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Ultra-Weak Time Operators of Schrodinger
Operators

Asao Arai and Fumio Hiroshima

Abstract. In an abstract framework, a new concept on time operator,
ultra-weak time operator, is introduced, which is a concept weaker than
that of weak time operator. Theorems on the existence of an ultra-weak
time operator are established. As an application of the theorems, it is
shown that Schrodinger operators Hy with potentials V' obeying suitable
conditions, including the Hamiltonian of the hydrogen atom, have ultra-
weak time operators. Moreover, a class of Borel measurable functions
f:R — R such that f(Hvy) has an ultra-weak time operator is found.

1. Introduction

The present paper concerns a time operator in quantum theory which is de-
fined, in a first stage of cognition, as a symmetric operator canonically con-
jugate to a Hamiltonian if it exists. The uncertainty relation which is derived
from the canonical commutation relation of a time operator and a Hamiltonian
may be interpreted as a mathematically rigorous form of time—energy uncer-
tainty relation. Moreover, time operators may play important roles in quantum
phenomena [1-6]. To explain motivations for studying time operators, we be-
gin with a brief historical review on time and time operator in quantum theory
(cf. also [5, Chapt. 1]).

1.1. Historical Backgrounds

In the old quantum theory, N. Bohr assumed that the interaction of the elec-
trons in an atom with an electromagnetic field causes transitions among the
allowed electron orbits in such a way that the transitions are accompanied by
the absorption or the emission of electromagnetic radiations by the atom. In
this hypothetical theory, however, no principle for the timing of occurrence of
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these transitions was shown. The new quantum theory presented by Heisen-
berg (1925), Born-Heisenberg-Jordan (1926) and Schrodinger (1926) provides
a method of calculating the transition probabilities, but the question of the
timing at which the events occur was not addressed explicitly.

Heisenberg introduced two kinds of uncertainty relations, i.e. the uncer-
tainty relation for position and momentum, and that for time and energy. He
argued ([7, p. 179, Eq. (2)]) that the imprecision within which the instant of
transition is specifiable is given by At obeying the uncertainty relation

h

(At)(AE) ~ h = - (1.1)
with the change AFE of energy in the quantum jump, where h is the Planck
constant. Although many of the issues involved in the uncertainty principle for
position and momentum have been clarified so far, similar clarity has not yet
been achieved on the uncertainty principle for time and energy. For example,
in [8,9], uncertainty relation (1.1) is derived, but At is not considered an
imprecision of measurement on time; interpretations such as “a measurement
act of the time gives an unexpected change to an energy level” or “it dishevels
a clock to have been going to measure energy exactly” may be invalid unless
any restrictions are imposed depending on measurement setups. In addition,
the definition of At seems to vary from case to case.

1.2. Time in Quantum Theory and Time Operator

Tt is said that there exists a threefold role of time in quantum theory ( see,
e.g. [10] and [5, Chapt. 3]). Firstly, time is identified as the parameter entering
the Schrodinger equation, which is a differential equation describing the causal
continuous change of states of a quantum system, and measured by a labora-
tory clock. Time in this sense is called the external time. The external time
measurement is carried out with clocks that are not dynamically connected
with objects investigated in experiments.

By contrast, time as a dynamical one can be defined by the dynamical
behaviour of quantum objects. A dynamical time is defined and measured in
terms of a physical system undergoing changes. Examples include the linear
uniform motion of a free particle and the oscillation of the atoms in an atomic
clock.

Finally, time can be considered as a quantum object which forms a canon-
ical pair with a Hamiltonian in a suitable sense. As already mentioned, time
in this sense is called a time operator in its simplest form. There is in fact
a hierarchy of time operators as is shown below. The main purpose of the
present paper is to analyse this hierarchy mathematically and to establish ab-
stract existence theorems on time operators in relation to the hierarchy with
applications to Schrodinger Hamiltonians.

A simple example of time operator is given as follows. A non-relativistic
quantum particle with mass m > 0 under the action of a constant force F' €
R\{0} in the one-dimensional space R is governed by the Hamiltonian

1

Hp = —P? - FQ
2m
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acting in L?(R), the Hilbert space of square integrable Borel measurable func-
tions on R, with the momentum operator P = —iD, (D, is the generalized
differential operator in the variable z € R)* and @ being the multiplication
operator by x. It is shown that Hp is essentially self-adjoint on C§°(R), the
space of infinitely differentiable functions on R with compact support, and
hence, its closure Hp is self-adjoint (but, note that Hp is neither bounded
from below nor from above). The self-adjoint operator Tw = P/F satisfies the
canonical commutation relation (CCR)

[Hp, Tr] = —il

on a dense domain D (e.g. D = C§°(R)), where 1 denotes identity and [4, B] :=
AB — BA. This shows that T is a canonical conjugate operator to the Hamil-
tonian Hp and hence a time operator of Hgr. From the CCR, one can derive
the uncertainty relation of Heisenberg type

(AHp)y(ATr)y > %

for all unit vectors ¢ € D, where (AA), denotes the uncertainty of A with
respect to the state vector ¢ (see (2.3) for its definition). This inequality may
be interpreted as a form of time—energy uncertainty relation in the present
model.

As for time operator, however, there is a long history of confusion and
controversy.? The origin of this may come from the statement of Pauli made
in 1933 ([11, p. 63, footnote 2]) that the introduction of a time observable T
satisfying the CCR

[H,T] = —il (1.2)
with a self-adjoint operator H having a discrete eigenvalue is basically forbid-
den. Although there are no explicit arguments for this statement in the cited
literature (only reference to Dirac’s textbook), a formal (false in fact) argu-
ment leading to the statement may be as follows: let ¢ be an eigenvector of H
with a discrete eigenvalue E:H¢ = E¢. Then, using (1.2) formally, one obtains
He*Tg = (E +¢e)eT'¢- - (x) for all € € R. Hence, €74 is an eigenvector of
H with eigenvalue FE + €. Since € € R is arbitrary, it follows that each point
in R is an eigenvalue of H. But this obviously contradicts the discreteness of
eigenvalues of H. It should be noted, however, that this argument is very for-
mal and, in particular, no attention was paid to the domain of the operators
involved. For example, if ¢ is not in the domain of 7™ for some n € N, then the
expansion e“T'¢ = 3" (ie)"T"¢/n! is meaningless; even in the case where
¢ is in the domain of T™ for all n € N, > (ie)"T"¢/n! is not necessarily
convergent ; moreover, e“” ¢ is not necessarily in the domain of H and, if e**7'¢
is not in the domain of H, then (x) is meaningless.

It is well known [12, p. 2] that at least one of T' and H satisfying the
CCR (1.2) on a dense domain is an unbounded operator and, for unbounded

1 We use the physical unit system where i = 1.
2 A germ of the notion of time operator is found already in Heisenberg’s paper [7, pp.
177-179] in 1927.
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operators, their domain must be carefully considered. As a matter of fact, the
above argument is incorrect and so is the Pauli’s statement too. Indeed, one
can construct a self-adjoint operator H which is bounded from below with
purely discrete spectrum and a self-adjoint operator T such that (1.2) holds
on a dense domain. This was pointed out in [10, p. 4], and mathematically
rigorous constructions of such time operators T' have been done in [3,13].

The history of studies on time operators as well as on representations
of CCR suggests that there may be a hierarchy of time operators and this
indeed is the case as is shown below in the present paper. It is important to
distinguish each class from the others in the hierarchy. In our words, the time
observable T" such that the above formal argument may take a rigorous form
is an wltra-strong time operator (see Remark 2.4 below), since the operator
equality e T He* = H +¢,¢ € R---(f) is tacitly assumed in the above
argument in fact, which, however, is not equivalent to (1.2) in the mathemati-
cally rigorous sense [14], and, if H is self-adjoint, then () is equivalent to the
Weyl relation efTeitfl = e=iteeitigicT ¢ o ¢ R...(11), meaning that T is an
ultra-strong time operator of H (but, if H is not essentially self-adjoint, then
() does not imply (11) with H replaced by the closure H of H, because, in this
case, “e'” is meaningless as a unitary operator). If a self-adjoint operator
H has an ultra-strong time operator 7', then T is a strong time operator of H
(see (1.3) below) and hence H is absolutely continuous (see Proposition 3.5 be-
low) so that H has no eigenvalues. Therefore, in this case, the above argument
becomes meaningless. Moreover, if H is semi-bounded, then no strong time
operator T' of H is essentially self-adjoint ([4], [1, Theorem 2.8]) and hence
“e”®T” makes no sense as a unitary operator. In this sense too, the above
argument is meaningless.

It has been absurd that studies on time observables have been ruled
out for so many years due to the Pauli’s statement without any questions. If
one could have carefully examined the Pauli’s statement with mathematically
rigorous thinking, then one could have found incorrectness of it.

1.3. Rough Description of Main Results

As already mentioned, a time operator T' of a self-adjoint operator H is de-
fined to be a symmetric operator satisfying CCR (1.2) on a suitable dense
domain (we give a more detailed description of time operators in Sect. 2).
Another approach to consider time operators as observables is an application
of positive operator-valued measures (POVM) [5, Chapt. 10]. In this paper,
however, we take an operator-theoretical approach to classify time operators
and to construct a time operator for a given self-adjoint operator without in-
voking POVM. Consequently, we are led to extend the conventional notion of
time operator. Indeed, commutation relation (1.2) can be weakened in at least
two manners and we find a time operator T for each weakened form. As we
have learned from the formal argument on the Pauli’s statement, taking care
of domains of T" and H is crucial not to be led to incorrect conclusions. Thus,
the domain of time operators is one key ingredient to study them.
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We now outline main results obtained in the present paper in (1)—(5)
below (rigorous statements of assumptions and results are given in Sect. 2).
Let H be a self-adjoint operator acting in a complex Hilbert space H.

(1) Ultra-weak time operators and a hierarchy of time operators. It has so far
been known that there are at least three classes of time operators [2,15], i.e.
time operators as canonical conjugates of a Hamiltonian in the conventional
sense, which may be called ordinary time operators to distinguish them from
other classes of time operators, strong time operators and weak time operators.
In the present paper, in addition to these classes of time operators, we intro-
duce a new concept on time operator, which we call ultra-weak time operator,
and study it. An ultra-weak time operator, however, is not an operator in
general, but defined to be a sesquilinear form t : D; x Dy — C with nonzero
subspaces Dy and Dy of H such that

t[H¢v¢] - t[va ¢]* = _i(¢a 1/1); d)v ¢ € g»

where, for z € C, z* denotes the complex conjugate of z, (, ) is the inner
product of H (linear in the second variable), and £ is a nonzero subspace of
‘H (for the rigorous definition of t, see Definition 2.8). The class of ultra-weak
time operators may be compared to the space of distributions in the context
of theory of functions (as there exists a distribution which is not a function,
there may exist an ultra-weak time operator which is not an operator).

For convenience, we also introduce the concept of ultra-strong time op-
erator which has been already mentioned above. These five classes of time
operators form a hierarchy in the following sense:

{ultra-strong t.0.} C {strong t.0.} C{t.0.}
C {weak t.0.} C {ultra-weak t.0.}, (1.3)

where t.0. is abbreviation of “time operators”. See Sect. 2 for more details.
Generally speaking, it is expected that each class in the hierarchy of time
operators has proper roles in connection with quantum phenomena. In this
paper, we particularly concentrate our attention on strong time operators,
time operators and ultra-weak time operators. As a possible physical aspect
of ultra-weak time operators, a weak form of uncertainty relation is given (see
Proposition 2.10).

