-valued ?* stochastic integrals.?*

PN = X,) € LP(RY), j (- — Xo) € LR, & A(- — X,) € LA(RTH2).
2Let F: RxR? — K, where K is a Hilbert space. Then K-valued stochastic integral is defined

by
/ F(s,bls))dby () = s - Tim ZF (S5en () ) o (5) 2 () |

in L2(C(R; R%); K). See [188].
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Proof: For instance we set V' = 0. By the Trotter-Kato product formula [142] we

have

n
e = 5 — lim (e_t/”HOe_t/”Hf) )
n—oo

put a, :=t, —t,—1 and b, := 7, — 7,—1. Thus

n n
lim (Fo, e 1K (efal/nHoefal/an) FlefbgK (efal/nHoefal/an) F2efb3K .
n—o0

. meleime (efam/anefam/an)n Fm)

Since [105, 188]

n

sy (@)
where Qs : H — H is defined by, for F(-) € H,
— — o) eli/2)8(85_ 1 AC—2)+A( =) (zu—yu)
Q.F(x) = | pi(x —y)el?(s JF(y)dy,  (4.6)
QuF(x) = F(x), (47)
where p;(z) := (27t)~%? exp (—|z|?/2t). Using the facts that
et = Jrdrat,
Joe? D = (T, J5)eUsD (], J%)
as an operator, and the Markov property*! of J,J* [88, 185], we have

— (JOFO’ (e—b1K> giodoltots) (1 ) (e—sz) ciado(tite)

oo (Jip Frn) (e70m 1) giotoltnrto) 1, Y
where W

Goltart) 1= 0 Sy [ G = X)db,(5)).
Using also that
ErEr =e ',

Ete%(f)Ef — (EtE’t")egsO(gtf)(EtE’t“)

as an operator, we get the desired results by the Markov property of Z,=;. QED

HLet By := J,JZ. Thus E, is a projection of L?*(Qo). Define Q4 := L{F € L*(Qo)|F €
Rank,, s € [a,b]}. Let X, ; be the smallest o-field generated by Qq5. Let ¥ be measurable
with respected to X, ; and ¥ with respect to X 4, where a < b < ¢ < d. Then, for b < s < ¢,
(U, E,®) = (U, D).
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Corollary 4.2 Let F,G € ‘H. Then
(Fe @) = /W dPe Jo VXD (1 P(Xy), e LG(X,)) 12000,

where .
X) = ea;i:l/o JAC — X,)db(s).

In particular, for f € L*(RY),
(foQe o) = [ dpehVOONFIG) (X))o (D00,
We immediately see a Kato-type inequality ([140]) %
Corollary 4.3 (Diamagnetic inequality [103, 105]) Let F,G € H. Then
(Fe™G)| < (||, e t0|GY ).

In particular
info(H,) < info(H).

Proof: Note that |J;G| = J;|G], since J; is PP, and that inf o (H, + Hy) = inf o (H,,).
Thus corollary follows directly from Corollary 4.2. QED

Corollary 4.4 Let f € L>(R%). Then

(f ® Q7 eftHeszeftHf ® Q)

- / AP Jo VXIS FIRY F( Xy ) (@2 /D0(Ka0) 02 2)F(X) (4.8)
where "
F0) = 20 (50 [ €0l A6 = Xdbu(s), &, [ €A — Xo)dby () )
Proof: By Theorem 4.1 we have

2t _ )
L.HS. (48) — /W dPe” fo V(XS)de(Xo)f(XQt) (Qh elad)l(W)Ql)LQ(Ql)

_ / dPeJo VDT X0 F( Xy )o@/ D7),
w

25The Kato inequality is studied and applied in e.g., [57, 63, 96, 103, 105, 130, 131, 140, 141,
150, 189, 186] etc.
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where
Wzﬂﬂu?%M—&WM$+f®M@XMm@)
Since
a(W) = qo(Ka) — F(X),
we get the desired result. QED

Remark 4.5 Formally we see that

t 2t , . ,
F(X) _ /Odb#(s) | db,,<8/> /Rd (1 _ efth(k))dw,(k)eﬂsfs |W(k)’)\(k)|2ezk(Xst3/)dk’

t t ) , .
QO(Kt(X)) _ /dbu(S) /dby(s/) / , dwj(k)e—‘S—s \w(k)ezk(Xs—XS/) )\(k)|2dk
0 0 R

This formal expression appears in [94, 110, 70, 194].

5 Essential self-adjointness for arbitrary a € R
5.1 Translation invariance and invariant domains
We redefine Qs : H — H for arbitrary o € R by

Q.F(z) i= / palr - y)e(ioc/2)<zb(@izl(/\('—ﬂc)+/\(~—y))~(ﬂﬁu—zm))F<y)dy7 s>0, (5.1)
R

QoF(x) := F(x). (5.2)
Let :
S(t) :=s— lim (Qt/2n> :

Let A, wh € L2(R%) . Thus by a direct calculation we see that S(t) exists and
(p:saga):i/ dP (G(Xo), e *G(X,)),
W

where

ﬂXy—@ﬁlgAC—XﬂmA@e®ﬁﬂR%

By the definition of ()5 we immediately see that

(F,S(t)S(s)G) = (F, S(s + 1)G),
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lim (F, S(t)G) = (F,S(0)G) = (F,G).

t—o0
Hence S(t), t > 0, is a strongly continuous one-parameter semigroup in t. Thus

there exists a nonnegative self-adjoint operator Hy in L?(Q) such that
S(t) = e~tHo.
Lemma 5.1 Let \,wA € L2(RY) . Then, for all a € R,
Ho[ paynC Ho.

Proof: For F € C*(RY)®LE(Q) and G € H, we have [48, 105]
1 - 1 ~
(G, - (e_tHO - 1) F) = [ as (e‘tHOG, H0F> | (5.3)
t H 0 H

[HoF|| < C(IAF| + [[NEI[ + [|£1]])

Since

with some constant C', by a limiting argument we extend (5.3) to ' € D(A)ND(N).
Take G € D(H,). We have

- ~ 1
— (HyG, F) = lim (Gi (e_tHO - 1) F) - / ds (G, HyF) = — (G, HoF).
0

t—o00

Then (HoG, F) = (G, HoF), which yields that ' € D(H,) and HyF' = HoF. Hence
lemma follows. QED

Lemma 5.2 Let A/\/w, A, o\, wh € L2(RY) . Then we have, for all « € R, that
Ho[ p(aypy) C Ho. (5.4)
Proof: Since (5.3) extends to F' € D(A) N D(Hy), lemma follows in the similar way

as that of Lemma 5.1. QED

We define
H\ = ﬁo—i‘Hf.

