
Semi-classical analysis and Wigner measure
for non-relativistic QED

Fumio Hiroshima Kyushu Univ.
with

Zied Ammari (Rennes I)
and

Marco Falconi (La Sapienza)

8–10. Jan. 2020 / Gakushuin University
Schrödinger Operators and Related Topics

-In honor of Professor Shu Nakamura on his 60th birthday -

Fumio Hiroshima semi-classical 2020 1 / 31



1 Introduction

2 Finite dimension=QM

3 Infinite dimension= QFT

4 Interaction model
Nelson model
Non-relativistic QED

Fumio Hiroshima semi-classical 2020 2 / 31



Lamb shift
▶We consider a system of QM coupled to QFT (QED or Strong
interaction).
▶In the Dirac theory, the energy levels 2S1/2 and 2P1/2 of a hydrogen
atom coincides: 2S1/2 = 2P1/2. It has been however observed in 1947
by Lamb and Retherford that 2S1/2 < 2P1/2

Figure: Lamb shift
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▶To show the Lamb shift we have to consider an interaction between
electrons and a quantized radiation field. This has been established by
H. A. Bethe in 1947.
▶We consider a system describing an interaction between particles
and a quantum field, and derive a classical equation (e.g.,
Newton-Maxwell equation) due to a semi-classical limit and Wigner
measures.
▶(Finite dimension) P. L. Lions and T. Paul (1993).
▶(Infinite dimension) Z. Ammari and F. Nier (2008,2011).
▶(Interaction system) Z. Ammari. M. Falconi (2014),
Z. Ammari. M. Falconi and FH (2019)<—todays talk
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Symplectic structures

▶h̄ = h/2π = 1.054571817...×10−34 Js
▶P̂ =−i h̄Dx and Q̂ = x → CCR: [P̂,Q̂] =−i h̄
▶X = (q,p) ∈ T ∗Rd = Rd ⊕Rd ∼= Cd (q,p)∼= q+ ip
▶phase translation: X = (q,p) ∈ T ∗Rd

T (X ) = exp
(

i(pQ̂−qP̂)
)

▶symplectic structure: X = q+ ip,X ′ = q′+ ip′

σ(X ,X ′) = qp′−pq′ = Im(X ,X ′)Cd

▶Algebraic relations

T (X )T (X ′) = e−i h̄σ(X ,X ′)/2T (X +X ′)
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Wick symbol
▶Gaussian function ϕ0(x) = (πh̄)−d/4 exp(− |x |2

2h̄ )

Figure: ϕ0(x)→ δ (x) as h̄ → 0

▶X = (q,p) ∈ T ∗Rd . Baker-Campbel-Huasdorff-formula

T (X ) = e−i h̄qp/2eipQ̂e−iqP̂

▶T (X )f (x) = e−i h̄qp/2eipx f (x − h̄q)
▶For X = (q,p) ∈ T ∗Rd we define ϕX = T (

√
2

i h̄ X )ϕ0

ϕX → eiqx δ (x −
√

2p) (h̄ → 0)
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▶coherent state
|ϕX ⟩⟨ϕX | X ∈ T ∗Rd

▶We have ∫
T ∗Rd

|ϕX ⟩⟨ϕX |
dX

(2πh̄)d = 1lL2(Rd ).

▶B : S (Rd)→ S ′(Rd)

▶σWick (B)(·) : T ∗Rd → C is defined by

σWick (B)(X ) = (ϕX ,BϕX )

Lemma

Let B be trace class. Then σWick (B)(·) ∈ L1(T ∗Rd) and

Tr[B] =
∫

T ∗Rd
σWick (B)(X )

dX
(2πh̄)d

If Tr[B] = 1, then σWick (B)(X ) dX
(2πh̄)d is a prob measure on T ∗Rd .
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Semi-classical measures = Wigner measures
▶Let (ρh̄)h̄ be the family of non-negative trace classes such that
Tr[ρh̄] = 1 for h̄ > 0. Then