(2) Existence of strong time operators in an abstract framework. A strong
time operator T of a self-adjoint operator H is defined through the weak Weyl
relation (see Definitions 2.2, 2.3). It is known that (1.2) is satisfied on a dense
domain and the spectrum o(H) of H must be purely absolutely continuous.
Hence, if H has an eigenvalue, no strong time operator of H exists. Then
a natural question is to ask the existence of a strong time operator for an
absolutely continuous self-adjoint operator. We introduce a class Sy(H) of
self-adjoint operators on H in Definition 3.13 and prove the following theorem
(Theorem 3.16):

Theorem 1.1. Assume that H is separable and that H € So(H). Then H has
a strong time operator.
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It may be interesting to consider extensions of this theorem to a more
general class of absolutely continuous self-adjoint operators. But this will be
done elsewhere. In this paper, we next proceed to construction of a time op-
erator for a self-adjoint operator which has point spectra (eigenvalues).

(3) Existence of time operators of a self-adjoint operator with point spectra.
As for general existence of time operators of a self-adjoint operator H with
point spectra, only limited classes of H have been found [3,13,16,17]. In this
paper we extend these results (Theorem 4.8):

Theorem 1.2. Let o(H) = {E,}2,, E1 < Ey < -+ and lim, . E, = co.
Then there ezists a time operator T of H.

In [3,13,17], time operators of H having purely discrete spectrum are
constructed, but the growth condition Y~ | 1/E2 < oo for {E,}, is imposed.
This condition seems to be artificial. An important point in Theorem 1.2 is that
this condition is not required. We show in Sect. 4.3 that the non-commutative
harmonic oscillator Hamiltonian [18] and the Rabi Hamiltonian [19-22] are
included in this class of Hamiltonians as concrete examples.

Remark 1.3. After submitting the first version of the present paper, we have
learned that Teranishi [23] has proved a theorem essentially same as Theorem
1.2 by a method different from ours.

(4) Ultra-weak time operators. We also establish a theorem on the existence
of ultra-weak time operators for a general class of self-adjoint operators with
infinitely many discrete eigenvalues but the accumulation point is not oo (The-
orem 5.2).

Theorem 1.4. Suppose that o(H)\{0} = {E;}52,, B1 < E» < -+ <0,
lim; .o E; = 0, and 0 is not an eigenvalue of H. Then there exists an ultra-
weak time operator t of H.

It is shown in Sect. 3.2.2 that t[¢, )] = (¢, A) formally with some oper-
ator A. The crucial point is that A is of the form

1
A= —§(T,1H_2 + H2T_ ),

where T_; denotes a time operator of H~'. It is difficult to show, however,
that D(A) # {0} and D(HA) N D(AH) # {0}. This is the reason why the
introduction of an ultra-weak time operator t as a sesquilinear form is needed
and may be even natural.

(5) Ultra-weak time operators for Schrodinger operators. Finally, by apply-
ing the results described in (1)—(4) above, we construct an ultra-weak time
operator for a class of Schrodinger operators, including the Hamiltonian of
the hydrogen atom. It is shown in Theorem 6.6 that, for a class of potentials
V : R — R, the d-dimensional Schrédinger operator

1
Hy = ———A+V
2m
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acting in L?(R?) has an ultra-weak time operator, where A is the
d-dimensional generalized Laplacian. Below are some examples of Hy having
an ultra-weak time operator (see Sect. 6.1 for more details).

(i) Let U € L°°(R?) and

V(z) = Ulw)

(14 |z[?)zte
Suppose that U is negative, continuous, spherically symmetric and satisfies
that U(x) = —1/|z|* for || > R with 0 < a < 1 and R > 0. For each «,
we can choose € > 0 such that 2¢ + a < 1. Then Hy has an ultra-weak time
operator. See Example 6.9.
(ii) Let
1 Y
Hyyqg = ——A — —
hd 2m |z]
be the 3-dimensional hydrogen Schrodinger operator with a constant v > 0.
Then Hyyq has an ultra-weak time operator. See Example 6.8.
(iii) Suppose that Hy has an ultra-weak time operator. Then, under
some conditions, we can show that the following operators f(Hy) also have
an ultra-weak time operator (see Theorem 6.12):

(a) f(Hy)=e "MV for § € R\{0};
(b) f(Hy)=Y0ga;H{ (a; €R,N € N);
(c) f(Hy) = sin(2nfHy) for § € R\{k/2E;|k € Z,j € N}, where {E;};en
denotes the discrete spectrum of Hy .
See Examples 6.13, 6.14 and 6.15.

In the next section we give definitions of terminology used in this paper
and remarks from mathematical point of view.

2. Mathematical Backgrounds of Time Operators

2.1. A Review on Mathematical Analysis on Time Operators

Mathematical analysis on time operators has been developed in the papers
[1-4,13,15-17,24-27]. Let A and B be linear operators on a complex Hilbert
space H, satisfying the canonical commutation relation

[A, B] = —il (2.1)

on a nonzero subspace D C D(AB) N D(BA), where, for a linear operator
L on H, D(L) denotes the domain of L. We call D a CCR domain for the
pair (A, B). It is well known [12, p. 2] that, if D is dense in H, then (2.1)
implies that H has to be infinite dimensional and at least one of A and B is
unbounded. We call this property the unbounded property of CCR. It is easy
to see that, if D is an invariant subspace of A and B, then D has to be infinite
dimensional and hence at least one of A and B as linear operators on D (the
closure of D) with domain D is unbounded. From representation theoretical
point of view, (H,D,{A, B}) is called a representation of the CCR with one
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degree of freedom (usually D is assumed to be a dense invariant subspace of A
and B, but, here, we do not require this property).

W denote by (f,g9)n (f,9 € H) and || - | the scalar (inner) product of
‘H, linear in g and antilinear in f, and the norm of H, respectively. But we
sometimes omit the subscript “H” in (f, g)» and || - || if there is no danger
of confusions.

The CCR (2.1) implies an physically important inequality: if A and B in
(2.1) are symmetric operators on H, then (2.1) yields the uncertainty relation
of Heisenberg type [28, Chapt. III, Sect. 4]:

(AA)y(AB)y = (2.2)

N |

for all ¢ € D with ||¢|| = 1, where

(AA)y = [[(A = (¥, AY)r) 1w, ¥ € D(A), ¥l =1, (2.3)

the uncertainty of A with respect to 9.3

The concept of representation of the CCR with one degree of freedom
can be extended to the case of finite degrees of freedom. Let A; and B; (j, k =
1,...,d,d € N) be symmetric operators on H and D be a nonzero subspace of
H such that D C N¢,_,[D(A;Bx) N D(BrA;) N D(A;Ay) N D(B;By)]. Then
the triple (H,D,{4;,B;|j =1,...,d}) is called a representation of the CCRs
with d degrees of freedom if the CCRs with d degrees of freedom

[A]7Bk] = _Z(Sjk:]lv [A]aAk] = 07 [BjaBk] = Oa .ja k= 17 e 7d (24)

hold on D, where §; is the Kronecker delta. The subspace D is called a CCR
domain for {A;, B;|j =1,...,d}.

There is a stronger version of representation of the CCRs with d degrees
of freedom. A set {A;, Bj|j = 1,...,d} of self-adjoint operators on H is called a
Weyl representation of the CCRs with d degrees of freedom if the Weyl relations

et Ai T Br — istOinpmitBro—isA; il — 1 d s teR (2.5)

hold.

The Weyl relations (2.5) imply that there exists a dense invariant domain
D of Aj and B; (j = 1,...,d) such that (2.4) holds on D [12, Theorem 4.9.1].
Hence, the Weyl representation {A;, Bj|[j = 1,...,d} is a representation of the
CCRs with d degrees of freedom. But the converse is not true (e.g. [14,29,30]).

A Weyl representation {A,, Bg|j,k = 1,...,d} of the CCRs with d de-
grees of freedom is said to be irreducible if any subspace D of ‘H left invariant
by e ™4 and e=®Bi forallt € R and j = 1,...,d is {0} or H.

In quantum mechanics on the d-dimensional space

R = {z = (21,...,24)|x; €R},

the momentum operator P := (Py,..., P;) and the position operator @ :=

(Q1,...,Qq) are defined by P; := —iD; (D, is the generalized partial dif-
ferential operator in x;) and Q; := M, (the multiplication operator by z;),

3 Inequality (2.2) can be derived also from a weak version of (2.1): (A, Bg) — (B, Ag) =
—i(1, @), ¥, ¢ € Dy, where Dy is a nonzero subspace of D(A) N D(B).



Vol. 18 (2017) Ultra-Weak Time Operators of Schrodinger Operators 3003

j=1,...,d. Forall j =1,...,d, P; and Q; are self-adjoint operators on the
Hilbert space L?(R?), satisfying the CCRs with d degrees of freedom:

[P, Q] = —idjul, [P, Pl =0, [Q;,Qx] =0 (2.6)
on the domain ﬂ;l’k:l[D(Pij) N D(QrP;) N D(Q;Qr) N D(QrQ;)]. Hence,
(L3(RY), C°(RY), {P;,Q;]j = 1,...,d}) are a representation of the CCRs
with d degrees of freedom, where C5°(R?) is the space of infinitely differentiable
functions on R? with compact support. This representation of CCRs is called
the Schrodinger representation of the CCR (or the Schridinger system [12])
with d degrees of freedom.

By an application of (2.2), one obtains the position-momentum uncer-
tainty relations

(AP)S(AQ)y > 5, j=1,.d (2.7)
for all ¢ € D(P;Q;) N D(Q;P;) with ||7)|| = 1, basic inequalities in quan-
tum mechanics which show a big difference between quantum mechanics and
classical mechanics.*

The Schrédinger representation {P;, Qx|j, k = 1,...,d} is an irreducible
Weyl representation ([12, Theorem 4.5.1]; [31, Theorem 3.12]). Conversely, it
is known as the von Neumann uniqueness theorem (e.g. [12, Theorem 4.11.1])
that, if H is separable and {A;, Bg|j,k = 1,...,d} is an irreducible Weyl
representation of the CCRs with d degrees of freedom, then

H=LARY), A;=P, B =Q;, j=1,..,d

Here =2 denotes a unitary equivalence.