Let V = 0. We note that, for \,w\ € L2(R9) ,

—

H[ paynpynpnC H, (5.5)
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moreover for A\/v/@, A, VwA,wA € L2(R?) |
H [ paynpay) C H. (5.6)

Similarly to the proof of Theorem 4.1 we have

<F, e—tﬁG> _ /W AP (JoF(Xo), KX 1,G(X,)) (5.7)
In particular, for a.e. (x,¢) € R? x Q,

(¢7F) (6.0) = E3G(X0)
where E denotes the expectation value with respect to db and
Jy =3 (X) = Jreiado XD 1

The following Burkholder type inequality [138, p.166] is useful to estimate stochastic

integrals.
Lemma 5.3 Let w2\ € L2(R%), k= 0,1,....,n. Then

2m < (2m)!

tm”wk/2;\H2m
L2(Rd+1) 2m

L2(R4)-

E H(w 0 1)4? /Ot JAC = X,)db,(s)

Proof: See [112, Theorem 4.6]. QED

Lemma 5.4 (1) Let A\,w"\ € L2(R%) and G € D(HP), n =1,2. Then
G e D(H?).
(2) Let A, wh € L2(RY), and G € D(N*). Then
G e D(N®).
Proof: We prove (1). (2) is proved similarly. It is enough to prove both of
(etﬁG) (x) € D(H?), a.exeRY, (5.8)

and
/R HZ G (@) < oo (5.9)
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It is immediately seen that .J; (resp.J;) maps D(H?) (resp.D(dD(© ® 1)%)) to
D(dI'(© ® 1)?) (resp. D(H?)), and that @) Jeaves D(dI'(@ ® 1)?) invari-
ant. Then we have for ¥ € D(HE),

H2J, W = Jre oo ®X)g( X2 [ W, a.e.(z,b)eW,

S(X) 1= dl(@ @ 1) + am (o ® 1K (X)) + (02/2)q0 ([ ® 1K, (X), Ko(X)).

Using Burkholder inequality (5.3), and fundamental inequalities (2.5),(2.6) and
(2.7), we have

EB||H; 3:G(X) |12 < Cll(Hr +1)°G(@)l|r2(q)
with some constant C. Since (e‘tﬁF) (¢p,2) = BEJ,G(X,),
[Hfe™ " Gl < Cll(H: + 1)*Gla-

Hence lemma follows. QED

We define the total momentum P, by
P, =p,®1+1®P¢,, p=1,...4d,

where

Py, := dl(—iV,).

By the definitions of e we see that (translation invariance)?®

oisPu—tH _ e—tﬁe—isPu’ t>0, seR. (5.10)
Lemma 5.5 Let A\, wh, w?\ € L2(RY) and
D, := D(p.,) N D(Hsp,) N D(HF), p=1,...d.

Then, for allt >0,
e_tHDM cD,, p=1,..,d.

20Let V = 0. It follows that on some domain [P,, H] =0, p=1,..,d.
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Proof: By translation invariance (5.10), it follows that, for ¥ € D(P,), e tHy e
D(P,) and
P U =¢"P,U. (5.11)

Note that
D(H) C D(Pgﬂ), n=12.

Let G € D,. Thus P,G € D(P,,), and (5.11) implies that
e "G e D(P2).
By Lemma 5.4, we have
e1G € D(H?) C D(PZ,,).
It is easily checked that
eG e D(P,P;,) N D(P;,P,).

From
D(p,’i) >, D(Pi) N D(P,P;,) N D(P;,P,)N D(Pﬁ#),

it follows that
e G e D(pi).

Since =G ¢ D(H;p,) is easily seen, we get e G ¢ D,. QED

5.2 Essential self-adjointness

Theorem 5.6 ([112]) Let V be a relatively bounded with respect to the Laplacian

with a sufficiently small relative bound €. Set

D

e i= C(N) 1 D(HE) () {D(92) 1 D(Hip,)}.

1

0

We assume that 5\,(4./5\,&125\ € L*(RY) . Then H is essentially self-adjoint on Sess
and bounded below. In particular D(A) N D(N) N D(Hg) is a core of H.

o~

Proof: We have Sess C D(A) N D(H;) N D(N) C D(H). Moreover Ses is invariant
subspace of e~*# by Lemma 5.5. Since E(D(A)QD(Hf)mD(N)C H for V =0 by (5.5),
we obtain that H for V' = 0 is essentially self-adjoint on S.s. By a diamagnetic
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inequality (Corollary 4.3), V is also relatively bounded with respect to H with a
relative bound < ¢ [105, 188]. Hence theorem follows from the Kato-Rellich theorem.
QED

Under the assumptions of Theorem 5.6, note that it is not clear that
D(H) D D(A)N D(Hy).

Corollary 5.7 In addition to the assumptions of Theorem 5.6, we assume that
A Vw, Jwh € L2(RY). Then H is essentially self-adjoint on

St = D(H?) () {D(p2) N D(Hip,)}

p=1

and bounded below. In particular D(A) N D(Hy) is a core of H.
Proof: Since H| piaynpuC H by (5.4) for V = 0, corollary holds, QED
Corollary 5.8 (Functional integral representations II) Let A\, w\ € L%(R%) .

Then, for allo € R and V € Vy, H := H+ V., —V_ is well defined and, for which

the functional integral representation in Theorem 4.1 holds true.

Proof: Let V' = 0. Then the corollary is clear by (5.7). By a diamagnetic inequality
(4.3), we see that V_ is also relatively form bounded with respect to H. Thus
H +V, = V_ is well defined. By a limiting argument (4.1) holds for H+V.-V..
QED

6 Ground states

Let A, wA € L*(RY) and V' € V} unless otherwise stated throughout this section. We

redefine the Pauli-Fierz Hamiltonian by
H:=H+V,~V..

Let E:=info(H) and E, :=inf o (H,).
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6.1 Ergodic properties and the uniqueness of the ground
state

Let
U :=exp (iWN> .
2
Note that
JelV = ¢laNo g g € R.

Thus we have
(FU e MUG) = / dPe o VO (P(X), Jpem ) G (X))
W
The purpose of this subsection is to prove that U~te*# U is PI for all ¢ > 0.

Lemma 6.1 Let F € L*(Q) be a positive. Then there exists a positive sequence
F, € L4(Q) such that s — lim,, . F,, = F.

Proof: See [126, Theorem 3.2] and [88, 185]. QED

Lemma 6.2 Let f € ®L?(R%). Then ¢™\) s PP in L*(Q) for all t € R.

