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0 Introduction
© Finite dimension=QM
© Infinite dimension= QFT

e Interaction model
@ Nelson model
@ Non-relativistic QED
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Lamb shift

»We consider a system of QM coupled to QFT (QED or Strong
interaction).
»In the Dirac theory, the energy levels 25, , and 2P » of a hydrogen

atom coincides: 255 » = 2P 5. It has been however observed in 1947
by Lamb and Retherford that 25; » < 2P 5

il Bohr Dirac QED
T Of m—
g \\\\3 =1 1=1 ZP
[ = -l
|2 \\ 2 3/2
g - \
e | h 0.365¢cm -
L=
% I 1_\\ 1=0,1 ‘=:_‘1—Z
= os} 2 V=1 Py,
i 0035cm’!

Figure: Lamb shift
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» To show the Lamb shift we have to consider an interaction between
electrons and a quantized radiation field. This has been established by
H. A. Bethe in 1947.

»We consider a system describing an interaction between particles
and a quantum field, and derive a classical equation (e.g.,
Newton-Maxwell equation) due to a semi-classical limit and Wigner
measures.

» (Finite dimension) P. L. Lions and T. Paul (1993).

» (Infinite dimension) Z. Ammari and F. Nier (2008,2011).
»(Interaction system) Z. Ammari. M. Falconi (2014),

Z. Ammari. M. Falconi and FH (2019)<—todays talk
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Symplectic structures

»h=h/2r =1.054571817... x 10734]s

»P = —ihDy and Q = x — CCR: [P,Q] = —ih
»X=(q,p)e TRI=RIGRI=C? (q,p)=q+ip
»phase translation: X = (g,p) € T*R?

T(X) =exp (i(pQ - qP))
»symplectic structure: X = q+ip, X' =q +ip’
o(X.X")=qp' —pq = Im(X, X")cq
»Algebraic relations

T(X)T(X') = e MoXXN2T (X 4+ X'
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Wick symbol
»Gaussian function ¢o(x) = (zh)~9/4 exp(—%)

y

Figure: ¢o(x) — 6(x)as h—0
» X = (q,p) € T*RY. Baker-Campbel-Huasdorff-formula
T(X) = g—hap/2 eipé e—iqf:’
> T(X)f(x) = e MP/2gPXf(x — hq)
»For X = (q,p) € T*RY we define ¢x = T(¥2X)do

ox — €¥5(x—v2p) (h—0)
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»coherent state
10x)(¢x| X e T'R?

»We have

0000 s = By
»B:.7(RY) — .7 (RY)
»cWick(B)(-) : T*RY — C is defined by

o (B)(X) = (¢x, Box)

Lemma
Let B be trace class. Then cWiok(B)(.) € L'(T*RY) and

48] = [ a*H(B)(X) G

If Tr[B] = 1, then oWk (B)(X )(2 n)a is a prob measure on T*RY.

v
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Semi-classical measures = Wigner measures
»Let (pn)n be the family of non-negative trace classes such that
Tr[ps] =1 for h> 0. Then

A" (o) (X) 3z

is a prob measure on T*R¢

Definition (Wigner measure)
The weak-* limit of W% (pp )(X) 5% ~4

o o 57 as i, L0 on T*RY:

WISk oy, ) (X) = 2N

=i
K= mo® (27hn)°

is called the Wigner measure. My, denotes the set of Wigner
measures associated with (pn)ac(o,1)

Remark: u depends on the choice of subsequence {h,}.
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Characterizaion of Wigner measures

»Let b e .7 (T*RY).
» The Weyl quantized operator b" (x, hDy) : .7 (R9) — .#'(RY) is given
by its kernel

Lemma

Let u € My . Then there exists a sequence (hy) such that h, — 0 and

im Te6" (x, haD)pn] = [ b(X)du(X)

for b e C3(T*RY).

Fumio Hiroshima semi-classical 2020 9/31



Let N be a harmonic oscillator. Suppose that 3v > 0 such that
Tr[NVpp] < Cy. Then

Ph, = 1 € My <= Iim Te[T(V2rZ)pn,] = F~'[u)(Z)

» Fourier transform

Fu)(2) = [ e eapu(¢)
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Example 1

»on(X) = |ox)(9x| is trace class for X € T*R¢
»It is easy to see that

Trlpn(X) T(V272)] = (9x, T(V272Z)9x) "3 2¥RZX) = F[5,)(2)

and My, = {5)(} le., #MW =1
»Semi-classical limit of coherent state |¢x) (¢x/| is the delta measure
8x with mass at X on R ¢ R
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Example 2

»Let d =1 and we consider the ath Hermite function .
>y = (h%al) 12(Q— iP)%¢y(x). Then