Usually models of quantum mechanics in R? are constructed from the
Schédinger representation of the CCRs with d degrees of freedom. In this
case, physical quantities, which are required to be represented by self-adjoint
operators on L?(R%), are made from P; and Q;, j = 1,...,d. Among others,
the Hamiltonian of a model, which describes the total energy of the quantum
system under consideration, is important. The classical Hamiltonian of a non-
relativistic particle of mass m in a potential V : R — R is given by He(p,z) =
p?/2m+V (), (p,x) € R xR Then the corresponding quantum Hamiltonian
is given by the Schrédinger operator (or the Schréodinger Hamiltonian)

d
Hy = Ha(P,Q) = 5= Y P24 V(Q) = —5 A+ V(Q)
j=1

on L%(R%), where V(Q) is defined by the functional calculus using the joint
spectral measure of Q1,---,Qq (note that (Q1,...,Qq) is a set of strongly
commuting self-adjoint operators®) and A := Zj’l=1 D? is the d-dimensional

4 Inequality (2.7) holds also for all ¢ € D(P;) N D(Q;) with [l = 1.
5 A set {A1,...,A,} of self-adjoint operators on a Hilbert space is said to be strongly
commuting if the spectral measure EAj of Aj commutes with E4, forall j,k=1,...,n,j #

k (i.e. for all Borel sets J, K C R, Ea,;(J)Ea, (K) = Ea, (K)Ea;(J)).
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generalized Laplacian. It is shown in fact that V(@) is the multiplication op-
erator by the function V' . Hence, one simply denotes V(Q) by V. Thus,

Hy = Hy+V, (2.8)
where .
Hy = ——A. 2.
im g (29)

In general, according to an axiom of quantum mechanics due to von
Neumann, the time evolution of the quantum system whose Hamiltonian is
given by a self-adjoint operator H on a Hilbert space H is described by the
unitary operator e~ with time parameter t € R in such a way that, if
¢ € H is a state vector at t = 0, then the state vector at time t is given by
¢ = e provided that no measurement is made for the quantum system
under consideration in the time interval [0,¢]. If ¢ € D(H), then ¢; is strongly
differentiable in ¢, ¢y € D(H) for all t € R and obeys the abstract Schrodinger
equation

Ay

1 7 Ho;.
Here time t is usually treated as a parameter, not as an operator. It is the
external time mentioned in Sect. 1.2. In relativistic classical mechanics, the
energy variable is regarded as the variable canonically conjugate to the time
variable as so is the momentum variable to the position variable and this may
be extended to non-relativistic classical mechanics as a limit of relativistic one.
From this point of view (or in view of the time—energy uncertainty relation
proposed by Heisenberg), one may infer that a quantum Hamiltonian H may
have a symmetric operator 1" corresponding to time, satisfying CCR,

[H,T] = —il (2.10)

on a nonzero subspace Dy included in D(HT)ND(T H). Such an operator T
is called a time operator of H (some authors use the form [H, T| = i1 instead of
(2.10), but this is not essential, just a convention). From a purely mathematical
point of view (apart from the context of quantum physics), this definition ap-
plies to any pair (H,T) of a self-adjoint operator H and a symmetric operator
T obeying (2.10) on a nonzero subspace included in D(HT) N D(TH).

Remark 2.1. Tt is obvious that, if T is a time operator of H, then, for all
a € R\{0}, a™!T is a time operator of aH.

The uncertainty relation

(AH)y,(AT)y > Y € Dry, [¥||=1 (2.11)

M| =

implied by (2.10) may be interpreted as a form of time—energy uncertainty
relation. The time operator T is physical in the sense that it gives a lower
bound for the uncertainty (AH), of H with respect to the state ) € Dr g.
In the physics literature, formal (heuristic) constructions of “time op-
erators” have been done for special classes of Schrodiner Hamiltonians (e.g.
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[32-37]). But, since the theory of CCRs with dense CCR domains involves un-
bounded operators as remarked above, formal manipulations are questionable
and results based on them remain vague and inconclusive. In fact, mathe-
matically rigorous considerations lead one to distinguish some classes of time
operators as recalled below. These classes correspond to different types of rep-
resentations of CCRs (see, e.g. [14,30,38-40]). It should be noted that there
exist representations of CCRs which are inequivalent to Schrodinger ones (e.g.
[14,29,30]) and, interestingly enough, some of them are connected with charac-
teristic physical phenomena such as the so-called Aharonov—Bohm effect (see
[29] and references therein).

Mathematically rigorous studies on time operators, including general
theories of time operators (not necessarily restricted to time operators of
Schrodinger operators), have been made by some authors (e.g. [1-4,13,16,
17,24-27] and references therein; see also [30,38-40] for earlier studies from
purely mathematical points of view). The present paper is a continuation of
those studies, in particular, concentrating on constructions of time operators
in a generalized sense associated with a class of Schrodinger operators which
contains the Hamiltonian of the hydrogen atom.

Let H be a self-adjoint operator on H and bounded from below. Then
the von Neumann uniqueness theorem tells us that there exists no self-adjoint
operator T such that pair (H,T) satisfies the Weyl relation (2.5) with d = 1,
since o(P) = R and then H % P, where, for a linear operator L, o(L) denotes
the spectrum of L. Thus, to treat such a case, it is natural to introduce a weaker
version of the Weyl representation with one degree of freedom to define a class
of time operators.

Definition 2.2 (weak Weyl relation). A pair (A, B) consisting of a self-adjoint
operator A and symmetric operator B on H is called a weak Weyl represen-
tation with one degree of freedom if e=*AD(B) C D(B) for all ¢ € R and the
weak Weyl relation

Be ) = e " A(B + t)e (2.12)
holds for all ¢ € D(B) and all t € R.

Studies on this class of representations from purely mathematical points
of view have been done in [30,38-40]. It is easy to see that a Weyl represen-
tation {A, B} is a weak Weyl representation and that the weak Weyl relation
(2.12) implies the CCR (2.1) on D(AB) ND(BA). But one should note that a
weak Weyl representation (A, B) with both A and B being self-adjoint is not
necessarily a Weyl representation.

Definition 2.3 (Strong time operator). A symmetric operator 7' on H is called
a strong time operator of a self-adjoint operator H on H if (H,T) is a weak
Weyl representation.

Remark 2.4. (1) In relation to strong time operators, it may be convenient to
give a name to a self-adjoint operator T' on H such that (H,T') is a Weyl rep-
resentation of the CCR with one degree of freedom. We call such an operator
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T an ultra-strong time operator of H. It follows that an ultra-strong time oper-
ator is a strong time operator. But the converse is not true. If H is separable,
then, by the von Neumann uniqueness theorem, (H,T") is unitarily equivalent
to the direct sum of the Schrodinger representation (P, Q) with d = 1.

(2) Tt is well known or easy to see that, if (H,T) is a Weyl representation
of the CCR with one degree of freedom, then o(H) = o(T) = R (for this
fact, separability of H is not assumed). Hence, a semi-bounded self-adjoint
operator (i.e. a self-adjoint operator which is bounded from below or above)
has no ultra-strong time operators.

As far as we know, a firm mathematical investigation of a strong time
operator was initiated by [4], although the name “strong time operator” is
not used in [4] (it was introduced first in [2] to distinguish different classes
of time operators). Further investigations and generalizations on strong time
operators were done in [1,24]. See also [3,17,27,41]. It is known that, if (H,T)
satisfies the weak Weyl relation, then o(H) is purely absolutely continuous
[40]. Hence, if H has an eigenvalue, then H has no strong time operator.

In the context of quantum physics, in addition to time-energy uncer-
tainty relation (2.11), a strong time operator T' of a Hamiltonian H may
have properties richer than those of time operators of H. For example, it
controls decay rates in time ¢ € R of transition probabilities |(¢,e~"*Hq))|?
(¢,9 € H,||9|| = ||]] = 1) in the following form [1, Theorem 8.5]: for each
natural number n € N and all unit vectors ¢, 1 € D(T™), there exists a con-
stant d(¢,1) > 0 such that, for all t € R\{0},

|(¢’efitH¢)|2 S dZ(éfMﬁ)z

|t‘2n

This shows a very interesting correspondence between decay rates in time of
transition probabilities and regularities of state vectors ¢,.% It tells us also
the importance of domains of time operators.

In [3,13], a time operator of a self-adjoint operator whose spectrum is
purely discrete with a growth condition is constructed. In [16], necessary and
sufficient conditions for a self-adjoint operator with purely discrete spectrum to
have a time operator were given. From these investigations, it is suggested that
the concept of time operator should be weakened for a self-adjoint operator
(a Hamiltonian in the context of quantum mechanics) whose spectrum is not
purely absolutely continuous and whose discrete spectrum does not satisfy
conditions formulated in [16]. One of the weaker versions of time operator is
defined as follows:

Definition 2.5 (Weak time operator). A symmetric operator T' on H is called a
weak time operator of a self-adjoint operator H on H if there exists a nonzero
subspace Dy, C D(T') N D(H) such that the weak CCR on Dy, holds:

(Ho, Ty) — (T, H) = —i(¢,9), ¢, ¢ € Dy, (2.13)
We call Dy, a weak-CCR domain for the pair (H,T).

6 Here we mean by “regularity” of a vector 1) the number n such that 1 € D(T™).
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It is obvious that a time operator T of H is a weak time operator of H
with Dy, = D p. We remark that (2.13) implies the time-energy uncertainty
relation (2.11) with ¢ € Dy, (||¢]] = 1).

One should keep in mind the following fact:

Proposition 2.6. Let T be a weak time operator of a self-adjoint operator H
and Dy, be a weak-CCR domain for (H,T). Then H has no eigenvectors in
Dy -

Proof. Let Hy = Ev¢ with ¢ € Dy and E € R. Taking ¢ in (2.13) to be
1, we see that the left-hand side is equal to 0. Hence, ||¢||*> = 0, implying
Y =0. O

Remark 2.7. Unfortunately we do not know whether or not there exists a
weak time operator which cannot be a time operator. We leave this problem
for future study.

2.2. Ultra-Weak Time Operator

Proposition 2.6 implies that, if a self-adjoint operator H with an eigenvalue
E has a weak time operator, then all the eigenvectors of H with eigenvalue
E are out of any weak-CCR domain for (H,T). On the other hand, H may
have a complete set of eigenvectors so that the subspace algebraically spanned
by the eigenvectors of H is dense in H. This suggests that such a self-adjoint
operator may have tendency not to have a weak time operator. Taking into
account this possibility and in the spirit of seeking ideas as general as possible,
we generalize the concept of weak time operator:

Definition 2.8 (Ultra-weak time operator). Let H be a self-adjoint operator on
'H and D7 and D5 be nonzero subspaces of H. A sesquilinear form t : Dy x Dy —
C (D1 x D3 3 (¢,9) — tjp, 9] € C) with domain D(t) = Dy x Dy (t[p, ] is
antilinear in ¢ and linear in ) is called an ultra-weak time operator of H if
there exist nonzero subspaces D and £ of D; N Dy such that the following
(i)—(iii) hold:

(i) EC DH)ND.
(ii) (symmetry on D) t[p, ¥]* = t[v, @], ¢, € D.
(iii) (ultra-weak CCR) HE C D; and, for all ¢, ¢ € £,

t{Ho, o] — t{HY, ¢]" = —i(),) (2.14)

We call € an ultra-weak CCR domain for (H,t) and D a symmetric domain
of .

Remark 2.9. (1) As far as we know, the concept “ultra-weak time operator”
introduced here is new.

(2) Although there may be no operators associated with the sesquilinear
form t in the above definition, we use, by abuse of word, “ultra-weak time op-
erator” to indicate that it is a concept weaker than that of weak time operator
as shown below.
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Let T be a weak time operator of H with a weak CCR domain Dy,. Then
one can define a sesquilinear form tp : H x D(T) — C by

tT[¢a d]} = (¢7Tw)7 ¢ € H,l/f € D(T)

Then it is easy to see that tr[o,¢¥]* = tr[, @], ¥,¢ € D(T) and, for all
@, € Dy, tr[Ho, ] — tr[H, ¢)* = —i(¢¥, ¢). Hence, tr is an ultra-weak
time operator of H with Dy, being an ultra-weak CCR domain and D(T') a
symmetry domain. Therefore, the concept of ultra-weak time operator is a
generalization of weak time operator.