. N . M
Proof: Let F := ff(t)ele:ltm(fj)dt and G = fg(t)elzjﬁtjﬂgj)dt with f, g the

Fourier transform of positive Schwartz test functions. By the Weyl relation:

() gid(9) — ia(f,9) pid(9) pim(f) (6.1)
and
() = 6—(1/2)61(f)6—¢(f)Q’ (6.2)
we have
F oil(f / g / dsfD) ( gm(fﬁQ,em(f>ez’2fﬁlsj¢(gj>9) >0. (6.3)
From Lemma 6.1, (6.3) follows for arbitrary positive F, G in L*(Q). QED

Lemma 6.3 Let f € @2L*(R*). Then we have

Jyem D J, = e~/ 0 +alslN) Jre=ou(h) J, e Gl edGiIN 1z o,

where A denotes the closed extension of A.
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Proof: Note that

w(ljlf.9) = a(f.li]9), fe@'L*(RY), ge€a'L*R).

Let G € L4(Q) be such that

o). of)) = [ ge*XIatDar, g e SR).

By (6.1) and (6.2), we have
eiWO(f)JtGQ = emo(f)G<¢O(jtf1)7 T 7¢0<jtfn))90

= G(DoGefr) + @[l fos s+ D0 fn) + qo([Ge] frs £))™PIQ

= e~ WD NG (o (o fr) + a(fr, [51), -+ dolGefn) + a(fus [511)) 0
— ¢~ (/200 g=60(F) j, 131 Gre—im (71N )

_ D@D+l g001) g, in Uil U3 G
Since LZ(Q) is dense, lemma follows.?" QED
Let f € ®¢L*(R4™) and define a bounded operator on L*(Q) by

Qu == J; <€_¢°(f))MJt;

where

<6_¢0(f)> . e—<f>0(f)7 €:¢0(f) < M,
M M e~ () > M.

? -

Lemma 6.4 We see that Qs is PI for allt € R.

Proof: Let 01,6, be positive. Tt is known that (61, Qx62) > 0. Hence it is enough to
prove that

(01, Qarb2) # 0. (6.4)
Assume that (01, Py/05) = 0. Since J; and Jy are PP, we have

{supp (e_¢°(f))M Jt92} () {suppJob:} = 0.
—¢o(f) ; 2
Moreover (e )M # 0 a.e., since [, [¢o(f)|*vo(ddo) < co. Hence

suppJ;f, N suppJobi = 0,

2TWe feel that ei™(f) is a shift operator in the space L?(Qo) of the infinite degrees of freedom.
Intuitively ¢o(f) ~ x, mo(f) ~ p, U ~ the Fourier transformation, in L?(R%).
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which deduces that

0 = (Joby, Jifla) = (61,€70,) (6.5)
Since e 't is PI by Proposition 3.2,
(61,¢76,) > 0.
Thus we have a contradiction with (6.5). Thus (6.4) follows. QED

Lemma 6.5 Let f € @LL2(RY). Then Jie™U) ], is PI for all t € R.

Proof: Let

P, = e~ 1/2(0()+ailh) T (6—¢o(f>> J,eim155)9) (edv([jf]f)) '
M M

Note that P, is PI by Lemmas 6.2 and 6.4. For positive F' € L4(Q),
Py F < e~ WD (0+aish) Jre o) J,emUalD 2D p = Jreimo) g,
Thus, by a limiting argument, for arbitrary positive F' € L?(Q), we have
Py F < Jie™W I F.

Since Py, F > 0, lemma holds. QED

Theorem 6.6 ([110]) We see that U~ te U is PI for allt > 0.
Proof: Let F = F(x,¢) and G = G(z, ¢) be positive in H. Define
Dr:={x € RYF(x,-) #0}, D¢ :={r € RYG(z,-) # 0},

and
Drpc :={x+b(-) € W|z +b(t) € Dp,z € Dg}.

It is checked thal
/DFG D¢ C([O,Oo);Rd) {b C(Rde” +b(t)EDF}

= dx/ pe(x —y)dy > 0.
De  JDg
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Thus F(Xy,-) # 0 and G(X;,-) #Z 0 on Dpg. Since Jie@m®(X) 1 is PI on L?(Q),

we have

(FU e UG) = / dPe Iy VI (F(Xy), oo™ G(X,))
w

> [ qpe Jyvixads (F(Xo), Jem M 1,G(X,)) > 0.

Dfrg

We get the desired results. QED

Corollary 6.7 Let ¥V, be a ground state of H. Then it is unique and UV, is strictly

positive.

6.2 The particle-localization of ground states

Let ¥, be the ground state of H. In this subsection we shall show an exponential
decay®® of || Wy ()| 12(q). We introduce classes of external potentials V: Let A be the
cube with the unit side centered about the origin in R?. We say that V € L2(R)
[188] if

1 I2p ey = sup | [f(z+y)[Pdy < oo.
zeRd /A

We define sets Viouna and Ve, of external potentials by

Viouna @ V = V4 — V_, such that Vi >0, V, € Li,.(R?) and V_ = 37| W such

that SUP, cgi-u; [W;(+, 2j)|| 12(mry < oo for some pj, j=1,...,J.

Vesp : V.= Z+ W, such that Z € L} (R?), Z > —oo0, and W > 0, W € LP(R?) for
some p > max{1,d/2}.

It is immediate that Vi, U Viouna C Vo.

Lemma 6.8 Let V € Viouna- Then

sup [|Wy(2)|| L2y < oo. (6.6)
zeR4

Proof: ¥, = e'Fe W, Thus we have

U, = PEe o VOB 3,5, (X))

28See for classical cases [46, 52, 56, 61]
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Hence
W (@)[| < eFEe™ o VX 1w, (X,)|| = e o[ Wy (-)]]. (6.7)

Since V' € Viound,

sup
zeR4

([188, Theorem 25.5, Corollary 25.6]), we get (6.6). QED

e e[| Wy ()| () < 00

Lemma 6.9 Let V € Viguna. Then, for all f € C°(R?) and t > 0,

Joo TN < Ce® [ dal o) me VO,

where C' := sup,cga | Vq(2)]]? < 0.

Proof: Note that, by Corollary 6.7, U¥, > 0. Since f € L*(R?), we see that, by

Lemma 6.8,
L F @I (@) [Pda = (FUR, Uy = (£ W = € F(f 0,0
— etE/ dpeifotV(XS)de(a:)(\Ifg(Xo),Jt\IJg(Xt))
w
< P /R | f ()| Bl Wy (2) ||| Uy (X,) |6 Jo VXe)ds

< et sup Wy (@) [ dal ()| Ee oV

z€R?
Thus lemma follows from Lemma 6.6. QED

The following lemma is known as Carmona’s estimate:
Lemma 6.10 ([46]) Let V =Z + W € V. Then for allt >0 and a > 0,

EeJo VXods < g o821l

_ot7a max{0,d—2} —otinf Z—a 1/2
X {e HZ@) 4 By ((a/\/l_f) —I—l)e 2tintZ 2/2t} : (6.8)

where Z%(x) := inf{Z(y)|ly — x| < a} and B;,j = 1,2,3, are positive constants.