σWick (ρh̄)(X )
dX

(2πh̄)d

is a prob measure on T ∗Rd

Definition (Wigner measure)

The weak-∗ limit of σWick (ρh̄n)(X ) dX
(2πh̄n)d as h̄n ↓ 0 on T ∗Rd :

µ = lim
h̄n→0

σWick (ρh̄n)(X )
dX

(2πh̄n)d

is called the Wigner measure. MW denotes the set of Wigner
measures associated with (ρh̄)h̄∈(0,1)

Remark: µ depends on the choice of subsequence {h̄n}.
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Characterizaion of Wigner measures

▶Let b ∈ S ′(T ∗Rd).
▶The Weyl quantized operator bW (x , h̄Dx) : S (Rd)→ S ′(Rd) is given
by its kernel

bW (x ,y) =
∫
Rd

e
i
h̄ ξ ·(x−y)b(

x +y
2

,ξ )
dξ

(2πh̄)d .

Lemma
Let µ ∈ MW . Then there exists a sequence (h̄n) such that h̄n → 0 and

lim
n→∞

Tr[bW (x , h̄nDx)ρh̄n ] =
∫

T ∗Rd
b(X )dµ(X )

for b ∈ C∞
0 (T

∗Rd).
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Lemma
Let N be a harmonic oscillator. Suppose that ∃ν > 0 such that
Tr[Nνρh̄]≤ Cν . Then

ρh̄n → µ ∈ MW ⇐⇒ lim
n→∞

Tr[T (
√

2πZ )ρh̄n ] = F−1[µ](Z )

▶Fourier transform

F−1[µ](Z ) =
∫
Cd

e+2iπ Re(ξ ,z)dµ(ξ )
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Example 1

▶ρh̄(X ) = |ϕX ⟩⟨ϕX | is trace class for X ∈ T ∗Rd

▶It is easy to see that

Tr[ρh̄(X )T (
√

2πZ )] = (ϕX ,T (
√

2πZ )ϕX )
h̄→0→ e2π i Re(Z ,X) = F−1[δX ](Z )

and MW = {δX}. I.e., #MW = 1
▶Semi-classical limit of coherent state |ϕX ⟩⟨ϕX | is the delta measure
δX with mass at X on Rd ⊕Rd
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Example 2

▶Let d = 1 and we consider the αth Hermite function ψα .
▶ψα = (h̄αα!)−1/2(Q̂− i P̂)αϕ0(x). Then

(−h̄2∆+x2 − h̄)ψα = αψα

▶The Wigner measure associated with ρh̄ = |ψ[a/h̄]⟩⟨ψ[a/h̄]| is the delta
measure with mass on aS1 ⊂ R⊕R:

µ =
1

2π

∫ 2π

0
δeiθ adθ = δaS1

▶d ≥ 2 it follows that

µ = δa1S1 ×·· ·×δanS1
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Hamilton equation and time evolutions

▶Hamiltonian H =−h̄2∆+V (V is smooth).
▶classical Hamiltonian H(q,p) = p2 +V (q), (q,p) ∈ T ∗Rd

▶Hamilton equation {
q̇t =

∂H
∂p

ṗt =− ∂H
∂q

Hence {
q̇t = 2pt
ṗt =−∇V (qt)

▶The flow Φt : T ∗Rd → T ∗Rd is defined by

Φt(q,p) = (qt ,pt).
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Hamilton equation and time evolutions

Definition (Pure state)
Let MW = MW (ρh̄, h̄ ∈ (0,1)) be the set of Wigner measures associated
with (ρh̄)h̄ . (ρh̄)h̄ is pure if and only if #MW = 1.