(3) If Hy € D in (2.14), then, by the symmetry of t[-,:] on D, (2.14)
takes the following form:

t{Ho, v] — t[¢, H)| = —i(0,)

For a sesquilinear form t: D; x Dy — C and a constant a € R, we define
a sesquilinear form t — a : D; x Dy — C by

(t_a)[¢7w} = f[¢ﬂ/}]_a(¢ﬂ/})7 ¢€D17¢€D2~

In the case of the pair (H,t) in Definition 2.8, the uncertainty relation
(2.2) associated with CCR is generalized as follows:

Proposition 2.10 (Uncertainty relation for (H,t)). Assume that H has an ultra-
weak time operator t as in Definition 2.8. Then, for all a,b € R and a unit
vector ¢ € &,

1
|(t = a)[(H = D)y, 9] = 5. (2.15)
Proof. Using (2.14), we have S{(t — a)[(H — b)¢,¢]} = —%. Since |z| > |3z|
for all z € C, (2.15) follows. O

In summary, we have seen that there exist five classes of time operators
with inclusion relation (1.3).

2.3. Outline of the Present Paper

Having introduced the new concept “ultra-weak time operator”, we now out-
line the contents of the present paper. In Sect. 3, we review an abstract theory
of time operators and give new additional results. Among others, we prove
an existence theorem on a strong time operator of an absolutely continuous
self-adjoint operator (Theorem 3.16). Section 4 is devoted to showing the ex-
istence of time operators of self-adjoint operators with purely discrete spectra.
This includes an extension of existence theorems on time operators in [3,13].
In Sect. 5, we introduce a class S7(H) of self-adjoint operators on H (see Def-
inition 5.3) such that each element of S;(H) has an ultra-weak time operator
with a dense ultra-weak CCR domain (Theorem 5.4). Moreover, for a class of
Borel measurable functions f : R — R, we formulate sufficient conditions for
f(H) to have an ultra-weak time operator (Corollary 5.6). In Sect. 6, we dis-
cuss applications of the abstract results to the Schrédinger operator Hy . We
find classes of potentials V' for which Hy has an ultra-weak time operator with
a dense ultra-weak CCR domain (Theorem 6.6). Also we show that the Hamil-
tonian of the hydrogen atom (i.e. the case where V(z) = —v/|z|, € R*\{0}
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with a constant v > 0) has an ultra-weak time operator with a dense ultra-
weak CCR domain (Example 6.10). Moreover, for a class of f, an existence
theorem on an ultra-weak time operator of f(Hy) is proved (Theorem 6.12)
and some examples are given.

3. Abstract Theory of Time Operators—Review with
Additional Results

3.1. A General Structure of Time Operators

We first note an elementary fact:

Proposition 3.1. Let H be a self-adjoint operator on a Hilbert space H and T
be a time operator of H with a CCR domain D for (H,T). Let H' be a self-
adjoint operator on a Hilbert space H' such that UHU ' = H' for a unitary
operator U : H — H'. Then T' := UTU ' is a time operator of H' with a
CCR domain UD for (H',T").

Proof. An easy exercise. O

In what follows, H denotes a self-adjoint operator on a complex Hilbert
space H. As is well known (e.g. [42, Sect. 10.1], [43, Theorem VIIL.24]), H has
the orthogonal decomposition

H:HaC(H)@HSC(H)®Hp(H)a (3.1)
where Hac(H) (resp. Hee(H), Hp(H)) is the subspace of absolute continuity
(resp. of singular continuity, of discontinuity) with respect to H, and H is
reduced by each subspace H4(H) (# = ac, sc, p). We denote the reduced part
of H to Hy(H) by Hy and set

Cac(H) :=0(Ha), 0sc(H) :=0(Hge),
which are called the absolutely continuous spectrum and the singular continu-
ous spectrum of H, respectively. We denote by o, (H) the set of all eigenvalues
of H. We remark that o(Hp) = o,(H), the closure of o,(H). We have

H = H, & H,. ® H, (3.2)

and
0(H) = 0ac(H)Uos.(H)Uo,(H).

An eigenvalue of H is called a discrete eigenvalue of H if it is an isolated
eigenvalue of H with a finite multiplicity. The set ogisc(H) of all the discrete
eigenvalues of H is called the discrete spectrum of H.

The following proposition shows that the problem of constructing time
operators of H is reduced to that of constructing time operators of each H.

Proposition 3.2. Suppose that each Hy has a time operator Ty with a CCR
domain Dy. Then the direct sum

T:=T® T (H) DT,
is a time operator of H with a CCR domain Dac @ Dy @ Dy.
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Proof. Since the direct sum of symmetric operators is again a symmetric op-
erator in general, it follows that 7" is symmetric. By the assumption, we have
for all Y4 € Dy

[Hy, Tyltby = —ithy.

Let ¢ = (Yac, Ysc: ¥p) € Dac ®Dsc B Dp. Then, by (3.2), v € D(HT)ND(TH)
and

[H, T]¢ = ([HachHC]wan [Hsc,Tsc]wsc» [Hpan]wp) = —1.
Hence, T is a time operator of H with a CCR domain Dy @ Dsc @ Dp. O

3.2. Strong Time Operators

3.2.1. A Summary of Known Results and Additional Results. We summarize
some basic facts on strong time operators of H.

Proposition 3.3. A symmetric operator T is a strong time operator of H if and
only if operator equality e Te """ =T +t holds for all t € R.

Proof. See [1, Proposition 2.1]. O

Note that the operator equality given in this proposition implies that, for
all t € R, e "1 D(T) = D(T).

Proposition 3.4. Let T be a strong time operator of H and H' be a self-adjoint
operator on a Hilbert space H' such that, for a unitary operator U : H — H’,
UHU-' = H'. Then T" := UTU™! is a strong time operator of H'.

Proof. By the functional calculus, for all ¢ € R, e/tH' = Ue 1. By this
fact and Proposition 3.3, we have

tH it o—itH' _ yoitHm —itHpr—1 _ U(T + t)Uﬁl —T +t.
Hence, T” is a strong time operator of H'. O

Proposition 3.5 ([1]). Suppose that H has a strong time operator T. Then:

(1) The closure T of T is also a strong time operator of H.
(2) If H is semi-bounded, then T is not essentially self-adjoint.
(3) The operator H is absolutely continuous.

Proposition 3.6. Let T1,...,T,, (n > 2) be strong time operators of H.

(1) Let S = > p_jaxTy with a € R (k = 1,...,n) satisfying
>or_yar = 1. Then, for allt € R, operator equality
MG — g 1t (3.3)

holds. In particular, if N}_,D(T}) is dense, then S is a strong time op-
erator of H.

(2) For any pair (k,0) withk # € (k,{ =1,....,n), (Tpy—Tp)e"* ) = e (T}, —
Te)y for allt € R and ¢ € D(T}) N D(Ty).
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Proof. (1) By Proposition 3.3, we have operator equalities
etHe ™ =T 4t teRk=1,...,n. (3.4)

Since et Ge~H = S~ et g Tie= 1 (operator equality), (3.4) implies
(3.3). If N¢_,D(T}) is dense, then S is a symmetric operator and hence it is a
strong time operator of H.

(2) This easily follows from (3.4). O

Proposition 3.6-(1) shows that any real convex combination S of strong
time operators of H such that D(S) is dense is a strong time operator of H.
Let {Hy,...,H,} be a set of strongly commuting self-adjoint operators
on ‘H. Then Z?Zl Hj is essentially self-adjoint and, for all t € R,
n
I — T e, (35)
j=1
where the order of the product of e®1 ... e®Hn on the right-hand side is
arbitrary (this is due to the commutativity of e®*#s and e*Hr (j,k=1,...,n)
which follows the strong commutativity of {Hy,..., H,}).

Proposition 3.7. Let {Hi,...,H,} be as above and assume that, for some j,
Hj has a strong time operator T such that e”H’“Tje’“H’C =1y for all k # j.

Then T} is a strong time operator of Z?:1 ;.
Proof. By the present assumption and Proposition 3.3, we have operator equal-

ity e!HiT;e~"Hi = T; +t for all t € R. Hence, by (3.5) and the commutativity
of the operators e®*™x L =1,... n, we have

eitz;"zl H; Tjefitz.?’zl H; —_ H eitHk (TJ + t) H e—itHk — 1‘1] + ¢
k#j k#j
Thus, the desired result follows. O

Proposition 3.7 may be useful to find strong time operators of a self-
adjoint operator which is given by the closure of the sum of strongly commuting
self-adjoint operators.

A variant of Proposition 3.7 is formulated as follows. Let {A41,..., A}
be a set of strongly commuting self-adjoint operators on H such that each
A; is injective. Suppose that each A; has a strong time operator B; such
that, for all j = 1,...,n, D(BjAj_l) N D(Aj_lBj) is dense and, for all ¢t €
R, ¢4k BjeitAr = B; k # j k = 1,...,n. By the strong commutativity of
{A4,..., A,}, the operator

Hy = En:Af
j=1

is a non-negative self-adjoint operator. For each j = 1,...,n, the operator
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I = -15
Tj = 1 (BJAJ +AJ B])
is symmetric.
Proposition 3.8 ([1]). For each j = 1,...,n, T; is a strong time operator of

Hy.

A general scheme to construct strong time operators for a given pair
(H,T) of a weak Weyl representation is described in [1, Sect. 10]. A general-
ization of this scheme is given as follows. By the functional calculus, for any
real-valued continuous function f on R, f(H) is a self-adjoint operator on H.
Then a natural question is: does f(H) has a strong time operator 7 A heuristic
argument to answer the question is as follows. Let f € C*(R) and denote the
derivative of f by f’. We have [T, H] = +i1, which intuitively implies that
T = +id/dH. Hence, we may formally see that [T, f(H)] = if’(H)(in [1, The-
orem 6.2], this is justified for all f € C*(R) such that f and f’ are bounded),
and then Te "/ (H) = e~ f(H)(T 11 f'(H)) holds. Multiplying f'(H)~! on the
both sides, we may have T f'(H)~te= /(1) = ¢=t/H) (T f/(H)~' +1), and, by
symmetrizing T'f'(H) ™!, we expect that (T f'(H)~' + f/(H)~'T) is a strong
time operator of f(H). Actually this result is justified under some conditions:

Proposition 3.9 ([27, Theorem 1.9]). Let K be a closed null subset of R with
respect to the Lebesque measure. Assume that f € C*(R\K) and L := {\ €
R\K|f'(A\) = 0} is a null set with respect to the Lebesgue measure. Suppose
that H has a strong time operator Ty which is closed and let

D = {g(H)D(Ty)lg € C*(R\L UK},

Then

Ty o= 3 T ()1 + () T [D

is a strong time operator of f(H), where, for a linear operator L and a subspace
D C D(L), LID denotes the restriction of L to D.