Theorem 6.11 Let V = Z+W € Viound N Vexp with Z, W in the definition of Vexp.
Suppose that
Z(x) > Az

outside a compact set for some positive constants v and m. Then for each positive
constant ¢ sufficiently small, there is D(0) such that

W, (2)]| < D(5) exp (—lz|™ ") . (6.9)
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Proof: In Lemma 6.10, we set a = a(z) = f4]z| and t = t(z) = P5|z|. Then, for
§ < min{205(1 — B4)%, 1/285}, there exits D(§)" such that

CeERe™ Jo vi(Xo)ds < D(é)/e_5|m|m+1

for |x| > N with some sufficiently large N (see [46, Proposition 3.1] for details). By
Lemma 6.9 we see that, for all f € C;°(R?) with f >0

[ J@ (@l = DY) de <.

Thus (6.9) holds for |z] > N. By Lemma 6.8 ||¥,(z)|| is bounded. Thus theorem
follows. QED

Theorem 6.12 Let V = Z+ W € Viound N Vexp with Z, W in the definition of Vexp.
Suppose that
liminf Z(z) > E.

|z|—o00

Then there exists a positive constant D and 6 such that

[Wy(z)]] < De?ll,
Proof: By Lemma 6.10, we prove theorem in a similar way as that of Theorem 6.11
and [46, Proposition 4.1]. Hence we omit it. QED

From Theorems 6.11 and 6.12, it follows that, for V' in Theorems 6.11 or/and
6.12,
[ "] < o0

for all £ € N. The next corollary tells us a more strong statement.

Corollary 6.13 Let V be as in Theorems 6.11 or/and 6.12. Then

k 2k 2 [ V(Xs)ds 2tF 1/2
[|z[*Tg | < sup Elz[*e " Jo e [0l
T€

forallk >0 andt > 0.
Proof: By (6.7) we see that

t 2
ol wel* = [ dola | 0y(@)|? < [ dala (B bV, (X))

< /Rd dIL”l’|2k (Ee—QfO V(Xs)dSGQtE) (EH\I’g<Xt)H2) .
Thus corollary follows. QED
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6.3 The existence of ground states without infrared cutoffs

In this subsection, we take the Fock-Cook representation. The essential idea of a
proof of the existence of the ground state of H is due to J.Glimm and A.Jaffe [84]
and we learned it by A.Arai and M.Hirokawa [25]. We assume that 2

—A<aH,+b
with some positive constants a and b and
Y —E, >0, (positive spectral gap),

where ¥ := go(H,). Moreover let A//w, A, vwA, wA € L2(R?) and |a| < 1.
Using fundamental estimates (2.5), (2.6) and (2.7), we have

(1—|a]A — |o|B) Hy+|o|AE,—|a|C' < H < (1+ |a]A + |a|B) Ha— || AE, +]a|C,
(6.10)

where A, B, C' are positive constants. Thus we get
B Ey| < alD,
where D := |a|BE, + |a|C. Let
U, := {k = (ki,...,ka) € Rk, =2mn,/a,n, € Z,yu=1,....d},

L(l,a) == [, 1y + 21/a) % -+ [lo, la + 27/ a).

By the map

Zg(ra) > {al}lera — (CL/27T) Z allp(l,a)(') € LQ(Rd),

lel’y

we identify l5(T',) with a subspace of L2(R%). Define

ng = fEM(LQ(Fa>> = f(lg(ra)) XX F(ZQ(FQ)) C fEM

Set
HM = dly (w(ks) +m)

29Let A and B be self-adjoint operators in a Hilbert space K. We say that A < Bif D(B) C D(A)
and (f, Af) < (f,Bf) for all f € D(B).
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and
1 N . N .
A= = 0dT [ Y IrawA(=De e, (D) | +a" | X TraaA(De™ e, (D) | ¢
\/§ lely lel’y

where ko, := kqu(k,) :=2mn/a if k, € [2mn/a,2m(n + 1)/a). Note that
o(Hy"") = odisc(Hp™*).

Thus a lattice Hamiltonian with an artificial mass m is defined by
1

5 (p— A" +V + H™.

Lemma 6.14 H,,, is reduced by H, := L*(R?) ® Fa\-

Hy, .=

Proof: See [113] QED

Lemma 6.15 Let E,,, :=info(H,,,). Then
Hypol3r > m+ Ep .
Proof: For instance we set ly := lo(T'y). Since L*(R%) = I, @ I3, it is seen that
Fun = Fon @ Fanlly). (6.11)
Let P be the vacuum projection of Fgy(l3). Then
Fem = Fey @ (J:E;M ® PL}_EM(ZQL)) = Fin © Fin (6.12)
Under identification (6.11) we have
Hipo = Hina[0,01 4+ 1@ Hy™.
Then we obtain that
Hpo = (Hyno[#,8P) & (Hpa[n,®P) + (1® H""P) @ (1 Hy“ P*)
= (Hpo[1,0P) © (Hna [0, ©P" + 1 @ H"*P)

~ (Hpal3,) ® (Hmal2,©1 +1® H™) P~

Hence
Hpal 52 (Hma[2#,81+1® H") P+ > E o+ m.

Thus we get the desired results. QED
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Lemma 6.16 Let o and m be such that
0<m<(1—|alA—|a|B)(X—E,) —2|alD.
Then, for sufficiently large a > 0,
(B Ema+m) C 0gise(Hm.a)-

Proof: For sufficiently large a, (6.10) holds true with w,;\ replaced by w? and

(a/27) Yer, 5\([)1[‘([’&)(‘). Let B, < ¥ < X. Let | := 1—|a|A — |a|B and

H, := H, — E,. We denote by E% the spectral projection of an operator T to
a Borel set A C R. We have, by (6.10)

Hyol3,> 1H"" + [Hy, + E, — |a|D.
Hence
Hpoln,—m — Epo > H, + {lH"" — (m + Epo — E, + || D)}
> IS~ E)ES 5 oo+ (Bt i) ©Egr_p HD — (m+ By — B, + |a|D)}
= By @ {LH™ — (m+ Eyo — By + 0| D)} + Eni_p ) @ L™

+H{UE — Ey) + Ey—|alD —m — En}EZ_ 5 )

. e

2 Ejosr-my) © EoljalDtmt Ba—Bp) 1) (6.13)

Since the dimension of the range of the right-hand side of (6.13) is finite, that of
pimalna ¢ also finite. Thus lemma follows. QED

[0.m+ B a)

We define H,, by H with w replaced by w,, := w + m.
Lemma 6.17 Let o and m be as in Lemma 6.16. Then H,, has a ground state.
Proof: Let E,, :=info(H,,). Let
Uy :=exp (iz, @ dl'y(ksp)), U :=exp(iz, ®dl'v(k,)).
Then we have

UsHoaUy ' = = (p®1 - 1®dTy (k) — al® A%(0)) +V ®© 1+ 10 H™.