(—PPA+ X2 — )y, = ay,

»The Wigner measure associated with pp = [Wja/n) (W[a/n| is the delta
measure with mass on aS' c R&R:

1

2n
H= E 0 Se;ead9:5as1

»d > 2 it follows that

B=0z51 X+ X8y 1
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Hamilton equation and time evolutions

»Hamiltonian H = —H?A+ V (V is smooth).
»classical Hamiltonian H(q,p) = p? + V(q), (g,p) € T*R?
»Hamilton equation

Hence

»The flow ¢, : T*R? — T*R? is defined by

®:(q,p) = (a1, pt)-
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Hamilton equation and time evolutions

Definition (Pure state)

Let My = My (pn, h € (0,1)) be the set of Wigner measures associated
with (pn)n - (pn)n is pure if and only if #My, = 1.

Theorem (Lions and Paul 93)

Suppose that (pp)n is pure and My = {uo}.
(1) Then pa(t) = e 1Hpnre'aH, he (0,1) is also pure.

A@oTr[T(\@ﬂi )pn()] = F~" [l (€)

(2) By a flow 3¢, : T*RY — T*RY, it is represented as

Ut = S Lo

3 L Qt = 2p;
and ®4(qo, po) = (qt, pt) satisfies that{ pr= -V V(qr)
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Fock space

» .7 Hilbert space e.g. 7 = L2(RY)

>7 =& o[©s7]

»Q=190009,...,€ F Fock vacuum

»annihilation op. a(f) and creation op. a'(g) are defined by

a(f): @14 —» 1 '
a(f):ela -
»CCR: [a(f), a"(g)] = h(f,9)

»a ~+/h
»{a'(fy)---a'(f)Q}c.Z dense
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2nd quantization

»2nd quantization of T:
r(Ma'(f)---a(f)Q=a'(Th)---a'(Tf,)Q

b () = et (K) tc R
»dr(K)a'(f)---a"(f)Q =Y a'(f)---a'(Kf)---a (f)Q
» The number op. N =dI (1)

NQ =0, Na'(fy)---a'(f,)Q=na'(f;)---a'(f,)Q

»dr(K)~h
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Coherent vectors

»Field operator :

> W(f) = exp(i¢(f))
»Weyl relation

W(H)W(g) = e B W (f+ g)

»coherent vectors W(£)Q = e h1(HQ
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Weyl symbol

»Let L2(RY) = 2 for simplicity.

» P denotes the set of all finite rank orthogonal projection on .
»For p € P we identify p2* with C? = T*RY =~ R27,

»f: 2 — Cis cylindrical <= Jp € P and 3 a function g on pZ st

f(z) = 9(pz)

»fec S(Z) <= JpcP,dgec S (pZ) st f(z) = g(pz).
»Let be 7 (Z).

pWey! — / | Flel@)W(v2nz)dz
o
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Theorem (Ammari-Nier 2008 (Thm.6.2))

Let (pn)n be a normal state on .% . Let N be the number operator.
Suppose that 36 such that

sup Tr{ppN°] < Cs
he(0,1)

Then for any sequence {h,} conversing to 0, there exists a
subsequence {hy, } and a measure u on L?(R%)such that

i Weyly _
Jim Telpn,, 6% = [, b(2)du(2)

for any b € UpepF ' (Mp(pZ))

Ex. pr= |W(H)Q(W(£)Q| is pure and My = {&}.

Fumio Hiroshima semi-classical 2020 19/31



Wick symbol

Let p,q € N. P, ¢(2°) denotes the set of (p,q)-homogenous polynomial

functions on L2(RY) such that
b(z) = (®9z,bxP z)

with some b € B(252,@I%). For b € Py 4(Z) we define
bWiCk : ﬂhn — yﬁn by

bWiCk|' _ 0 n<p
®sf_ mhﬂ(b®sﬂ®mL2(Rd)) n—= m+p

bWk is formally written as

D = [ 4 DY (1) ()alx) - alxp) vy

Fumio Hiroshima semi-classical 2020

20/31



Characterizaion of Wigner measures

Lemma (Ammari-Nier 2008)

Let (pn) be the set of normal states st

oo

CHTr[N¥ pil/[K/2]! < K
k=0

uniformly in h € (0,1). Suppose that lims_,o Tr[bYpy] = [, b(2)du(2)
for any b € @f,f%IP;;”q(ff ). Then My, is pure.

