
.

.

Ground states of scalar quantum field on
pseudo Riemannian manifolds

Fumio Hiroshima

Faculty of Mathematics, Kyushu University, Japan

June 21, 2011, Tokyo University

Fumio Hiroshima
Ground states of scalar quantum field on pseudo Riemannian manifolds
1



This is the joint work with

Christian Gérard, Annalisa Panati and Akito Suzuki

Infrared divergence of a scalar quantum field model on a
pseudo Riemannian manifold, IIS 15(2009) 399-421
Infrared problem for the Nelson mode on a static
space-times, to appear in CMP
Absence of ground state for the Nelson model on a
static-space-times, ArXiv 1012.2655
Removal of UV cutoff for the Nelson model with variable
coefficients, preprint 2011
Existence and absence of ground states for a particle
interacting through the quantized scalar field on a static
spacetime, RIMS Kôkyûroku Bessatsu B21 (2010) 15-24

Fumio Hiroshima
Ground states of scalar quantum field on pseudo Riemannian manifolds
2



...1 Nelson model

...2 Existence of ground state

...3 Absence of ground state

...4 Removal of UV cutoff

...5 Concluding Remarks

Fumio Hiroshima
Ground states of scalar quantum field on pseudo Riemannian manifolds
3



Nelson model

Hilbert Space

H = L2(R⊯)⊗F F =
∞⊕

n=0

L2
sym(R

⊯⋉)

(dispersion relation) ω = ω(−i∇x) =
√

−∆x +m2

dΓ(ω)Φ(n)(x1, ...,xn) = (∑n
j=1 ω(−i∇x j))Φ(n)(x1, ...,xn)

ϕ( f ) = 1√
2
(a†( f̄ )+a( f )), [a( f ),a†(g)] = ( f̄ ,g)

ϕρ(X) = ϕ(ω−1/2ρ(·−X))

UV cutoff 0 ≤ ρ ∈ S

.
Standard Nelson model..

.
H = (−1

2
∆X +V (X))⊗1l+1l⊗dΓ(ω)+ϕρ(X)
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Nelson model

σ(−1
2 ∆+V ) = {E j}, σ(dΓ(ω)) = [0,∞) (m = 0)

.

.

Embedded eigenvalues(no interaction)

⇓ (+ϕρ(X))

Resonances and ground state
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Nelson model

.. Infrared problem

IIR =
∫ |ρ̂(k)|2

ω(k)3 dk

E.g., ω(k) =
√

|k|2 +m2 and ρ̂(0)> 0
(m > 0) IIR < ∞
( m = 0) IIR = ∞

.
Bach-Fröhlich-Sigal(98), Gérard(00), Spohn(99), Arai-Hirokawa-H.(99),
Derezinski-Gérard(03), Hirokawa(07), Lőrinczi-Minlos-Spohn(03))....
..

.

IIR < ∞ (IR regular) =⇒ ∃ground state
IIR = ∞ (IR singular) =⇒ no ground state

Pull-through formula, number operator N,

(Φg,(1l⊗N)Φg)H ≤ 1
2

IIR∥Φg∥2

Fumio Hiroshima
Ground states of scalar quantum field on pseudo Riemannian manifolds
6



Nelson model

(m > 0) ∃ ground state
( m = 0) no ground state

How about variable mass m(x)?
.
Conjecture
..

.

m(x) ↓ 0 fast =⇒ no ground state
m(x) ↓ 0 slowly =⇒ ∃ ground state
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Nelson model

.. Nelson model on static pseudo Riemannian manifold

e−itH(1l⊗ϕ( f ))eitH =
∫

ϕ(t,x) f (x)dx

e−itH(X ⊗1l)eitH = Xt

Standard Nelson model (formally) satisfies that

(∂ 2
t −∆x +m2)ϕ(t,x) = ρ(x−Xt)

∂ 2
t Xt =−∇V (Xt)−

∫
ϕ(t,x)∇X ρ(x−Xt)dx
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Nelson model

Static (time independent) Lorenzian manifold

g = (gµν) =

(
λ

−γ

)
λ (x)> 0, γ(x) is a Riemannian metric on R⊯.

□g = ∑ |g|−1/2∂µ |g|1/2gµν∂ν +θη

where θ ∈ R, η scalar curvature.

(□g +m2)ϕ(t,x) = 0 on L2(R⊯, |g|1/2dx)
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Nelson model

Transform to the equation from L2(R⊯, |g|1/2dx) to L2(R⊯):

(∂ 2
t +h)ϕ(t,x) = 0

h =−∑
i j

1
c

∂iai j(x)∂ j
1
c
+m(x)2

Variable mass m(x) appears even when m = 0.
.
Nelson model on static Lorenzian manifold..