N | —
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It is a direct calculation to show that U,(H,,, — 4)"'U, " uniformly converges to
U(H,, —i)7'U"" as a — oo. Hence by Lemma 6.16, we get that [E,,, E,, +m) C
Odisc(Hy). Thus lemma follows. QED

Let \Ifg”) be the ground state of H,,. We fix r = 1,...,d — 1 and f € L?(R%) and

set

1= r —ikx 3
Gy = ﬁ)\eue oGy = (Fg)), p=1,..d
Let F be a smooth function on R?, and [ a constant. We have on some domain
[a"(f) + IF, H]

= —d (wnf) +iaG, (9, — iaA,) + 1{(1/2) (2F) + (9,F) (0, — iaA,) } .
To neglect both of G, A, and G,0,, we define 0 := —iaz-G. We have

(" (f) + 0, H] = —a" (wnn f) — ia {(1/2)02(x-G) + 2,(0,G.) (9, — (i) Ay) } -
Since 9, (z-G) = 2(9,G,,) + ©,(07.G)), finally we have
[a"(f)+0,H] = —a" (wnf) + (—ia)?, (6.14)

where

V= (0,G,) + (1/2):1:,,(85@,) + 2,(0,G,)(0, — iaA,).

Lemma 6.18 ([34]) Let V € Viy,. Then there exists a constant C independent of

m such that
1/2 m m m m
IN20Em 2 < JalC ([P + ([l wem]2 + [[wim)?) .

Remark 6.19 In this lemma we do not assume the infrared cutoff condition: 5\/w €

L*(RY).
Proof: This proof is due to V.Bach, J.Frohlich and [.E.Sigal [34]. Since
((a"(f) + 0)UL™, (Hy — E)(a'(f) + 0)¥™) > 0,

we see that

((a"(f) + 0)CL™, [Hp, 0" () + 0] WT) > 0.
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Thus from (6.14) it follows that

(UE, a" (W f)a" (HEE) < (a7 ())+0) T, (—ia)dUe™) — (09", a” (wn f)UL™).
(6.15)
Substituting f;/\/wy, for f in (6.15) with {f;};2, CONS of L*(R%) and summing up

[ from one to infinity, we have

(W, Nw™) < (—ia) { (a” (ik,gy /w) W™, W5

+(1/2) ( "(—k kugy/w) x,,\I/(m)) ( (zkug,,/w) :E,,((?M - iozAM)\I/ém))}
~0? { (g ik Gy ) (2,98, WED) + (1/2) (g, —k2g0r ) (2,0, 2, L)
(G kG [0m) (@O, 2,0 (0, — i AL ) B | (6.16)

It is established ([113]) that
P < OVl p=1,.d,
with some constant C’. Note that
kg fwomll < WAL kg /womll S AL vy =1, d.

By inequalities (2.8) and (2.9), there exists constants C” and C" independent of
I\/w| and m such that

HNl/Q\Ij(m H2 < ’OJ|C”HN1/2\I/ ” + ‘CK|C”/ (H’x‘ \If H2 + “|$|\II m)H2 + H\If Hz) .

Thus lemma follows. QED

Lemma 6.20 Let ) := E}éere o0y ® E{o} with € < Y. Then there exists a constant
D independent of m such that

QUL < |aDITE™ /(2 — By).

Proof: See [109, 113]. QED

Theorem 6.21 Suppose that V is in Theorems 6.11 and/or 6.12, and |a| < 1.
Then the ground states of H exists.
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Proof: Let \Ifg”) be the normalized ground state of H,,. There exists a subsequence
m' such that \Ilg”/) weakly converges to a vector ¥ as m’ — oo. If ¥ #£ 0, U is the
ground state. Let P := E™ @ E . Since P+ Q > 1 — N, we have

[Ep,Epte) {0}
(W), PR = U2 — QUS| — | Ny w2
From Corollary 6.13 it follows that
P+ |2 ) < O™,
where C' is independent of m. Thus there exists C” independent of m such that
1/2 ’ m’
IV < ).
Since P is a finite rank operator, taking m’ — oo, we get
(U, P¥) > 1 — |a|C’ —a?*(D/(X - E,))* > 0.

Thus theorem follows. QED

Corollary 6.22 We assume the same condition as that of Theorem 6.21. Then
s—iig(lj\llg:¢p®§2,
where ¢, 1s the ground state of H,.

Proof: 1t follows from the uniqueness of the ground state and Theorem 6.21. QED

6.4 Ground state energy
Let f € L?(R%) be positive. Then, by Corollary 6.7,
(f®Q,¥) = (f@Q,UV,) #0. (6.17)

Theorem 6.23 ([110]) Let A/\/w, A, VoA, wh € L2(RY) . We assume that there
exists the ground state of H. Then

1 t 2
E = EB(a’) = - lim ~log /W dPe Jo Vs £(X0) £(X,) e~ (@2 /D0EX0)  (618)

In particular E(a®) is a continuous, monotonously increasing, concave function

in a?.
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Proof: From (6.17) it follows that
B(a?) = — lim +log (f @ 2, [ © Q)
’ t—oo ’ )

By Theorem 4.1, (6.18) follows. By a Holder inequality we see that E(a?) is concave,
which implies that E(a?) is continuous in o > 0. Since H converges to Hy as
a — oo uniformly in the sense of resolvent, lim,2_,q F(a?) = E(0). Hence F(a?) is

continuous in a? > 0. Concave continuous function F(a?) can be represented as

E(a?) = E(0) + /0 " syt

with some increasing function ¢(t). Moreover we have by a diamagnetic inequality,
é(t) > 0. Thus E(a?) is monotonously increasing. QED

6.5 Degenerate ground states with singular potentials

In this subsection we give a simple example of external potentials for which H
has degenerate ground states. For classical case see [65, 66, 69]. Assume that

AV, A Vo wh € LA(RY) . Let D;, j =1,...,.J, be open sets such that
J J
UD;=R% (D;=0,
j=1 j=1

and the Lebesgue measure of the boundary S := 0 ( 3-7:1 Dj) is zero. Let V' be such
that V, € LL (R*\ S), D(A)ND(V,) is dense in R, and V_ is infinitesimally small

loc

with respect to the Laplacian in the sense of form. We assume that
t
/ Vo (X,)ds =0, (6.19)
0

if Xo € D; and X; € Dj, i # j. Moreover we suppose that Hpj = Hy[r2(p,) is
essentially self-adjoint on C§°(D;) and

—A< aHpj +b, j7=1,..J,
on L?(D;) with some constants a and b. Finally we make assumption:

EPj := inf J(Hp ) S Udjsc(Hpj>7 O_ess(Hpj) - Epj > 0.