Ezample 3.10 (Aharonov-Bohm time operator). Let m > 0 be a constant.
Then it is obvious that \/%Qj is a strong time operator of P;/ V2m in the
Hilbert space H = L%(R?). Consider the function f(\) = A2, A € R. Then
f'(A) = 2A. Hence, {A € R|f’(\) = 0} = {0}. Therefore, the subspace D in
Proposition 3.9 takes the form Dag ; := L.H.{g(P;)D(Q;)|g € C5°(R\{0})}.
Hence, letting

m _ _
Tap =5 (@;F; '+ PQ;),
the operator
Tap,j = Tap ;[ Das,;

is a strong time operator of Pj2/2m. Since (Pi,...,Py) is a set of strongly

commuting self-adjoint operators, it follows from Proposition 3.8 that T AB,j 18
a strong time operator of Hy.
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There is another domain on which TAp ; becomes a strong time operator
of H() [24] Let

Qj = {k e RYk; #£0}, Dip, =1{f € L*RY)|f e C(Q))},

where f is the L2-Fourier transform of f. Then DgB’j is dense. Moreover, by

using the Fourier analysis, it is shown that the operators @, Pj’l, ¢tP/2m and
eto (vt € R) leave D) ; invariant and, for all ¢ € R, e"HoTyp je~ Mo =
Tap,;+ton DABJ. Hence,

/ L /
TAB,j = TAB,j [DAB,j

is a strong time operator of Hp. We note that D(Q;) D Djp ;. Hence, for
each g € C5°(R\{0}), g(P;)D(Q;) D g(Pj)D}p ;. For any g € C5°(R\{0})
such that g(k;) > 0,Vk; € R, g(P;)Djp; = Djp ;- It is not so difficult to
show that such a function g exists. Therefore, Dap ; D DAB, ; in fact. A time
operator of Hj obtained as a restriction of TAp ; to a subspace or its closure
is called an Aharonov-Bohm time operator [4,32].

Ezxample 3.11. As a generalization of Aharonov—Bohm time operators, one
can construct strong time operators of a self-adjoint operator H of the form
H = F(P) with F € C*(R?), which includes the free relativistic Schrodinger
Hamiltonian (—A + m?)Y/2 (m > 0) and its fractional version (—A + m?)®
(o > 0). This approach can be applied also to constructions of strong time
operators of Dirac-type operators [44]. See [1, Sect. 11]) for the details.

3.2.2. Existence of a Strong Time Operator for a Class of Absolutely Contin-
uous Self-Adjoint Operators. As already mentioned, a self-adjoint operator
which has a strong time operator is absolutely continuous. Then a natural
question is: does an absolutely continuous self-adjoint operator have a strong
time operator 7 To our best knowledge, this question has not been answered
in an abstract framework. In what follows, we give a partial affirmative answer
to the question.

We recall an important concept. For a linear operator A on a Hilbert
space H, a nonzero vector ¢ € N2 D(A") is called a cyclic vector for A if

L.H.{A"$|n € {0} UN}

is dense in ‘H, where, for a subset D of H, L.H.D denotes the algebraic linear
hull of vectors in D.

We denote by E'g the spectral measure of H. For a nonzero vector ¢ € 'H,
a measure jty, on R is defined by

ps(B) = |Ea(B)Y|*, Be€B,
where B is the family of Borel sets of R. We define a function X on R by
X(\) =X XeR.

We note the following fact:
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Lemma 3.12. Assume that H is separable. Suppose that H has a cyclic vector
¢. Then there exists a unitary operator U from H to L?*(R, due) such that
Up =1 and UHU ' = My, the multiplication operator by the function X
acting in L*(R,duy). Moreover, the subspace L.H.{e®X|t € R} is dense in
LQ(R7d:u¢)'

Proof. The first half of the lemma follows from an easy extension of Lemma 1
in [43, Sect. VIIL.2] to the case of unbounded self-adjoint operators [31, Theorem
1.8]. To prove the second half of the lemma, we note that, by the cyclicity of
¢ for H, LH{H"¢|n € {0} UN} is dense in H. By the functional calculus, we

have
lim (—4)" <etH—1> ¢ =H"¢.

t—0 t

Hence, it follows that L.H.{e!*¢|t € R} is dense in H. By the first half of
the lemma, we have Ue'f¢ = "X, Hence, L.H.{e"*X|t € R} is dense in
LQ(R,dp¢). 0

Let ¢ € H. If uy is absolutely continuous with respect to the Lebesgue
measure on R, then we denote by py the Radon-Nykodym derivative of fu,:
py =0 and py(B) = [ py(N)dA, B € B.

We introduce a class of self-adjoint operators on H.

Definition 3.13. We say that a self-adjoint operator H on H is in the class
So(H) if it satisfies the following (i) and (ii):

(i) H is absolutely continuous.
(ii) H has a cyclic vector ¢ such that py is differentiable on R and

/ A 2
lim pg(A) =0, / PN 0y < 0.
A—ztoo p(3)>0 Ps(A)

Let H be separable and H € So(H) with a cyclic vector ¢ satisfying the
above (ii) and
A)
—— for pg(A) >0
0 for py(A) =0
Then we define an operator Y on L*(R, dug) as follows:
7

: d
DY) :=LH{"™|teR}, Y := it W

Lemma 3.14. The operator Y is a symmetric operator.

Proof. By Lemma 3.12, D(Y') is dense in L?(R, dju,). Using (ii) and integration
by parts, we see that, for all f,g € D(Y), (f, Yg)y(R,d,w) = (Y, g)La(RydM).
Hence, Y is a symmetric operator. O

Lemma 3.15. The operator Y is a strong time operator of Mx .
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Proof. 1t is obvious that, for all ¢t € R, e®™xD(Y) C D(Y). Let f(\) =
e"** s € R, A € R. Then, using the fact that if’(\) = —sf()\), we see that
. . _ d i
(ethXYefthX ) = ettA (Z + v

T 3o ) T Z )+ (VDN

Thus, Y is a strong time operator of Mx. O

Theorem 3.16. Assume that H is separable and that H € So(H). Then H has
a strong time operator.

Proof. We have U"'MxU = H. By Lemma 3.15, Y is a strong time operator
of Mx. Hence, by an application of Proposition 3.4, U~'Y U is a strong time
operator of H. O

Thus, we have found a class Sy (H) of self-adjoint operators on a separable
Hilbert space H which each have a strong time operator.

3.3. Construction of Strong Time Operators of a Self-Adjoint Operator from
Those of Another Self-Adjoint Operator
We consider two self-adjoint operators H and H' acting in Hilbert spaces H
and H’, respectively. If H = H’, then H' = H + (H' — H) on D(H) ND(H')
and hence H' can be regarded as a perturbation of H.
We denote by P,.(H) the orthogonal projection onto the absolutely con-
tinuous subspace Ha.(H) of H. For a linear operator A, we denote by Ran(A)
the range of A.

Lemma 3.17. Assume the following (A.1)—(A.3):
(A.1) The wave operators

Wy =5 lim et Je= "t p, (H)

exist, where s-lim means strong limit and J : H — H' is a bounded linear
operator.
(A.2) limy oo || Je™" T Pac (H)W|| = || Pac(H)Yl, ¥ € K.
(A.3) (completeness) Ran(Wy ) = Hac(H').
Let Uy := Wi[Hac(H). Then Uy are unitary operators from Ha.(H) to
Hac(H') such that

Hl, =UyH,UL".
Proof. See textbooks of quantum scattering theory (e.g. [45,46]). O

Theorem 3.18. Assume (A.1)-(A.3) in Lemma 3.17. Suppose that H,. has a
strong time operator T. Then T := UiTU;1 are strong time operators of
H..

Proof. This follows from Lemma 3.17 and an application of Proposition 3.4.
O

Theorem 3.18 can be used to construct strong time operators of H' from
those of H.
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4. Time Operators of a Self-Adjoint Operator with Purely
Discrete Spectrum

4.1. Case (I)

If ogisc(H) # 0, then no strong time operator of H exists by Proposition 3.5-
(3). But, even in that case, H may have time operators or weak time operators.
We first recall basic results on this aspect.

Proposition 4.1 ([13,16]). Suppose that o(H) = caisc(H) = {En}52, (En #
E,, for n # m), each eigenvalue E, is simple, and, for some N > 1, E,, #
0,n >N, Y>> y1/E2 < co. Let e, be a normalized eigenvector of H with
eigenvalue E,,: He, = E,e, and define

T¢—ZZ 6m’¢) en, ¢ €D(T) (4.1)

n=1 m;én
with domain
D(T) := F := L.H.{e,|n € N}, (4.2)
Then T is a symmetric operator and [H,T) = —ill holds on
€ :=L.HA{e, —en|n,m e N}.
Furthermore, £ is dense.

This proposition shows that 7" is a time operator of H with a dense CCR
domain £ and hence T is a weak time operator of H too with a weak-CCR
domain £. But D(T') = D(T) N D(H) cannot be a weak-CCR domain for
(H,T), since D(T) contains an eigenvector of H (see Proposition 2.6) (note
that £ contains no eigenvectors of H).

Ezample 4.2. (One-dimensional quantum harmonic oscillator) The Hamilton-
ian of a 1-dimensional quantum harmonic oscillator is given by

1
Hyge = — fA + 2w2 2
acting in L?(R), where A is the 1-dimensional generalized Laplacian and w > 0
is a constant. It is shown that Hysc is self-adjoint, o(Hesc) = Odise(Hosc) =
{w(n+1)}52, and each eigenvalue w(n+3) is simple. Since Y77 (n_: vz < 00,
the assumption in Proposition 4.1 holds. Hence, H,s. has a time operator Togc
given by

oo

Toef = S5 (S D) o pen@),

n=1 \m#n

One can show that 7' is bounded and o(T) = [~7/w, 7/w] (see [17, Example
4.2)).
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Corollary 4.3. Suppose that o(H)\{0} = oaisc(H) = {En}S2,, each E, is
simple, By < By < ---<0,0¢ 0,(H), and Y>>~ | E? < co. Then the operator
Tq defined by

o0
. €m,
Tagp:=i» | D M en, ¢ED(Ty):=F (4.3)
n=1 E, Em
is a time operator of H=1, where F is given by (4.2), i.e. [H™Y, Ty] = —il on
E.

Proof. We see that o(H™') = oqisc(H™') = {1/E,}32; and Y o2, (1/;%) <

2
oo. Hence, the corollary follows from Proposition 4.1. O

4.2. Case (II)

In Corollary 4.3, condition Y- | E2 < oo is imposed to construct a time op-
erator of H~', which is needed to apply Proposition 4.1 with H replaced by
H~'. In this section, we show that the condition ) -, F2 < oo can be re-
moved. The idea is to decompose H into the direct sum of appropriate mutually
orthogonal closed subspaces [47].