.

H = K ⊗1l+1l⊗dΓ(ω)+ϕρ(X)

where
K =−∑∂iAi j(X)∂ j +V (X)

ω = h1/2

ϕ(X) = ϕ(ω−1/2ρ(·−X))
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Existence of ground state

.. Existence of ground state

Assumptions
(F) C01l ≤ [ai j(x)]≤C11l, ∂ α ai j(x) ∈ O(⟨x⟩−1), |α| ≤ 1

C0 ≤ c(x)≤C1, ∂ α c(x) ∈ O(1), |α | ≤ 2
∂ α m(x) ∈ O(1), |α | ≤ 1

(P) C01l ≤ [Ai j(X)]≤C11l
V (X)≥C0⟨X⟩2δ −C1

.
Theorem (GHPS) Existence of ground state
..

.
Suppose m(x)≥ a⟨x⟩−1 for some a > 0, and δ > 3/2. Then H
has a ground state.
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Existence of ground state

.
Proposition (Bruneau-Dereziński) general ω and K
..

.

Suppose that
(1) ω ≥ 0, Ker ω = 0

(2) supX ∥ω−1/2ρ(·−X)∥< ∞
(3) (K +1l)−1/2 is compact
(4) ω−1ρ(·−X)(K +1l)−1/2 is compact
(5) ω−3/2ρ(·−X)(K +1l)−1/2 is compact (general IR regularity).

Then K ⊗1l+1l⊗dΓ(ω)+ϕρ(X) has a ground state.

Proof of Thm: Check (5).

m(x)≥ a⟨x⟩−1 =⇒ ω−3/2⟨x⟩−3/2−ε is bounded

=⇒ ω−3/2⟨x⟩−3/2−ε⟨x⟩3/2+ερ(x−X)⟨X⟩−3/2−ε⟨X⟩3/2+ε(K +1l)−1/2

is compact, since ⟨X⟩3/2+ε(K +1l)−1/2 is compact by
V (X)> ⟨X⟩3+ε ′ .
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Absence of ground state

.. Absence of ground state

Probabilistic approach
e−tK is positivity preserving.

Let Φp > 0 be the ground state of K, Φp(x)≤C0e−C1|x|δ+1

(ground state transform) U : L2(Φ2
pdx)→ L2(dx), f 7→ Φp f

L =U(K − infσ(K))U−1

.
Feynman-Kac formula X =C(R,R⊯)
..

.

There exists a diffusion process (Xt)−∞<t<∞ on a probability
space (X ,B(X ),∃Px) such that

( f ,e−tLg) =
∫

µ0(dx)E↶
P [℧(X⊬)ð(B≈)]

where µ0(dx) = Φ2
p(x)dx is the probability measure on R⊯.
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Absence of ground state

F ∼= L2(Q,dν), ν Gaussian measure such that∫
eαϕ( f )dν = eα2/4∥ f∥2

H = L⊗1l+1l⊗dΓ(ω)+ϕρ(X)

on L2(R⊯,dµ0)⊗L2(Q,dν)∼= L2(R⊯×Q,dµ0 ⊗dν)
e−T H is positivity preserving.
If H has a ground state Φg =⇒ Φg > 0.
1l = 1lL2(R⊯)⊗Ω. Then ΦT

g = e−T H1l/∥e−T H1l∥→ Φg (T → ∞).

γ = lim
T→∞

(1l,ΦT
g )

2 = lim
T→∞

(1l,e−T H1l)2

(1l,e−2T H1l)

.
Lemma (Lőrinczi-Minlos-Spohn)
..

.

(γ > 0) H has a ground state
(γ = 0) H has no ground state
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Absence of ground state

.
Theorem (GHPS) Absence of ground state
..
.Suppose m(x)≤ a⟨x⟩−1−ε . Then H has no ground state.

(1l,e−T H1l) =
∫

µ0(dx)E↶
P [

∫ T
⊬ ≈

∫ T
⊬ ∼W(X≈,X∼,|≈−∼|)]

W =W (X ,Y, |t|) = 1
2
(ρ(·−X),ω−1e−|t|ωρ(·−Y )).

.
Lemma (GHPS)
..

.