J

30For the Nelson model and a spin-boson model, we can get the similar expression of the ground
state energy in terms of probability measures. For a spin-boson model M.Hirokawa [100] directly
expands its pair potential term and get a bound of its ground state energy.
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Lemma 6.24 Let P; be the projection of L*(R?) to L*(D;). Then
e_tHPj = Pje_tH, t> 0.

Proof: Let F,G € C°(D;)®L:(Q). We extend functional integral representation in
Theorem 4.1 to external potentials such as stated above. We see that, by (6.19),

(F, 6_tHPjG)H = /W. dPe™Jo VXds <J0F<Xo), el ®X) 1. (P,@) (Xt))
J

/Wj dPeJo VI (o (BF) (Xo), eV J,G(X,)) = (BE.eG), .

where W, is the set of paths ¢(-) such that ¢(s) € D; for 0 < s < t. Thus lemma
follows. QED

Lemma 6.25 Let |o| be sufficiently small. Then H; is reduced by L*(D;) ® L*(Q)

and
Hj = Hl12(0))012(Q)
is essentially self-adjoint on C$°(D;)®[LE(Q) N D(Hy)]. Moreover the ground state

of H; exits and it is unique.

Proof: By Lemma 6.24, H; is reduced by L*(D;) ® L*(Q). Since Hy; is essentially
self-adjoint on C§°(D;), the Kato-Rellich theorem yields the essential self-adjointness
of H;. In the similar way as the proofs of Theorems 6.6 and 6.21, one can prove the

existence and uniqueness of the ground state of H;. QED

Lemma 6.26 (A.Arai [15]) We have 0es(H) = [E, 00).

Let m(a) denote the multiplicity of a point spectrum a of H.

Theorem 6.27 ([115]) Set Ej = infoHj, j =1,...,J. Then E; is an eigenvalue
of H and
m(E;) > #{Ey|E, = E;,k=1,..., J}.

Moreover
ilg% E; =info(H,)).
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Proof: Let H; := L*(D;) ® L*(Q) and ¥, be the unique ground state of H;. Since
H = @jlej on H = 6931217-[]-, vectors @ledij\Ifj are eigenvectors with eigenvalues
E;. Thus theorem follows. QED

Corollary 6.28 Define E := ming B = info(H). Let

J
H:=H-E-Y(E - E)lp,

J=1

Then H has J-fold ground states.
A typical example of {D;} and V is as follows: let d = 3, J = 3, and
D, = {(13 S R3|Q31 > 0,29 > 0,23 > O},

Dy = {(13 S R3|Q31 < 0,290 < 0,23 < O},
D3 :=R’\DyUD,, D:=U_D;

Define
v
V,(z) = = 0D + |z|* +mlp, +nlp,,
where v, m and n are positive constants. Taking sufficiently large v, we see that
—A/2 4V, [12(p,) is essentially self-adjoint on C§°(D;) ([136]) and satisfies the as-

sumptions stated in the beginning of this subsection (see [115]). Let
H(v):=H,+ H¢+V,.
From the functional integral representation it follows that

lim (F,e """G) = / dPe™ Jo VWX p( XY, eie0 KD 1.G (X))
W

v—0

# [ dpem WO (g P(Xy), R KON L G(X,)) = (e 1OG)
w

Namely

e —tH(v) _, —tH(0)
s ll/lg(l] e #e )

This phenomena carries an interesting consequence that once turned on the effects
of the singular potential cannot be completely turned off. See [144, 65, 66, 69, 187,

the Klauder phenomena).
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6.6 The Kato-Mugibayashi-H.Krohn type scattering theory
For instance we let A/y/@, A, o, wh € L2(RY) |
V(z) =2 |o| <1,
in this subsection. Let
a:ﬁ(f) = eitHe_itHoarﬁ(f)eitHOe_itH, r=1,..,d—1.

We want to consider the strong limit of agﬁ as t — +oo. We will focus on s —
limy oo a:T in what follows. The other statements are similar. From the definition

of a:T and fundamental limiting arguments 3!, we have
t :
AN = aif ()0 i [ ek (s,x ) (b~ Au(a) e uds,  (6.20)

where

KZ(Saxa f) = [AM(A,Z'),GTT(€*ZSWf>] — (eﬂ\jﬁ,ezswf) .

Let &£ be as follows: f € & if

I, f(k)h(k)eikr—“w“f)dk’ < oo forall he C(RY.
R

Y=
lim ¢t 2 sup
t—o0 IGRd

Lemma 6.29 Let ), 8,} €& and f € C(RY). Then s — limy_,o aj*(f)T exits for
U € D(H).

Proof: By virtue of (6.20) it is enough to prove that
|5t @, ) (P — Aulw) 0| e LN(T,00), dt). (6.21)

Using

itw(k) _ W(k?)li itwk) 1 e RYN\ {0
‘ ko Ok, \ 03,
and integrating by parts, one sees that that

L.H.S. (6.21) < Cyt~(4+D/2

31Formally it follows that

t
alt v = aTTﬁ(f)\I/ + Z/T e“Hl_apA(z) + a®A%(z),a" (e~ f)]e " Wds.



6.6 The Kato-Mugibayashi-H.Krohn type scattering theory 47

X (leupue ™| + [Ipue W) + [z, A (2)e W) + [ Au(z)e T W])  (6.22)
with some constant C. Since V(z) = 22, we have
lzpe (| < Co (| HY +][2])

with some constant Cy. The other terms in (6.22) are estimated similarly and we

have, with some constant Cj,
L.H.S. (6.21) < Cst " D2(||HY| 4 ||¥|) € LY([T, 00), dt).
QED
We define, for ¥ € D(H),

s — lim af* (f)¥ := a(f)W.
It is immediately seen that

laZ()ell < Callf VRl + IFINANETZ) + 1 e])

with some constant Cy. Hence we extend a'f(f) to f, f/v/w € L2(R%). The closure
of aif(f) is written as the same symbol. Then D(a%(f)) D D(|H|"/?). Moreover we

have

[’ (f),af(9)] = 0rs(F,9), [ (f),a*(9)+] = O,
and
eitHair(f)e—itH _ ag(e“wf),
eMal (fle™" = al(e7™f) (6.23)
on D(H). Let ¥, be the ground state of H. Then
a (f)¥, =0, forall f, f/vwe L*(R?).

We define an asymptotic Hilbert space Hiasy by

Heinsy i= {021 (f1) - a7 (f) s, Uyl f; € CP(RY), 75 =1,...,d,5 = 1,....,n,n € N}.
Let Wy : Hiasy — Frm be defined by
WeaZ (1) - a2 (fu) Wy = a1 (fr) - a™ () 0,
Wil, = (.

Thus W4 uniquely extends to a unitary operator of Hi.sy to Fem.
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Theorem 6.30 We assume that the ground state of H exists. Then we have
0ac(H) = [E, 00).