My = (it} <= lim T{W(v/228)pp] = F~'[)(&)
»Fourier transform
FuE) = [ e ™ du(2)
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Time evolution

» Hamiltonian
H=h [ (k' (Katk)dk-+Vh-Z (@ () + a(n)
He
»Classical Hamiltonian
H(z. z) /a)(k (K)z(k dk+—/z(k (k) + z(K)f(K))dk
> IH

(k) = 52 = o(k)zi(k) + “=F(K)

9
V2
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Hamilton equation and time evolutions

Theorem (Ammari-Nier 2011)

(1) Suppose that (pn)n is pure and My, = {uo}. Then
pn(t) = e 'HprelsH  he (0,1)

is also pure:
,giggoTr[W(@ﬂé)pn(t)] = F ' u(8)

(2) By 3, : L2(RY) — L2(RY), it is represented as
Ht = Pif Lo

and ®4(zy) = z; satisfies Hamilton equation:

) = 2 — w(k)zt(k)+%7(k)

T oz V2
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§

L
= d

[}
Yukawa's Model

It is known that in quantum field theory there exist 4 interactions: weak
interaction, strong interaction, QED and gravity: We demonstrate the

strong interaction. The strong interactions are the interaction between
quarks due to gluons or the interaction between nucleons due to pions

o
o

- w ....r". »
T
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Interaction model

Feynman-Kac formula — s ' Ground state —

h
H:(—ﬁA+V)®11+\/77¢+h]1®Hf.

is defined on L2(RY) ® .7 (L2(RY)).
»interaction term ¢:

1 / foy PK) ik O(—K) ik
=— a'(k)——=e " +a(k e dk
¢ V2 ( ( )\/a)(k) ) o(k)
»free Hamiltonian H; = dl'(®) = [ w(k)a’(k)a(k)dk. Here o is the




»Classical Hamiltonian is give by

N 2
H=H(q.p.2.28) = 5+ V(q)+ [ o(k)|z(k)dk

e Ip(K) . EIB(K)
<l (et - )

whee (g,p,z) € T*RY @ L2(RY)
»Hamilton equation

N, — SH — bt
-qt  opy - m
(S—KG)! Pr=—34 =-VV(a)-VW(q)
e —ikqt &
izi(k) =32 = o(k)ur(k)+ 76\/(;%;()
>
e ikat ikaQt o ( —
<p(k . 6" P(—K)
-5 [ utw) + k=G
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»Let
Ph(t) _ e—i%thei%H

»In the same way as Schrodinger operator and QFT we can construct
a Wigner measure y; on the phase space T*RY @ L2(R):

lim T T(v27X) & W(v2x2)pn(0)] = F " [](X, 2)

for (X,z) € T*RY @ L2(RY)
»the flow ¢, : T*RY @ L2(RY) — T*RY @ L2(RY) is defined by

Ut = S Lo

»¢(q,p,2) = (g1, pt, 2t) satisfies (S-KG).
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Non-relativistic QED
»Hamiltonian

1,
H= é(—/hV®Il—\/ﬁA(x))2+ V@ I+ 1 hH;

» Classical Hamiltonian

H(z.2.0.0) = 3(p~A@) + V(g +Z / K)\z(K)2dk,
where

A(q)— 5 / eu(k,j)zi(k)e (k) + z(k)e*p(—k)dk

»phase space is T*]Rd @ L2(RY;C9-T)
»Hamilton equation'
Gt =55 =Pt —Alqt)
(N=M)q pt= _*(pt A(qr)) - VA(qr)
iz = ‘f;g’ = (Pt — A(qr)) - e(k.j)e " (k) + o(k)z(t)
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»Let

itH AitH

pn(t) =e """ ppe's

»We can construct a Wigner measure p; on the phase space
T*Rd D LZ(Rd; (Cd71 )

lim TH[T(V27X) ® W(V2r2)pn(t)] = F~ [ (X, 2)

h—eo
for (X,z) € T'RY@ L2(RY;C9 1)
»the flow &;: T*RI@ L2(RY,C9") — TR @ L?(RY;C9) is defined
by
Mt = Do
»®4(q,p,2) = (Gt, pt, Zt) satisfies (N-M).
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Technical ingredients

» (Invariance) e~ ™ D(N) c D(N) for all t.

» (Self-adjointness) Let V, € L} (R?) and V_ be relatively form
bounded wrt —A with a relative bound < 1. H is self-adjoint on
D(-5A + V4 = V_)nD(H;) (FHOO, Hasler-Herbst11, Falconi15,

Matte17)
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Summary

» Hamiltonian H = Hj,

» Classical Hamiltonian H = H(z,z, q,p) for
(9,p,2) € T*RY @ L2(RY;C9 1)

»Hamilton equation

a2
~. _ __dH
(N—M) Rt _81?7
> pn(t) = efi%thei%H

> lim Tr[T(V2rX) @ W(V2rz)pn(t)] = F~'[ud(X, 2)
—>00
»d;: T*RY@ L2(RY) — T*RY @ L2(RY) is defined by
Mt = Do

>d(q,p.2) = (g1, 1. 2:) satisfies (N-M).
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