Theorem (Lions and Paul 93)
Suppose that (ρh̄)h̄ is pure and MW = {µ0}.
(1) Then ρh̄(t) = e−i t

h̄ Hρh̄ei t
h̄ H , h̄ ∈ (0,1) is also pure.

lim
h̄→∞

Tr[T (
√

2πξ )ρh̄(t)] = F−1[µt ](ξ )

(2) By a flow ∃Φt : T ∗Rd → T ∗Rd , it is represented as

µt =Φt#µ0

and Φt(q0,p0) = (qt ,pt) satisfies that
{

q̇t = 2pt
ṗt =−∇V (qt)

Fumio Hiroshima semi-classical 2020 14 / 31



Fock space

▶H : Hilbert space e.g. H = L2(Rd)

▶F =⊕∞
n=0[⊗n

sH ]

▶Ω= 1⊕0⊕0⊕, . . . ,∈ F Fock vacuum
▶annihilation op. a(f ) and creation op. a†(g) are defined by

a(f ) :⊗n
sH →⊗n−1

s H

a†(f ) :⊗n
sH →⊗n+1

s H

▶CCR: [a(f ),a†(g)] = h̄(f̄ ,g)
▶a♯ ∼

√
h̄

▶{a†(f1) · · ·a†(fn)Ω}⊂F dense
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2nd quantization

▶2nd quantization of T :

Γ(T )a†(f1) · · ·a†(fn)Ω = a†(Tf1) · · ·a†(Tfn)Ω

▶Γ(eitK ) = eitdΓ(K ), t ∈ R
▶dΓ(K )a†(f1) · · ·a†(fn)Ω = ∑n

j=1 a†(f1) · · ·a†(Kfj) · · ·a†(fn)Ω
▶The number op. N = dΓ(1l)

NΩ= 0, Na†(f1) · · ·a†(fn)Ω = na†(f1) · · ·a†(fn)Ω

▶dΓ(K )∼ h̄
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Coherent vectors

▶Field operator :

ϕ(f ) =
1√
2
(a†(f )+a(f̄ ))∼

√
h̄

π(f ) =
i√
2
(a†(f )−a(f̄ ))∼

√
h̄

▶W (f ) = exp(iϕ(f ))
▶Weyl relation

W (f )W (g) = e−i h̄
2 Im(f ,g)W (f +g)

▶coherent vectors W ( f
i h̄ )Ω = e− i

h̄ π(f )Ω
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Weyl symbol

▶Let L2(Rd) = Z for simplicity.
▶P denotes the set of all finite rank orthogonal projection on Z .
▶For p ∈ P we identify pZ with Cd ∼= T ∗Rd ∼= R2d .
▶f : Z → C is cylindrical ⇐⇒ ∃p ∈ P and ∃ a function g on pZ st

f (z) = g(pz)

▶f ∈ Scyl(Z ) ⇐⇒ ∃p ∈ P,∃g ∈ S (pZ ) st f (z) = g(pz).
▶Let b ∈ Scyl(Z ).

bWeyl =
∫

pZ
F [b](z)W (

√
2πz)dz
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Theorem (Ammari-Nier 2008 (Thm.6.2))
Let (ρh̄)h̄ be a normal state on F . Let N be the number operator.
Suppose that ∃δ such that

sup
h̄∈(0,1)

Tr[ρh̄Nδ ]≤ Cδ

Then for any sequence {h̄n} conversing to 0, there exists a
subsequence {h̄nk} and a measure µ on L2(Rd)such that

lim
k→∞

Tr[ρh̄nk
bWeyl ] =

∫
L2(Rd )

b(z)dµ(z)

for any b ∈ ∪p∈PF−1(Mb(pZ ))

Ex. ρh̄ = |W ( f
i h̄ )Ω⟩⟨W ( f

i h̄ )Ω| is pure and MW = {δf}.
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Wick symbol

Let p,q ∈ N. Pp,q(Z ) denotes the set of (p,q)-homogenous polynomial
functions on L2(Rd) such that

b(z) = (⊗qz, b̃⊗p z)

with some b̃ ∈ B(⊗p
sZ ,⊗q

sZ ). For b ∈ Pp,q(Z ) we define
bWick : Ffin → Ffin by

bWick⌈⊗n
sZ =

{
0 n < p√

(m+p)!(m+q)!
m! h̄

p+q
2 (b̃⊗s 1l⊗m

s L2(Rd )) n = m+p

bWick is formally written as

bWick =
∫
Rdq

y ×Rdp
x

b̃(y ,x)a†(y1) · · ·a†(yq)a(x1) · · ·a(xp)dxdy .
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Characterizaion of Wigner measures