Proof: Tt is seen that e is reduced by Hainsy. Then H = (H [ iasy) ® (H (Hiasy)
under identification H = H1asy & Hi,y,- By the definition of W and (6.23), we have

W, (eitHinasy) Wi = cit(Hs+E)

Hence
HZX=(Hi+FE)® HJy

+asy
under identification H = Fpy @ Hi,yy Since ou(Hp + E) = [E,00), theorem
follows. QED

Remark 6.31 A.Arai [19] proved independently of the existence of the ground states

of H that oess(H) = [E, 00) under some weaker conditions.

7 Gibbs measures

In this section we assume that V € Vy and A\, wl € L*(RY) . Related work of this
section are V.Betz, F.Hiroshima, J.Ldrinczi, R.Minlos, H.Osada, H.Spohn [39, 38,
111, 116, 114, 158, 160, 168, 195].

7.1 The existence of an infinite time Gibbs measure

For positive f € L*(RY), we define a finite-time Gibbs measure on the measure space
Wr := C([-T,00)) x R% by

1 r s —(a
AWy = 7 Flgor) fgr)el-r V88 =02 /D<)

where ¢ := x + b(T + s), Zyr is normalizing constant such as [ dW{T = 1. Let
—T<t;>--t, <T. Set

.....

From Theorem 4.1 it follows that

(f ® Q,e”THHY y em(amt)H o= (tm=tm-)H] | e=(T=tm)H f & Q)
Hay, A, = (f@Q,e?THf®Q) .
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Thus ,utl’ ’tm is consistent. By Kolmogorov’s construction, there exists a probabil-

ity measure (HT, B(Z7), pr) such that
G = [ Taan) - L (g, er(da),

~T,T . .
where =p = (Rd)[ } and B(-) denotes the smallest o-field containing cylinder
sets. Let Il be the projection of =, to =7. We define

pr(A) = pr(llp(A)), A€ B(Ex).
We shall prove that
e there exists a continuous version of (Z., B(ZEs), 15);

e there exists a subsequence 7" such that p$5 weakly converges to a measure u
on (2, B(Ex))-

Note that there exists a constant C, such that
E|b(t) — b(s)]Q” =Cult—s", n>0.

Lemma 7.1 Let H = H — E. Then we have®?

2
2n d <l|t—s nO Glt s|(E—inf V) ( ﬂf” > )
L la®) = a(s)Pyid) < [t = T

Proof: Let ¢%(s) and X are truncated paths defined by

q](/l(s) = —a, qy(s) < —a,
U,, qV(S) > CL,
Xu57 |Xl/,s| < a,
Xosi =9 —a, X, <—a,
a, X,s>a
Moreover we define
Ty, z.| <a,
hi(z): =4 —a, z,<—a,
a, T, > a
32Note that F —infV > F —inf o(H,) > 0.
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We put

ve=e T o)/ e

p=c T (o) Q.

Then we have
2n
/: g (s) — q“(8)]*" u (dg) = Zaan(—l)k/: ae(s) gt (t)*"* ug(dq)
oo k=0 oo

(f@Q e~ (T+t)H (ha)k —(t—s) (ha)2n ko—(T— st®Q>
(7 & 0.e 7] 0)

= ij:Qan(_
— Zank ( (ha)k —t(t—s (ha)Qn kd})

> 2an< 1)k / d (XZC/LO) (Xst s>2n7ke fot ! V(Xds! ( <X0)7 thslp(thS)) €|tis|
k=0 w ) 5
< /W dP|b(0) — b(t — s)|*" |6(Xo)|| 11(Xs—s)]|| elt—IE=nV)

1/2 .
< Cult = sl loll ([ aP (X, )|?) iy
w
< Cult — 5[ 61| [[9]] eh=IF=nV),

Note that

loll < 11/ ||e=™™

lell < 1F1/ e 5 @0

Since |q%(t) — q%(s)| 1T |a.(t) — ¢.(s)| as a T oo, lemma follows by the Lebesgue

monotone convergence theorem. QED

By this lemma there exists a continuous version of (E, B(Ex), #5), i.e., there
exists 2 € B(Z,,) such that p$¥(Z°") = 1 and Z°™ 3 ¢(-) is continuous. Define
a probability measure i on (C(R;R?), B(C(R;R%))) by

fir(A) = p7 (A7),

where A’ € B(Z) such that A’N C(R;R%) = A. It is immediate to see that Jip is

well defined. Thus we had the following lemma:

Lemma 7.2 We see that (C(R;R%), i) and (W,dWi,) have the same finite di-

mensional distributions.
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Theorem 7.3 We assume that there exists the ground state of H. Then there

exists a subsequence T" such that fip weakly converges to a probability measure i on
(C(R;RY), B(C(R;RY))) as T" — oo.

Proof: Let 11 := {fips }r~0. From Lemma 7.1 it follows that
2
/C - lq(t) — q(s)*"Tip(dg) < [t — s|*"Cel=sIE=nIV) (STli% He—TJ"fi” ”@ QH) .
Since
Jim e f 0| = [ W] #0,

there exists a positive constant D,, independent of T" such that

[ la) = ()P (dg) < |t = 5" Dy,
C(R;R%)

Thus IT is tight ([138]). Hence II is precompact by [172], i.e., there exists a subse-
quence 1" such that Ji;» weakly converges to a probability measure p. QED

Remark 7.4 In Theorem 7.3 we do not explicitly assume |a| < 1.

7.2 Expectation values and a boson-localization

In this subsection we assume that there exists the ground state of H. Let the
expectation value of 7" with respect to the normalized ground state ¥, be defined
by

(T) := (g, TVg ).

Corollary 7.5 Let hj € L*(RY), j=1,....,m. Then

—(t2—t1)Hyp, ... —(tm—tm-1)H — ..
(e hy by e P = [ ey M1 (00)) o) ().
(7.1)
Proof: We directly see that

LHS.(71) = lim O e~ (T p o=ty o o= (T=tm)H | ) ())
T (feQ e THf Q)

— lim hi(q(t)) - - hon(q(tn))Tip(dg) = RILS.(7.1)

T—o0 JoRRA)
Thus corollary follows. QED
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Corollary 7.6 We have

lim a(t)a(s)u(dg) = (x)*.

[t—sl 00 JO(R;RA)

Proof: By a limiting argument we have

L g 0PI d) = (2™ ~0z).

