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Rabi model
Rabi model

Rabi Model(2-level atom vs 1-mode photon)

H=Ac,+wd a+go(a+a’)

Notations

ool O0) _(01
%=\o -1 )% 10

O parameters A>0, ®w >0
o Creation and annihilation: a = (Tdi +Vax)/V2,
a’ = (—fa+\/5x)/\f

o Two level atom = Ao, = Spec(Ac;) = {—A,A}

. . 2
o Harmonic oscillator = a'a = }(— 4 + 0** — o)
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NcHO and JC model

o Rotation Wave Approximation = Hj¢

Hgupi = GZA-l- (J)aTCl -I-ng(a A ClJr)

4
Hjc=0.A+wa'a+g(c_a+0o.d")

oo (00N (01
N O A N 0 B

o Non-commutative harmonic oscillator

1 1
Ad'a+ EA + EJ(aa —a'a’)

o-(35)2-( )
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NcHO and JC model
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Figure: Spectral curves of JC Hamiltonian, 2A =
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HO and JC model

NAGATOU, NAKAO, AND WAKAYAMA
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Figure 1. Approximate eigenvalue fy.

Figure: Spectral curves of NcHO, Nagatou,Nakao and Wakayama, Numerical
Functional Analysis and Optimization 23 633-650, 2002
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NcHO and JC model

energy (hw/2r)

0 0.5 1 15 2 25
strength g/ of interaction

Figure: Spectral curves of Rabi Hamiltonian , 2A = .
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NcHO and JC model

NcHO JC Rabi

ground state | unique for a # B? | degenerate? | unique

Figure: Uniqueness of ground state

o Rabi Hamiltonian = # crossing between E;, ~ E», 11 =n
forn=0,1,2,....
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Transformations

O; — —Ox,0x — O;

o o = (0oy,0y,0;) is elements of SU(2).
o The rotation group in R? has an adjoint representation on
SU(2),i.e.,
e(i/Z)Gn»GG“ef(i/Z)Gn»G — (RG)#,
where R denotes 3 x 3 matrix representing the rotation
around n € R? with angle 6 < [0,27).
o Forn=(0,1,0) and 6 = /2,
e(i/2)9n-0'6xe—(i/2)9n-6 = o, e(i/Z)Bn'GGZe—(i/Z)Bn-o‘ = —o,.

Unitary transformation U = (/4%

UHranU ' = —0, A+ wd'a +g0o.(a —I—aT)

([ wa'a+g(a+a) —A
B —A wa'a—gla+a")
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Transformations

Ground state transformation

0 ¢y(x) = (0/1)"/*e /2 is the ground state,i.e., wa’ag, = 0.
o Define the unitary operator U, : L*(R) — L*(R, ¢;dx) by

Uf =g 'f.
o Probability measure du = @zdx

Unitary transformation

2

1 d
UgUHgaiU~' Uy ' = —GA+ (= E—i—a)xa)—%g@\/—wa

on C? @ L*(R,du).
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Transformations

(Cz — L2<Zg)

Qo Zz = {—1,—|—l}
o Identification C? ® L*(R,du) = J#:
o A =L*(RxZ) = {f(x,0) Loz, [ [f(x,0)Pdp(x) <o}

o C’QL*(R,du) > Hfg H — f(x,0) € .

o Under this identification

Final form of Hggp;

Hf(x,o)z{%( jzz—i—a)xdi)—l—g\/_cx}( &) — Af(x, )

for (x,0) € R x Z,.
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Feynman-Kac formulas

OU process and harmonic oscillator

o (X;)>0 the Ornstein-Uhrenbeck process on a probability
space (C,X,P¥) st P*(Xo=x) =1

0 [du(x)Ep:[X;] =0, [du(x)Ep: [X:X;] = 55—
o Egl--]=/--dQ

e*‘f*ﬂw

The generator of X, is given by —h = —%(—‘;‘i—zz + wx4) and

(Fre"g)or = [ AuIER [FRlg(X,)].
o The distribution p,(x,y) of X, is given by

0 (y) 1 § dxye™ — (X +y*) (147 %)
9 (x) n(l—e‘z’)ep< 2(1—e %) )

pl(xvy):
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Feynman-Kac formulas
Poisson process and spin

In order to show the spin part by a path measure we introduce
a Poisson process.
@ (Ny)>0 is a Poisson process on a probability space
(C',X',v) with unit intensity, i.e.,
tl’l
Ey [In,=n] = ;eft, n>0.

0 o,=(—1)Nfort>0.

(uveito-zv)CZ = (u7eimv)L2(Zz) =e Z Ev [M(O'())V(G,)]
CEZy
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Feynman-Kac formulas
FK-formula

Spin boson model = H.and Lorinczi (JFAQ7)
Ao, + / Ikla" (k)a(k)dk + g0, / A (k) (@' (k) + a(k))dk

Let Socz, [ du()EpEy -] =E[-].

(Hirokawa and H.(2012))
(A>0) (f,e™g) = ¢'E [F(Xo, G)g(X,, o) 820 aboo N ]

(A=0) (f,e™g)r=¢E [llzv,:of (Xo,0)8(X:, G)e*g"\/fa’féxsﬂ
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Feynman-Kac formulas

Proof of Theorem:
o Inthe case of A>0

(Fe gl "= ¢B [ (Ko q0)g(Xi,0i)e#V20lioNdeloqloetdte].

° / FINJAN, = Y f(N,),  eloloetdVs = gloed™ — AV,
(0] 0<r<t.Ny  #Ny_

o Inthecase of A=0

(F.e ™) = ¢'E [ (X0, Go)g(Xs, oy)e V20 oty o
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Avoided crossing
Avoided Crossing

Let E =infSp(H).

Corollary

0f>0=eHf>0
o dimker(H—E) =1

Proof
o (f,eMg)pr=¢E [f(Xo, 00)g(X:, G1)e 820k "SXS"SANf} > 0 for
Vf,g>0

0 e ™f>0forf>0.
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Avoided crossing
Proof

0 f>0= Qs ={(x,0) e RxZ]f(x,0) >0} has a positive
measure.

Qo (f,eftHg) > 'R [ﬂgf (X(),O'Q)]lgg (Xt,Gt)efgmféGXxxdsAN’] .

o Let Q be the set of paths starting from the inside of (Qf+, +)
and arriving at inside of (Q/,+).

°

E [HQ] =E |:]l§24r (XO) ﬂg* (Xt) ﬂN,zeven}

= dX/ dy@y(x pzxyZ

n:0

eft > 0.

o Hence Q has a posmve measure and
(f,e Mg) > ' [ﬂge 8Ffo"f“5ANf} > 0.

o dimker(H — E) = 1 follows from Perron-Frobenius theorem.
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Avoided crossing

Corollary

The ground state energy of Hra,i has no crossing for all values
of g and A.

o In this talk we have proven the fact the numerical
computation predicts.

@ While the JC model has many energy level crossings for
the ground state energy in the ultra-strong coupling regime
of circuit QED though it has no energy level crossing in the
weak and strong coupling regimes =—> Sasaki’s lecture
tomorrow.
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Avoided crossing

Thank you!
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