γ ≤ lim
T→∞

EµT [
−⊭

∫ ⊬
−T

∫ T
⊬ W]

where
µT (O) =

1
ZT

∫
µ0(dx)E↶

P [O
∫ T
−T

∫ T
−TW]

Fumio Hiroshima
Ground states of scalar quantum field on pseudo Riemannian manifolds
15



Absence of ground state

Proof γ = limT→∞
(1l,e−T H 1l)2

(1l,e−2T H 1l)

Denominator:

(1l,e−2T H1l) =
∫

µ0(dx)E↶
P [

∫ ⊭T
⊬

∫ ⊭T
⊬ W] =

∫
µ⊬(↶)E↶

P [
∫ T
−T

∫ T
−TW]

Numerator:

(1l,e−T H1l)2 =

(∫
µ0(dx)E↶

P [
∫ T
⊬
∫ T
⊬ W]

)2

≤
∫

µ0(dx)E↶
P [

∫ T
⊬
∫ T
⊬ W]E↶

P [
∫ ⊬
−T≈

∫ ⊬
−T∼W]

=
∫

µ0(dx)E↶
P [

∫ ⊬
−T

∫ ⊬
−T+

∫ T
⊬
∫ T
⊬ W]

=
∫

µ0(dx)E↶
P [

∫ T
−T

∫ T
−T−⊭

∫ ⊬
−T

∫ T
⊬ W]
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Absence of ground state

.
Lemma (GHPS) Harnack type estimate
..

.

Suppose m(x)≤ a⟨x⟩−1−ε . Then

C1eC2t∆(x,y)≤ e−tω2
(x,y)≤C3eC4t∆(x,y)

.
Corollary
..

.

C1W∞(x,y,C2|t|)≤W (x, t, |t|)≤C3W∞(x,y,C4|t|)

where

W∞(X ,Y, |t|) = 1
4π2

∫ ρ(x)ρ(y)
|x− y+X −Y |2 + t2 dxdy
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Absence of ground state

Proof of Thm: EµT [
−⊭

∫ ⊬
−T

∫ T
⊬ W] = EµT [1lAT · · · ]+EµT [1lAT

· · · ] where
AT = {(x,w)|sup|s|≤T |Xs(w)| ≤ T λ , |X0(w)|= |x| ≤ T λ}

1
1+δ < λ < 1

By ∫ T
−T dt

∫ T
−T dsW ≤

∫ T
−T dt

∫ T
−T dsW∞ ≤CT∥ρ̂/|k|∥2

L2(R⊯)

P(O) =
∫

µ0(dx)E↶
P [O]

we have

EµT [1lAT
· · · ]≤ CTC

(∫
1lAT

P
)⊮/⊭

By exponential decay Φp(x)≤C0e−C1|x|δ+1
we have

.
Lemma (Kipnis-Varadhan)
..

.

∫
1lAc

T
dP ≤ T−λ (a+bT )1/2e−T λ (δ+1)

Since λ (δ +1)> 1, EµT [1lAT
· · · ]→ ⊬ (T → ∞).
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Removal of UV cutoff

.. UV problem

.
Theorem (E. Nelson 1964) Removal of UV cutoff
..

.

Let

ρ̂Λ(k) = (2π)−3/2χΛ =

{
(2π)−3/2 |k| ≤ Λ
0 |k|> Λ

and

EΛ =−1
2
(2π)−3

∫ |χΛ(k)|2

|k|(|k|2/2+ |k|)
dk

Then
lim

Λ→∞
e−t(HΛ−EΛ) = e−t∃H∞
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Removal of UV cutoff

ρΛ(·) = Λ3ρ(Λ·). ρΛ(x−X)→ δ (x−X)
∫

ρ(y)dy.
Symbols:

h0(X ,ξ ) = ∑ξiai j(X)ξ j K(X ,ξ ) = ∑ξiAi j(X)ξ j

E(X) =−1
2
(2π)−3

∫
(h0(X ,ξ )+1)−1/2 K(X ,ξ )

(K(X ,ξ )+1)2 |ρ̂(ξ/Λ)2|dξ

.
Theorem (GHPS) Removal of UV cutoff
..

.
There exists a self-adjoint operator Hren bounded from below
such that e−t(HΛ−EΛ(X)) → e−tHren (Λ → ∞).
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Concluding Remarks

.. Concluding Remarks

Critical ratio

a⟨x⟩−1 ≤ m(x) H has a ground state
m(x)≤ a⟨x⟩−1−ε H has no ground state.

Condition V (x)≥ ⟨x⟩2δ − ε can be changed to "binding
condition" by Griesemer-Lieb-Loss (Inv Math 01), which
include Coulomb potentials.
The standard Nelson model without UV cutoff also has a
ground state (Hirokawa-H.-Spohn, Adv Math 05). However
it is unknown the uniqueness of the ground state.

Fumio Hiroshima
Ground states of scalar quantum field on pseudo Riemannian manifolds
21


	Nelson model
	Existence of ground state
	Absence of ground state
	Removal of UV cutoff
	Concluding Remarks