Thus corollary follows. QED

Corollary 7.7 LetV be as that of Theorem 6.11. Then, for sufficiently small o > 0,
/ SO (dg) = (27 < oo, (7.2)
C(R;R%)
Proof: By Corollary 7.5, we have

wm+1 m—+1
() = e €O 1),

where f(2)[n:= f(x) if f(z) < n, otherwise f(z)[, = n. Since /""" | W, ()| €
L*(R?), the Lebesgue monotone convergence theorem yields (7.2). QED

Corollary 7.8 Let V be as that of Theorem 6.12. Then
210l yy(d oly < o0, 7.3
L, €17 dg) = (1) < o (73)
Proof: The proof is similar to that of Corollary 7.7. QED

By means of (4.8) we have

T—00 JO(RR)

where

Fr(q) —2q1< p 1/ SoA (- — ¢s)dgu(s), @, 1/ EsA(- — ¢s)dgu(s ))-

Since N =dI'(1) (i.e., h(k) = 1), formally we can write down Fr(q) as

Fr(g)=(1—e" / dq,(s /dql, / V<k)€*IS*S’IW( ) gk (as—ay)

(See Remark 4.5). Our conjecture is as follows:

(k) dk.
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Conjecture 7.9 There exist a function Fy, on C(R;R?) and a > 0 such that

2Foo(a) 1, (d
(&
/C - 1(dg)

is analytic in Rz < a and

—-BN _ (a®/2)(1—e"#)F(q)
(\Ijg>€ \Ijg) = /C(R;Rd) € p(dq)

for a € R and 8 € C such that R(a?/2)(1 — e7?) < a.

8 The dipole approximation

Let A be sufficiently smooth and rotation invariant 33

, and V also sufficiently smooth
for simplicity. Let M be the mass of the electron in this section. The Pauli-Fierz
Hamiltonian with the dipole approximation is defined by A(\, z) — A(0) := A(), 0),
ie.,
Hgp = 2]1%(p®1—a1®A(0))2+V®1+1®Hf.

The Pauli-Fierz Hamiltonian with the dipole approximation is solvable [7]-[16],
namely, we can concretely construct a Bogoliubov transformation ([36]) 7" [8, 9,
10, 11] which diagonalize Hgjp.

Let K be a Hilbert space. We say that a pair of bounded operators { A, B} is of

symplectic group Sy, (K) if the following operator equation holds on K & K: **
A BY' (1 0\(A BY (A BY(1 0\[A BY (1 0
B A 0 -1)\B A) \B A)J\0 -1)\B A)] \0 -1/’
where Tf := T7F.

Proposition 8.1 (A.Arai [8, 9, 10, 11]) There exists a pair of bounded operators
(W, W_} € S;n(@ 1L (RY)) and a vector L € & 'L*(R?) such that W is a
Hilbert-Schmidt operator on & 'L*(RY), and

BI(f) = " (Wi f) + " (W_rsf) — apy(Lu, f),

Bi(f) == a" " (W f) + a"(W_psf) — apy,(Ly, f),

SSA(k) = A(Jk]).
34Gee e.g.,[146, 147, 148].
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satisfies
[B"(f), B®(9)] = 6,5(F,9),  [B¥(f), B*(9)] = 0,

and
eitHdiszT(f)efitHdip — Bs‘f(eito.)f)7

eitHdipBS(f)e—itHdip — B5T<€—itch)'

Thus by E.A.Berezin [37] we can concretely construct a Bogoliubov transformation
T diagonalizing Hgip. Also see S.N.M.Ruijsenaars [174, 173].

Theorem 8.2 ([8, 9, 10, 11, 117]) For all « € R. There exists a unitary opera-
tor T' of H such that

THg, T = _2J\ZHA + Hy + a?g + Vg,
where
Mg == M + ®|| A /v/w]]?,
o1 g 2 |ar/ (@ +w?)| t
9T o /—oo M+ a2(d — 1)/d || VoA /VETE|
and

Ve (z) := V(z — A(K))
with some K € ®*L*(RY).
Proof: See [117]%.

Remark 8.3 Operators Wi can be extended to a negative mass M < 0. In this
case {W1, W_} & Syn (@' L*(RY)) ([102]).

Corollary 8.4 Let V =0. Then inf o(Hg;y,) = ag.
Let d =3 and V < 0. Set

N(V) = as /R V(@) 2,

35By this transformation, several scaling limits of Hg;, are investigated. In particular, taking
a scaling limit, A.Arai obtained an effective potential which had been found by Welton [199].
This work was continued in F.Hiroshima [102, 104]. Another aspects of such scaling limits are
investigated in [1, 53, 54, 59, 169].
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where a3 is a universal constant, and az < 0.116 is established in [152, p.269],[151].
It is known as the Lieb-Thirring inequality that

N(V) < #{negative eigenvalues of — A/2+ V}.

In particular H, for V with N(V) < 1 has no ground state and o(H,) = [0, 00).
Moreover Hq = H, + H¢ has no ground state.

Theorem 8.5 (F.Hiroshima and H.Spohn [117])
Let V' be as above. Then there exist ag > 0 and oy > 0 such that Hgip, for aq >

la| > g has a ground state and it is unique.

9 Concluding remarks

(A boson-localization)
For the Nelson model it is established in [38] that there exists Fi,(q) such that

[Fao(@)] < [IA/w])? for all g € C(R; RY), (9-1)

- —(a? —e B o
(Vg e ,) = /C - (a2/2)(1=¢"") oo (a) 1), (9.2)
Actually
0 o] ~ .
Fo = / dt / ds / A (k) |2tk k(X=X g
—00 0 Rd

Thus we can see, by an analytic continuation argument, that for all § € C
W, € D(e’M)

and (9.2) holds for all 5 € C. Moreover we explicitly express both of the average
momentum density (a'(k)a(k)) and the average spatial density (a'(x)a(z)) by the
measure . Hence we have pointwise bounds of the densities. The key point of a
proof of (9.2) is the uniform estimate (9.1) on paths. In the case of the Pauli-Fierz
model, we, up to moment, do not have such uniform estimate and can not shed any
light on this problem.
(Essential self-adjointness)

Essential self-adjointness of the Pauli-Fierz Hamiltonian H is proved only for one-
particle Hamiltonian. For the Z-particle Hamiltonian (see footnotel8), it has not
been established. For the Z-particle case, an invariant domain exists. It is, however,
not so small. See [112].
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(The Zeeman effect)
Let d = 3. The Hamiltonian with spin 1/2 is defined on Hilbert space C? ® H by

H,:=1® H — (a/2)0 ® B(\),

where

and
B\ @) = 1ot A\, x) = \}5 {art (ke ) 4 (< x eees) |

and o := (01,09, 03) denotes the Pauli matrices. In this case PI-argument does not
work. The uniqueness of the ground state of H, is not yet established 6.

In the classical case a paramagnetic inequality of a Pauli operator
(p—A)?+V+o-B

is known under some conditions by L.Erdds [62]. Does there exist the paramagnetic
inequality of H,?

(Semi-classical limits)
We can define a partial trace Trge ' for each ¥ € L?*(Q) in terms of functional

integral representations. In [115], a semi-classical limit [50, 190] of the partial trace

is shown:
. d —tH —d —t(p?/24V (x
lin hTrge = (2m)~¢ [ PO dpda| g
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