Lemma 4.4. Let p > 1 and {an}52, be a complex sequence such that
lim, o an, = 0 and a,, # an, forn #m, n,m € N. Let A := {a,|n € N} be the
set corresponding to the sequence {an,}S2 ;. Then there exist an N € NU {oo}
and subsequences {apn}2, of {an}2, (k = 1,...,N) such that the sets
Ay :={agnn € N}, k=1,..., N, have the following properties:

ArNA =0 fork#1,kl1=1,...,N;
A:UévzlAk;

o0

Z|akn\p <oo, k=1,...,N.

n=1
Proof. For each k € N, let Ji, := {an|1/(k +1) < [a,| < 1/k} C A and
{k|Jx # 0} = {k1,k2,...} with k1 < k2 < ..., which is an infinite set by the
condition lim,,_,~ a, = 0. It is obvious that A = U2, J, and Jy, NJy, = 0 for
all (n,m) with n # m. Let a1,, € Ji,. Then >~ 7 a1,|P? < 3,7 1/kE < oo.
Let A; := {ain|n € N} and A’ := A\A;. Write A’ = {b,|n € N} with
by, # by (n # m). Then we can apply the preceding procedure on {a, }52
to {b,}52, to conclude that there exists a subsequence {as,}52, of {b,}52,
such that > 7 | az,|P < oco. Hence, we obtain a subset Ay := {ag,|n € N}.
Obviously A;NAs = 0. Then we give a similar consideration to A” := A"\ Ay =
A\(A; U A3). In this way, by induction, we can show that, for each k € N,
there exists a subset Ay which is empty or Ay = {agn|n € N} C A such that
Yoo lakn|P < 00, AkNA; =0,k # j and A = U2, A (if, for some N € N,
A:UévzlAk,then A;C:@,]{:ZN—I—l). O

If a self-adjoint operator S on a Hilbert space K is reduced by a closed
subspace D of I, then we denote by Sp the reduced part of S to D, unless
otherwise stated.
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Lemma 4.5. Let o(H) = ogisc(H) = {En}52,, E1 < By < -+ < 0,
limy, oo En, = 0 and O & o, (H). Then there exist mutually orthogonal closed
subspaces H; of H (j = 1,...,N, N < oo0) such that H is decomposed as
H=a H; (N <o0)and (1)-(3) below are satisfied.

(1) Each H; reduces H and o(H;)\{0} = oaisc(H;)) = {Fjr}3>,, where

H]' = HHj .

(2) Each eigenvalue Fj, (1 <j < N,1<k<o0)issimple.

(3) Zka < oo foreach1<j<N.

Proof. Note that 0 is the unique accumulation point of the set {E,|n € N}.
Let M, be the multiplicity of E, (which is finite, since E, € oqisc.(H)). Let
{el]i=1,---,M,} be acomplete orthonormal system (CONS) of ker(H —E,,):
Hel, = Enet,i=1,...,M,. We set

n?

supM,, =M and limsup M,, =m.

n>1 n—oo

We consider two cases: (A) m = oo and (B) m < oc.

Case (A). Suppose that m = oco. In this case, M = oo and, for each k > 1 and
each n, there exists an N > n such that My > k. Using this fact, we see that,
for each k£ > 1, the subspace
gk = LH{eﬂ Mj Z k}
is infinite dimensional and Gy, is orthogonal to G; for all k.l with k # [. Since
{eln>1,i=1,...,M,} is a CONS of H, we have the orthogonal decompo-
sition
H = &7, Gr. (4.4)
Fix k and consider Gy. Let A := o4isc(Hg, ) = {a;|j € N} (= {E,|M,, >
k}). Then each eigenvalue a; is simple and a; # ay, for j # k, lim;_.. a; = 0.
Hence, we can apply Lemma 4.4 with p = 2 to conclude that there exist an
N}, < oo and subsets A; := {al € Alj € N, Py |a}|? < oo} of A such that

A=y ’“1,41 (a disjoint unlon) Hence, we can decompose G, as

where G} := L.H{g; € Gx|Hg; = d}g;,j € N} (hence oqise(Hgt ) = Ap). Thus,

H= @iil @i\ﬁl gjc (4~6)
and the lemma follows.

Case (B). Suppose that m < co. Then we have m < M < co. Hence, we need
only to consider four cases (a) — (d) below.

(a) M = m = 1. In this case, H = G; and G; can be decomposed as (4.5).
Then the lemma follows.

(b) M > 2 and M = m. In this case, for all k = 1,..., M, G is infinite
dimensional. Hence, in the same way as in the case m = oo we can see that
H = &L G, and G, can be decomposed as (4.5). Thus, the lemma follows.
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(¢) M > 2 and m = 1. In this case, there exists a jo € N such that
for allj > Jo, Mj = 1. Let B, = LH{@_’;L] < j(),]i? < Mj}, k = 1,--- , M
and C := L.H.{e}\j > jo}. Then we can decompose C as C = @1, Cy, where
Cr = LHAe], ljrx = Jo,jr = jo+k—1+ Mr,r € {0} UN} (k= 1,...,M).
Define Dy, = B, ®Cj,, k= 1,--- , M. Then we have H = EBg/Ilek. In the same
way as in the case (A), we can decompose Dy, like (4.5). Thus, the lemma
follows.

(d) M >2, M > m and m > 2. In this case, {j|M; = m} is a countable
infinite set. Hence, for j = 1,...,m, G; is infinite dimensional. We have the
orthogonal decomposition

H=(975'G)) ® K, (4.7)

where K = (ea’]?;—llgﬁ)l. The closed subspace K reduces H. Since G,, C K, it
follows that o (Hyc)\{0} = oaisc(Hx) is an infinite set. Let oqisc(Hx) = {b;}524
and (3 be the multiplicity of eigenvalue b;. Then sup; 8; = M —m + 1 and
sup; #; > limsup; 3; = 1. Hence, by (a) and (c), we can decompose K as
K = @jj\izm+1/Cj, where KC; is an infinite dimensional closed subspace of K.
Hence,

H=(875'9) @ (571K (48)
In the same way as in the case (A), we can decompose G; and K; like (4.5).
Thus, the lemma follows. O

Combining Corollary 4.3 and Lemma 4.5, we can prove the following
lemma.

Theorem 4.6 (Time operator of H~1'). Suppose that o(H)\{0} = oaisc(H) =
{Ej}2,, Br < By < --- <0, limj oo 5 = 0, and 0 & o,(H). Then there
exists a time operator T_y of H=1 with a dense CCR domain for (H=*,T_1).

Proof. By Lemma 4.5, H can be decomposed as H = @évlej with N < oc.
By Proposition 4.1, a time operator S; of Hj_1 exists:

[Hjlasj] = —ill

on & = L.H{e) —el,,n,m € N}, where {e/}>2, denotes the eigenvectors
of H; such that Hje), = Fjned, and D(S;) = L.H.{e},|n € N}. Define T_; by
T ,:= ;V:lsj with D(T_;) := @;VZID(SJ-) (algebraic direct sum). Then T
is a time operator of H~! with a CCR domain given by 695-\7:15]- (algebraic
direct sum), which is dense in H. O

4.3. Case (III)

We next consider an extension of Proposition 4.1 to the case where no restric-
tion is imposed on the growth order of the discrete eigenvalues {E,}5° , of
H.

Lemma 4.7. Suppose that o(H) = cgisc(H) = {Ep}52, with 0 < By < By <
- < By, < Epy < -+ and limy, o B, = oo. Then there exist mutually



3020 A. Arai, F. Hiroshima Ann. Henri Poincaré

orthogonal closed subspaces H; of H (j = 1,...,N,N < oo) such that H =
@é‘V:lHj and (1)-(3) below are satisfied:

(1) Each H; reduces H and o(Hy,) = ogisc(Hr;) = {Fjr}ie:-
(2) Each Fj, (1 <j <N,k eN) is simple.

1
(3) ZF—2<oof0reach1§j§N,
k=1 Jk

Proof. Let K = H™'. Then K is self-adjoint and o(K)\{0} = ogisc(K) =
{1/E.}021, 1/Er > 1/Ey > -+ >0, lim; o 1/E; =0 and 0 ¢ o,(K). Hence,
by applying Lemma 4.5 to the case where H and FE,, there are replaced by
—K and —1/E,, respectively, we see that H has an orthogonal decomposition
H= @N 1H,; (N < o0o) with closed subspaces H; of H such that (1)—(3) above
are satlsﬁed 0

Theorem 4.8 (Time operator of H). Let o(H) = cqisc(H) = {En}52,, E1 <
Ey < -+ andlim,, . FE, = 0. Then there exists a time operator T of H with
a dense CCR domain for (H,T).

Proof. The method of proof is similar to that of Theorem 4.6. By Lemma 4.7,
‘H can be decomposed as ‘H = EB _H; with N < oco. By Pr0p051t10n 4.1 a
time operator T} of Hy; exists: [HHJ JTj]=—ilon & =LHA{el —el ,n,me€
N}, where {ef }°° 1 denotes the eigenvectors of Hy, such that Hel, = Fjnel,

and the domain of T} is given by D(7;) = L.H. {eﬂ |[n € N}. Define T by
T:= EB T with D(T) = EBND(T ) (algebralc direct sum). Then T is a time
operator of H with a CCR domain 69 _.&; (algebraic direct sum), which is
dense in H. O

Ezample 4.9 (d-dimensional quantum harmonic oscillator). Let w; > 0 (j
1,...,d) be a constant and

1 2 1 2.2
Hosc,j = _§D] =+ 5(4)]:1]]

acting in L?(R?) (see Example 4.2). Then the Hamiltonian of a d-dimensional
quantum harmonic oscillator is given by

d
HD) = Z Hose, j
acting in L2(R?). Tt follows that Héilg is self-adjoint and
1 )
o(HD) = el ij (ms+ 3 ) Iy € O UN G = 1,00

Hence, by Theorem 4.8, H£§2 has a time operator with a dense CCR. domain.
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Ezample 4.10 (non-commutative harmonic oscillator). Let A and J be 2 x 2
matrices defined by

A:(B‘ g) a, B> 0, J:((l) —01)

Let a8 > 1. The Hamiltonian H(a, 3) of the non-commutative harmonic os-
cillator [48] is defined by the self-adjoint operator

2 2
on the Hilbert space C? ® L?(R), where D is the generalized differential oper-
ator in x. It is shown in [18] that o(H («, 3)) = daisc(H (o, 8)) = {\n}52; and
the multiplicity of each \,, is not greater than 2 with \,, — oo (n — o). Hence,
by Theorem 4.8, H(«, 3) has a time operator with a dense CCR domain.

Ezample 4.11 (Rabi model). Let Z; := {0} UN be the set of non-negative
integers and

H(a,f)=A® (—;A + 1902) +J® (xD + 1) (4.9)

62(Z+) = {Zﬁ = {qun}zo:o|'¢)n €C,n >0, Z W}n‘z < OO}
n=0
be the Hilbert space of absolutely square summable complex sequences indexed
by Z, . The Hilbert space ¢(Z. ) is in fact the boson Fock space F,(C) over C
(e.g. [43, p. 53, Example 2] and [49, Sect. X.7]): £*(Z) = F,(C). We denote
by a the annihilation operator on F},(C):

(aw)n =vn+ 1¢n+17n Z Oa
Y € D(a) := {zp € 2(Z4)] > nlpnl® < oo} :

n=0
We have (a*¢)o = 0, (a*¢), = vVnp—1, n > 1 for all ¢ € D(a*). The com-
mutation relation [a,a*] = 1 holds on the dense subspace ¢y(Z4) := {¢ €

(*(Z)|3no € N such that v, = 0, Vn > ng}.
Let 04,0y, 0. be the Pauli matrices:

0 1 0 —i 1 0
9%=\1 o) %=\ o) 7\o -1

Hpapi = po. @ 1+ wl®a*a+ go, @ (a+ a™) (4.10)
on C? @ F,(C), where y > 0, w > 0 and g € R are constants. The model
whose Hamiltonian is given by Hgap,; is called the Rabi model [19,21,22]. The
matrix

and

1
U:= E(Uw +o0.)

is unitary and self-adjoint. By direct computations using the properties that
00K + 0,0 = 2051, J,k = x,y, 2, we see that

Hyapi = UHgariU™! = po, + H, H := (I_{f HO >
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where Hy := wa*a £ g(a + a*) and we have used the natural identification
C? ® F,(C) = Fu(C) & Fu(C). It is well known that the operator m, :=
(g/w)i(a — a*) is self-adjoint and

. . g
eFmqeTim = g F 2.
w

Hence,

2

et ™I H, eTi™ = wa*a — 2
w

)

implying that o(Hy) = oqisc(Hy) = o(wa*a — %2) = {vp|n € Z;} with
Up = wn — %. Hence, o(H) = oqisc(H) = {vn|n € Z;} with the multiplicity
of each eigenvalue v, being two. Since po, is bounded, it follows from the min-
max principle that Hgrapi (and hence Hgapi) has purely discrete spectrum with
0(HRabi) = Odisc(HRabi) = Odisc(HRrabi) = {vp|n € Z} satisfying v, — p <
Vyy < Up 4+ pt,n > 0, where vy < vf < --- < v, < v < -+ counting
multiplicities (see also [19,20] for studies on spectral properties of Hgap;).
Hence, we can apply Theorem 4.8 to conclude that Hga,p; has a time operator

with a dense CCR domain.