Lemma (Ammari-Nier 2008)
Let (ρh̄) be the set of normal states st

∞

∑
k=0

CkTr [Nk ρh̄]/[k/2]!< K

uniformly in h̄ ∈ (0,1). Suppose that limh̄→0 Tr [bWick ρh̄] =
∫
Z b(z)dµ(z)

for any b ∈ ⊕alg
p,qP∞

p,q(Z ). Then MW is pure.

MW = {µ}⇐⇒ lim
h̄→∞

Tr[W (
√

2πξ )ρh̄] = F−1[µ](ξ )

▶Fourier transform

F−1[µ](ξ ) =
∫

Z
e+2iπ Re(ξ ,z)dµ(z)
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Time evolution

▶Hamiltonian

H = h̄
∫

ω(k)a†(k)a(k)dk︸ ︷︷ ︸
Hf

+
√

h̄
g√
2
(a†(f̄ )+a(f ))

▶Classical Hamiltonian

H(z̄,z) =
∫

ω(k)z̄(k)z(k)dk +
g√
2

∫
(z̄(k)f̄ (k)+z(k)f (k))dk

▶
i żt(k) =

∂H
∂ z̄

= ω(k)zt(k)+
g√
2

f̄ (k)
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Hamilton equation and time evolutions

Theorem (Ammari-Nier 2011)
(1) Suppose that (ρh̄)h̄ is pure and MW = {µ0}. Then

ρh̄(t) = e−i t
h̄ Hρh̄ei t

h̄ H h̄ ∈ (0,1)

is also pure:
lim
h̄→∞

Tr[W (
√

2πξ )ρh̄(t)] = F−1[µt ](ξ )

(2) By ∃Φt : L2(Rd)→ L2(Rd), it is represented as

µt =Φt#µ0

and Φt(z0) = zt satisfies Hamilton equation:

i żt(k) =
∂H
∂ z̄

= ω(k)zt(k)+
g√
2

f̄ (k)
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It is known that in quantum field theory there exist 4 interactions: weak
interaction, strong interaction, QED and gravity: We demonstrate the
strong interaction. The strong interactions are the interaction between
quarks due to gluons or the interaction between nucleons due to pions
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Interaction model

Feynman-Kac formula → Ground state →

▶Nelson model

H = (− h̄2

2m
∆+V )⊗1l+

√
h̄ϕ + h̄1l⊗Hf.

is defined on L2(Rd)⊗F (L2(Rd)).
▶interaction term ϕ :

ϕ =
1√
2

∫ (
a†(k)

φ̂(k)√
ω(k)

e−ikx +a(k)
φ̂(−k)√

ω(k)
e−ikx

)
dk

▶free Hamiltonian Hf = dΓ(ω) =
∫

ω(k)a†(k)a(k)dk . Here ω is the
multiplication by |k |:

(ωf )(k) = |k |f (k)
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▶Classical Hamiltonian is give by

H = H(q,p,z, z̄) =
p2

2m
+V (q)+

∫
ω(k)|z(k)|2dk

+
1√
2

∫ (e−ikqφ̂(k)√
ω(k)

z̄(k)+
eikqφ̂(−k)√

ω(k)
z(k)

)
dk

whee (q,p,z) ∈ T ∗Rd ⊕L2(Rd)

▶Hamilton equation

(S−KG)


q̇t =

δH
δpt

= pt
m

ṗt =− δH
δqt

=−∇V (qt)−∇W (qt)

i żt(k) = δH
δ z̄t

= ω(k)ut(k)+
e−ikqt φ̂(k)√

ω(k)