5. Ultra-Weak Time Operators
5.1. Ultra-Weak Time Operators of a Self-Adjoint Operator

In this subsection, we consider the case where a self-adjoint operator H obeys
the assumption of Theorem 4.6 and ask if H has a time operator. We first
give a formal heuristic argument. By Theorem 4.6, we know that H~! has
a time operator T_; with a dense CCR domain for (H~!,7_;). Since the
unique accumulation point of o(H) is 0, but not oo, it is not straightforward
to apply Proposition 4.1 to construct a time operator of H. The key idea we
use is to regard H as H = (H~')~!. Let f(z) = #='. Then H = f(H™ ).
Since f’(z) = —x~2, a formal application of Proposition 3.9 suggests that
A=—L(T_yH?+ H 2T_,) may be a time operator of H. But, we note that
no eigenvectors of H are in D(H ~2T_;). Hence, it seems to be difficult to show
that D(A) # {0} and D(HA) ND(AH) # {0}. Thus, we are led to consider a
form version of A.

We use the notation in the proof of Theorem 4.6. It is obvious that,
for all k € Z, D(S;) C D(ij) Hence, we define a sesquilinear form ¢; :

Glo.ul = —5 (8,0, H720) + (H%6,8,0)}, 6,0 €D(S).  (5.1)

Lemma 5.1. Let

, 1
J — eﬁn)‘n,mGN}.

_ _ 1
H'& = {H; "¢y € £} = LH. {Ene" B
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Then, for all ¢, ¢ € Hj_lg, H;¢ and Hjv are in D(S;) and
t[H;0, 9] — [0, Hjv] = —i(9, 7). (52)
Proof. Since H;(H;'&;) = & C D(S;), Hj¢ € D(S;) for all ¢ € H; 'E;.

By direct computations, we have

tH;p, ¥ — o, Hjy)] = — ;{(SJ—HJ-¢,HJ,—2¢) - (Sj¢,Hj—17/1)

+(H0,8,0) = (H; 0, S51y0) .
We can write ¢ = H;ln and ¢ = H;lx with 7, x € &;. Then we have
(SjH;o, H ) — (S0, Hi ') = (H; ' Syn, Hy ') — (S;Hj ', Hy ')

where we have used that S; is a time operator of H ;1 with a CCR domain &;.
Similarly, we have

(Hj_ld)?S]w) - (H7_2¢7S]ij) = (Hj_lqb?SjHj_lx) - (Hj_lqb?Hj_lst)
=i(¢, ).
Thus, (5.2) follows. O
Lemma 5.1 shows that t; is an ultra-weak time operator of H; with H;lgj

being an ultra-weak CCR domain.
We introduce

£ = @;-V:lHj_lé'j (algebraic direct sum).
Since Hj_lﬁj is dense in H;, £ is dense in H and € € D(H).
Theorem 5.2. Under the same assumption as in Theorem 4.6, there exists an
ultra-weak time operator t, of H with £ being an ultra-weak CCR domain.
Proof. Let T_; be as in Theorem 4.6 and define a sesquilinear form t; :
D(T-1) x D(T-1) — C by

N

o[, 8] == Dt 85, =), 0= (), € DTy).

j=1
We remark that, in the case N = oo, ¢; = 0 for all sufficiently large j and
hence the sum Zjv:l on the right-hand side is over only ﬁEite terms, being
well defined. It follows from Lemma 5.1 that, for all ¢,¢ € £, HY, Hp € £ C
D(T_l) and
t[H, 6] — oo, H = —i(6, ).

This means that t, is an ultra-weak time operator of H with £ being an ultra-
weak CCR domain. O

We now proceed to showing existence of an ultra-weak time operator of
a self-adjoint operator in a general class.



3024 A. Arai, F. Hiroshima Ann. Henri Poincaré

Definition 5.3 (Class S;(H)). A self-adjoint operator H on H is said to be in
the class S1(H) if it has the following properties (H.1)-(H.4):
(H.1) ox(H) = 0.
(H.2) 0ac(H) = [0,00).
(H.3) daisc(H) =0p(H) ={E,}52, B1 < Ey < --- <0, lim, oo B, =0
(hence 0 & o, (H)).
(H.4) There exists a strong time operator T, of Hy. in Hac(H).

Let H € S1(H). Then we have the orthogonal decomposition
H=Ha(H) & Hp(H).

By (H.3), we can apply Theorem 5.2 to the case where H is replaced by Hy, to
conclude that H, has an ultra-weak time operator t, with a dense ultra-weak
CCR domain &, such that

tP[Hpgbv 1/’] - tp[¢7pr] = 77’((;5711[))7 ¢7¢ S gp'

We denote by D, the subspace D(T_1) in the proof of Theorem 5.2. Hence,
t, : D, x D, — C with &, C D(H,) N D, and H,E, C D,,. By (H.4), there
exists a dense CCR domain Dy for (Hac, Tac). Let &, := H &, and

Dy = Do ® &, (5.3)

which is dense in H.
We define a sesquilinear form ty : (Hac(H) © Dy) x (D(Tae) © D) — C
by
tr (o1 @ d2,11 © Yo] =(d1, Tacth1) + tp[d2, 2],
¢1 S HaC(H)a ¢1 S D(TaC)7 ¢27¢2 c Dp' (54)

Now we are in the position to state and prove the main result in this section.

Theorem 5.4 (Abstract ultra-weak time operator 1). Let H € S1(H). Then
the sesquilinear form ty defined by (5.4) is an ultra-weak time operator of H
with Dy being an ultra-weak CCR domain.

Proof. Let tuc : Hae(H) X D(Tae) — C by

tac[(ba w] = (¢7 Tacw)a (b € HaC(H)a ’l/} € D(Tac)'

Then, by Remark 2.9-(2), t.. is an ultra-weak time operator of H,. with D,
being an ultra-weak CCR domain. Then, in the same way as in the proof of
Theorem 5.2, one can show that ty is an ultra-weak time operator of H with
Dy being an ultra-weak CCR domain. g

5.2. Ultra-Weak Time Operators of f(H)

We can also construct an ultra-weak time operator of f(H) for some function
f: R — R. A strong time operator of f(H,.) is already constructed in Propo-
sition 3.9. Hence, we need only to construct an ultra-weak time operator of
f(Hp). A set of conditions for that is as follows.
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Assumption 5.5. Let H € S1(H).
(1) The function f: R — R satisfies the same assumption as in Proposi-
tion 3.9.
(2) The function f is continuous at x = 0.
(3) f(oaisc(H)) is an infinite set such that the multiplicity of each point
in f(oaisc(H)) as an eigenvalue of f(H) is finite.

(4) f(0) € op(f(H)).

Suppose that Assumption 5.5 holds. Then f(H) is self-adjoint and re-
duced by Hac(H) and H,(H) (these properties follow from only the fact that
f : R — R, Borel measurable and the general theory of functional calculus).
We denote the reduced part of f(H) to Hac(H) and Hy(H) by f(H)ac and
f(H)p, respectively. By the functional calculus, we have f(H)ac = f(Hac),
f(H)p = f(Hp) and f(H) = f(Hac) ® f(Hp). This implies that

o(f(H)) = o(f(Hac)) Uo(f(Hyp)) = f([0,00)) U{f(E})}52,- (5:5)

Corollary 5.6 (Abstract ultra-weak time operator 2). Under Assumption 5.5,

there exists an ultra-weak time operator tfH of f(H) with a dense ultra-weak
CCR domain.

Proof. Let T, be a strong time operator of H,.. Then the strong time operator
of f(H,c) is given by
1
Ta{c = i(Tacf/(Hac)_l + fl(Hac)_lTac) |—D
by Proposition 3.9, where D := {g(Hac)D(Tac)|g € CC(R\L U K)}. Let
f(x) = f(x) - f(0).
Then lim, o f(z) = 0. We can write o(f(H,)) = {F} }32, where F; # Fy, j #

k and the multiplicity of each F} is finite. It follows that lim;_ .., F; = 0 and
0 ¢ o,(f(Hp)). Hence, by a minor modification of the proof of Lemma 5.1,

we can show that there is an ultra-weak time operator tf Df X Df — C of
f(H,), where D] is a dense subspace in Hy,(H). We deﬁne a sesthnear form
t]; : (Mac(H) ® DY) x (D(TL,) & D) — C by

th[61 @ 2,1 B o] = (¢1, Tapr) + th[ha, 1)o] (5.6)
for 1 € Hac(H), 1 € D(TY,) and ¢3, b € DJ. Note that f(0) is a scalar. Then
one can show that tg is an ultra-weak time operator with D,. ® gg being a

ultra-weak CCR domain, where D, is a dense CCR domain for (f(Hac), T.)

ac)s +ac/*

and Ef is an ultra-weak CCR domain for (f(H,), tg) O

6. Applications to Schrodinger Operators

6.1. Ultra-Weak Time Operators of Schrodinger Operators

In this subsection, we apply Theorem 5.4 to the Schrédinger operator Hy
given by (2.8) to show that, for a general class of potentials V, Hy has an
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ultra-weak time operator with a dense ultra-weak CCR domain. This is done
by collecting known results on spectral properties of Schrodinger operators.
Suppose that V is of the form

A SV A— 6.1
(2 + 1)¥+ o

where ¢ > 0 and W : RY — R is a Borel measurable function such that
W(—A +4)~! is a compact operator on L*(R%). Such a potential V is called
an Agmon potential ([46, p. 439] or [50, p. 169]). It is easily shown that V'
is relatively compact with respect to the free Hamiltonian Hy given by (2.9).
Hence, by a general fact [50, p. 113, Corollary 2|, Hy is self-adjoint with
D(Hv) = D(Ho) and

Uess(HV) = Uess(HO) = [Oa OO), (62)

where, for a self-adjoint operator S, gess(S) denotes the essential spectrum of
S.

Following facts are known as Agmon—Kato—Kuroda theorem:

Proposition 6.1 (Absence of o4 (H), existence and completeness of wave op-
erators). Let V' be an Agmon potential. Then:

(1) osc(Hy) = 0.

(2) The set of positive eigenvalues of Hy is a discrete subset of (0,00).

(3) The wave operators Q. = sim; 4, ™V e "H0 egist and complete:
Ran(Qy) = Hac(Hy ). In particular oac(Hy) = [0, 00).

Proof. See [50, Theorem XIII. 33]. O

In order to construct an ultra-weak time operator of (Hy ),, we need the
condition #o4isc(Hy ) = oo. For this purpose, we introduce an assumption.