▶

∇W (X ) =
1√
2

∫
−ik

e−ikqt φ̂(k)√
ω

ūt(k)+ ik
eikqt φ̂(−k)√

ω
ut(k)dk
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▶Let
ρh̄(t) = e−i t

h̄ Hρh̄ei t
h̄ H

▶In the same way as Schrodinger operator and QFT we can construct
a Wigner measure µt on the phase space T ∗Rd ⊕L2(Rd):

lim
h̄→∞

Tr[T (
√

2πX )⊗W (
√

2πz)ρh̄(t)] = F−1[µt ](X ,z)

for (X ,z) ∈ T ∗Rd ⊕L2(Rd)

▶the flow Φt : T ∗Rd ⊕L2(Rd)→ T ∗Rd ⊕L2(Rd) is defined by

µt =Φt#µ0

▶Φt(q,p,z) = (qt ,pt ,zt) satisfies (S-KG).
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Non-relativistic QED
▶Hamiltonian

H =
1
2
(−i h̄∇⊗1l−

√
h̄A(x))2 +V ⊗1l+1l⊗ h̄Hf

▶Classical Hamiltonian

H(z, z̄,q,p) =
1
2
(p−A(q))2 +V (q)+

d−1

∑
j=1

∫
ω(k)|zj(k)|2dk ,

where

A(q) =
1√
2

d−1

∑
j=1

∫
eµ(k , j)z̄j(k)e−ikqφ̂(k)+zj(k)eikqφ̂(−k)dk

▶phase space is T ∗Rd ⊕L2(Rd ;Cd−1)

▶Hamilton equation:

(N −M)


q̇t =

∂H
∂p = pt −A(qt)

ṗt =− ∂H
∂q (pt −A(qt)) ·∇A(qt)

i żj =
∂H
∂ z̄ = (pt −A(qt)) ·e(k , j)e−ikqt φ̂(k)+ω(k)zj(t)
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▶Let
ρh̄(t) = e−i t

h̄ Hρh̄ei t
h̄ H

▶We can construct a Wigner measure µt on the phase space
T ∗Rd ⊕L2(Rd ;Cd−1)

lim
h̄→∞

Tr[T (
√

2πX )⊗W (
√

2πz)ρh̄(t)] = F−1[µt ](X ,z)

for (X ,z) ∈ T ∗Rd ⊕L2(Rd ;Cd−1)

▶the flow Φt : T ∗Rd ⊕L2(Rd ;Cd−1)→ T ∗Rd ⊕L2(Rd ;Cd−1) is defined
by

µt =Φt#µ0

▶Φt(q,p,z) = (qt ,pt ,zt) satisfies (N-M).
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Technical ingredients

▶(Invariance) e−itHD(N)⊂ D(N) for all t .
▶(Self-adjointness) Let V+ ∈ L1

loc(R
d) and V− be relatively form

bounded wrt −∆ with a relative bound < 1. H is self-adjoint on
D(−1

2∆ +̇ V+ −̇ V−)∩D(Hf) (FH00, Hasler-Herbst11, Falconi15,
Matte17)
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Summary
▶Hamiltonian H = Hh̄

▶Classical Hamiltonian H = H(z, z̄,q,p) for
(q,p,z) ∈ T ∗Rd ⊕L2(Rd ;Cd−1)

▶Hamilton equation

(N −M)


q̇t =

∂H
∂p

ṗt =− ∂H
∂q

i żj =
∂H
∂ z̄j

▶ρh̄(t) = e−i t
h̄ Hρh̄ei t

h̄ H

▶ lim
h̄→∞

Tr[T (
√

2πX )⊗W (
√

2πz)ρh̄(t)] = F−1[µt ](X ,z)

▶Φt : T ∗Rd ⊕L2(Rd)→ T ∗Rd ⊕L2(Rd) is defined by

µt =Φt#µ0

▶Φt(q,p,z) = (qt ,pt ,zt) satisfies (N-M).
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