Assumption 6.2. There are constants Ry,a > 0 and § > 0 such that

a
Lemma 6.3 (Infinite number of negative eigenvalues). Let V' be an Agmon
potential. Then, under Assumption 6.2, oqisc(Hy) C (—00,0) and ogisc(Hy )
s an infinite set. In particular, the point 0 € R is the unique accumulation
point of ogisc(Hy ).

Proof. Let 1 := infyep(my, yi|ju|=1 (¥, Hyy) and

fin = sup inf (¥, Hyv), n>2.

B1yeeesbn—1EL2(RT) weD(HxI});HwH:l

YE{B1,r—1}"

In the case d = 3, it is already known that u, < 0 for all n € N [50, Theorem
XIIL.6(a)]. It is easy to see that the method of the proof of this fact is valid
also in the case of arbitrary d. Hence, we have p,, < 0 for all n € N. Then (6.2)
and the min-max principle imply the desired results. O
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Assumption 6.4. The potential V' is spherically symmetric, V = V(|z|), and

/00 [V (r)|dr < oo (6.4)

for some a > 0.

Lemma 6.5 (Absence of strictly positive eigenvalues). Let V' be an Agmon po-
tential. Then, under Assumption 6.4, Hy has no strictly positive eigenvalues.

Proof. Since D(V) D D(Hp) D C§°(R?), it follows that V € L% _(R¥\{0}).
Hence, we can apply [50, Theorem XIII.56] to derive the desired result. ]

Theorem 6.6. Let V' be an Agmon potential such that 0 ¢ o,(Hy). Suppose
that Assumptions 6.2 and 6.4 hold. Then Hy has an ultra-weak time operator
with a dense ultra-weak CCR domain.

Proof. By Proposition 6.1, os.(Hy) = () and the wave operators Q. exist and
are complete. Hence, by Theorem 3.18,

Tocjt = Qe QL' Poc(Hy) (j=1,...,d)

are strong time operators of (Hy )ac, where 7; = Tap j or TAB denotes
the Aharonov—-Bohm time operators in Example 3.10. Under Assumptlons 6.2
and 6.4, we can see that o(Hy) = {E;}52; U[0,00), B3 < Ep < -+ <0,
lim, oo En = 0, 0gise(Hy) = {E,}52, and c..(Hy) = [0,00). Hence, Hy €
S1(L?(R%)). Thus, by Theorem 5.4, we obtain the desired result. O

Finally we consider conditions for the absence of zero eigenvalue of Hy .

Proposition 6.7 (Absence of zero eigenvalue). Assume the following (1) and
(2):
(1) d >3,V e Li/2(RY).
(2) V can be written as V. = Vi + Vo, where Vi and Vy are real-valued
Borel measurable functions on R satisfying the following conditions:

(i) There exists a constant R > 0 such that Vi and Va are locally
bounded on Sp = {rx € RY||z| > R} and Vi is strictly negative
on Sg,

(i) Let S 1 := {w € R?| |w| = 1}, the (d — 1)-dimensional unit sphere.
Then Vi(rw) (r = |z|) is differentiable in v > R and there exist a
constant s € (0,1) and a positive differentiable function h on [R, 00)
such that

d
sup —(r*TVi(rw)) < —r°h(r)?, r>R.
wesd—1 ar

(iii) lim rl 4 7 supye s [Va(rw)|
R h(r)
d
(iv) There ezists a constant C > 0 such that d—h(r) < Ch*(r) on Sg.
r
(v) Forall f € D(Hy),

=0.
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[ rtabis@rar <co. [ Wi@ilre)a < s.
Sr Sk

Then 0 & op(Hy).
Proof. This is due to [51, Theorem 2.4] and [52]. Also see [53]. O

A key fact to prove Proposition 6.7 is as follows. Condition d > 3 and
Ve Lflo/ C2 (R%) imply that, if a solution f of partial differential equation —Af +

V f = 0 satisfies that f(x) =0 for all x € Sp with some R > 0, then f(x) =0
for all z € R? by the unique continuation proven in [52].

Example 6.8. Let d > 3 and V(z) = —1/|z|>~° with 0 < ¢ < 2. Then it is easy
to check that the potential V satisfies conditions (1) and (2) in Proposition
6.7 (take Vi =V, Vo =0 and h(r) = /s — 1 +erc=2/2 r > 0 with 1 —¢ <
s < 1). Hence, by Proposition 6.7, Hy has no zero eigenvalue. In particular,
the hydrogen Schrédinger operator

Hyya == Ho — = (6.5)
Ed
for d = 3 with a constant v > 0 has no zero eigenvalue.

Example 6.9. Let d > 3. Suppose that U € L*(R?). Then

V(z) = L);

(14 [x[?)=+e

is an Agmon potential for all € > 0. Suppose that U is negative, continuous,
spherically symmetric and satisfies that U(z) = —1/|x|* for |z| > R with
0 < a<1and R > 0. For each o, we can choose € > 0 such that 2 + a < 1.
Hence, V satisfies (6.3) and (6.4). Moreover, it is easy to see that V satisfies
(1) and (2) in Proposition 6.7 with

X[R,o0) (| 2])
|x|1+26+a ?

X[R.o0) (|7]) Ulx)

‘/1(3") = |£L"1+25+a ’ 2( )': (1—|—|(E|2)%+E

_|_

where X[r o) is the characteristic function of the interval [R, o). Hence, by
Proposition 6.7, 0 ¢ o,(Hy ). Thus, by Theorem 6.6, Hy has an ultra-weak
time operator with a dense ultra-weak CCR domain.

Ezample 6.10 (Hydrogen atom). It is known that the hydrogen Schrodinger
operator Hyyq given by (6.5) is self-adjoint with D(Huwya) = D(Hp). It is easy to
see that the Coulomb potential —y/|z| with d = 3 is not an Agmon potential.
Hence, we cannot apply Theorem 6.6 to the case Hy = Hyyq. But we can show
that Hpyq has an ultra-weak time operator in the following way. The spectral
properties of Hyyq are also well known:

U(thd) = Up(thd) U Uac(thd)7 Usc(thd) = [Z)
with

0p(Huyd) = 0disc(Huya) = {

m 2
27’32 |n c N} 5 Uac(thd) = [Oa OO)
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The fact that 0 & o}, (Hpya) follows from Example 6.8 and Proposition 6.7. It is
shown that the modified wave operators s-limy_, 4o e**tva Je~#Ho with some
unitary operator J exist and are complete [46, Theorems XI. 71 and XI.72].
These facts imply that Hyyq € S1(L*(R?)). Thus, by Theorem 5.4, Hyyq has
an ultra-weak time operator with a dense ultra-weak CCR. domain.

6.2. Ultra-Weak Time Operators of f(Hy )
In this subsection, we assume that Hy € S1(L?*(R?)) (see Definition 5.3) and
give some examples of functions f : R — R such that f(Hy ) has a ultra-weak-
time operator with a dense ultra-weak CCR, domain. We first give a sufficient
condition for (4) in Assumption 5.5 to hold.

Lemma 6.11. Let Hy € S1(L*(R?)) and f : R — R, Borel measurable. Suppose
that, for allm € N, f(E,) # f(0) and f(z) # f(0), a.e.x > 0. Then f(0) ¢
Op(Hv).

Proof. Let ¢ € D(f(Hy)) such that f(Hy )y = f(0). Then

I(f(Hyv) = f(0)]* =0
which is equivalent to [, |f(A) — f(0)2d||E(N\)¢[* = 0, where E(-) is the
spectral measure of Hy. We can decompose ¢ as 1) = (Yac, ¥p) € Hac(Hv) &
Hyp(Hy). We denote by p the Radon-Nykodym derivative of the absolutely
continuous measure || E(-)1ac||? with respect to the Lebesgue measure on R.
Then we have

/ FO) = FO) P BN = Z|f 0)2E({En )y

+ /M ) = FO)2p(A)dA.

Hence, by the present assumption, || E({E,})¢p||> =0--- (x) for all n € N and
f[o 00) |f(N) = F(0)>p(A)dA = 0 - - - (xx). Equation (x) implies that E({E),})¢,
=0, Vn > 1. Since Hy is S1(L*(R?)), it follows that v, € H,(Hy)*. Hence,
1p = 0. On the other hand, (*x) implies that p(A) = 0 a.e.A € [0,00), from
which it follows that .. = 0. Thus, ¥ = 0. g

Theorem 6.12. Let Hy € Si(L?*(R%)) and f : R — R, Borel measurable.
Assume the following (1)-(4):
(1) The function f: R — R satisfies the same assumption as in Proposi-
tion 3.9.
(2) The function f is continuous at x = 0.
(3) f(oaisc(Hy)) is an infinite set such that the multiplicity of each point
in f(oaisc(Hy)) as an eigenvalue of f(Hy) is finite.
(4) For alln € N, f(E,) # f(0) and f(z) # f(0), a.e.x > 0.
Then f(Hy) has an ultra-weak time operator with a dense ultra-weak CCR
domain.

Proof. By Lemma 6.11, property (4) in Assumption 5.5 is satisfied. Hence, by
Corollary 5.6, the desired result is derived. O
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In Examples below, we assume that Hy € S1(L?(R?)).

Ezample 6.13. (f(Hy) = e PHv) Let f(x) = e=P* 3 € R\{0}. Then it is easy
to see that the function f satisfies the assumption in Theorem 6.12. Hence,
e PHVv has an ultra-weak time operator with a dense ultra-weak CCR domain.
Note that, if 3 > 0 (resp. 8 < 0), e #Hv is bounded (resp. unbounded). In
particular, e #Hvva has an ultra-weak time operator with a dense ultra-weak
CCR domain.

Ezample 6.14. (f(Hy) = Z;VZO a;Hi,) Let f(z) = Z;VZO ajz? be a real poly-
nomial (a; € R,N € N, ay # 0). We have f(0) = ag. Suppose that, for all
n € N, Zjvzl ajEl # 0 and Zjvzl ajz?=! # 0,2 > 0. Then one can show
that f satisfies the assumption in Theorem 6.12. Hence, Z;V:o ajHVj has an
ultra-weak time operator with a dense ultra-weak CCR domain. In particular,
Z?fzo ajHﬂyd has an ultra-weak time operator with a dense ultra-weak CCR
domain.

Ezample 6.15. (f(Hy) = sin(2r8Hy)) Let f(x) = sin(2npx), B € R\{0}.
Then f(0) = 0. Let 8 & {k/2E,|k € Z,n € N}. Then sin(2r5E,) # 0 for all
n € N and hence f(E,) # f(0). It is obvious that f(x) # f(0) for a.e.xz > 0.
Moreover, A := {sin(27BE,)|n € N} is an infinite set and each point in A as an
eigenvalue of sin(2r3Hy ) is in oqisc(sin(2r3Hy)) (note that, for —1/48 < x <
0, sin(27fz) is strictly monotone increasing). In this way we can show that,
in the present case, the assumption in Theorem 6.12 holds. Thus, sin(2rSHy )
has an ultra-weak time operator with a dense ultra-weak CCR domain. In
particular, sin(27Hyyq) has an ultra-weak time operator with a dense ultra-
weak CCR domain.

In the same manner as above, one can find many concrete functions f
such that f(Hy) has an ultra-weak time operator with a dense ultra-weak
CCR domain.
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