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Abstract

This note presents functional integral representations for heat semigroups with in-
finitesimal generators given by self-adjoint Hamiltonians describing an interaction
of a non-relativistic charged particle and a quantized radiation field in the Coulomb
gauge without the dipole approximation.

1 INTRODUCTION

Until now many authors give functional integral representations for heat semi groups
with infinitesimal generators given by self-adjoint Hamiltonians describing quantum sys-
tems. Using functional integral representations, they analyze quantum systems. In this
note we concern with quantum systems which describe interactions of a non-relativistic
charged particle and a quantized radiation field in the Coulomb gauge without the dipole
approximation, which is the so called “Pauli-Fierz model”([1,2,3,4,5,6]).

Mathematically, the set of state vectors Mpg of this quantum system can be de-
scribed by the tensor product of L?(R?) and the Boson Fock space F(W) over W =
L*(RY) @ ... ® L*(R?). Pauli-Fierz Hamiltonians H, 5 are formally defined as operators

d—1
acting in M as follows ((2.2)):

1 d
> (=D, ® —Au(p))’ + 1 ® Hop,

p=1

HP,B =

[\

where D, is the generalized derivative in the p-th direction, Hy g the free Hamiltonian in
the Boson Fock space F(W) and A, (p) the time-zero radiation field in the p-th direction



((2.1)). Many researches of the Pauli-Fierz model have been devoted to dealing with
Hamiltonians with the dipole approximation ([1,2,3]). Without the dipole approximation,
it is not known even essential self-adjointness of H, g except for special p’s ([4,5,6]). Then
analysis of Hamiltonians without the dipole approximation is crucial.

In this note, constructing a Hilbert space L*(Q_1,du_y) (see section 2), we define
Hamiltonians acting in M = L?(R?) ® L*(Q_1,du_1) by the quadratic form sum of the
generators H, o of strongly continuous 1-parameter semigroups and a self-adjoint operator
Hy in L?(Q-1,du—_1) ((2.3)). We shall show that H,o+I ® Hy is unitarily equivalent to
H/ 5 on some domains with some p’s and f’s (Theorem 2.1). Again we define Pauli-Fierz
Hamiltonians by H, = Hp70+] ® Hy.

The Wiener path integral method is useful to get path integral representations of heat

semigroups with generators:

d
H, = ; S (=iD, — A)*+V,
p=1
where A, is a vector potential and V' a scalar potential. It is known as the Feynman-
Kac-It6 formula ([7]). In connection with construction of quantum field models from
markoff fields, E.Nelson introduced a “generalized path space” (functional space). He
also introduced a natural embedding of a Boson Fock space in d space dimension into
a constant time subspace in the L? space over the “generalized path space” in d + 1
dimensions. The natural embedding gives us a functional integral representation of a
heat semigroup with the free Hamiltonian in the Boson Fock space as the generator. It is
called the “Feynman-Kac-Nelson formula ([8]).

The purpose of this note is to give functional integral representations to the expectation
<F, e*tHPG>M. In order to do so, we shall use the FKI and the FKN formulas simulta-
neously. And we shall need to define the “time-ordered Hilbert space-valued stochastic
integral associated with a family of isometry {[j;]}cae from a Hilbert space [H_1] to

another one [H_,]” (see Theorem 3.7).

2 PAULI-FIERZ HAMILTONIAN

In this section, we define Pauli-Fierz Hamiltonians and give their probabilistic descrip-

tions. For mathematical generality, we consider the situation where a charged particle



moves in R? and a quantized radiation field is over R?. We define polarization vectors

e"(r =1,...,d — 1) as measurable functions e” : R* — R? such that
e"(k)-e*(k) =65, k-€"(k)=0, a.ekeR’

Put

d—1 k‘ukl,
dw(k) = Z e, (k)e, (k) = 6, — —‘kP )
r=1

The Boson Fock space F(W) over W = L*(R?) @ ... @ L*(R?) is defined by

d—1

FW) =P F.W), F.WV)=W,n>1, F=c,
n=0

where ®” denotes the n-fold symmetric tensor product. Put Q = {1,0,0,....}. Let

P =@ @ (0. FEm) = U Fov)

The annihilation operator a(f) and the creation operator a'(f) (f € W) act on F*(W)

and leave it invariant with the canonical commutation relations (CCR): for f,g € W
a(f).a' (@) = (F.g),,. [a(F).a(g)] =0,
where [A, B] = AB — BA, a* denotes either a or al. It is well known that
FW) = L{a!(f1)..a' (£)2.Qf e W,j =1, ..n,n>1} .

We recall here second quantizations of operators. For any contraction operator 7' on
W, the“second quantization of 77, I'g(T) : F(W) — F(W), is a contraction operator
uniquely determined by

Lp(T)Q =0, Ta(T)al(f)a'(fa)..a'(f,)Q = a'(Tf)a' (Tf)..a(Tf,)Q,n > 1.

For a nonnegative self-adjoint operator A in W, the “second quantization of A”, d['g(A),

is defined by the infinitesimal generator of the strongly continuous 1-parameter semigroup

FB(G_tA) — e—tdFB(A).
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We define a maximal multiplication operator wg in L*(R?) by

(wpf) (k) = h(k)f(F),

where h(k) = |k|. Put ¥p = wp® ... dwp. Then Hyp = dl'g(wp) shall be the free
—_—

d—1
Hamiltonian in F(W). We define the u-th direction time-zero radiation field by

. er feih or }ezk
Ay, f) = —= [ (e + oi1-E =1 ...d, 2. 1
H(x f) \/§ a ( r=1 \/E a r=1 \/E K ( )

where f is the Fourier transformation of f (f the inverse Fourier transformation of f in
what follows) and g(k) = g(—k). A Hilbert space of state vectors in a system of the
non-relativistic charged particle interacting with the quantized radiation field is given
by Mp = L?(RY) @ F(W) = L2(R% F(W)). We shall use this identification without
notice. Then interaction Hamiltonians (Pauli-Fierz Hamiltonians) of the non-relativistic
charged particle with mass one and the quantized radiation field is “formally” defined as

an operator acting in Mpg by

1

d
H,= 5> (=iD,®1—Au(p))’ +1©Hyp, (2. 2)
pn=1

DO |

where we take the natural unit c =% =1 and

Aulp) = [ Auep)dz.

Generally, it is crucial whether Hamiltonians defined on some domains have unique self-
adjoint extensions, since the unique extensions lead to the uniqueness of time evolutions
of state vectors in quantum systems. Nevertheless it is not known whether the formally
defined Hamiltonians H, restricted to some concrete domains have unique self-adjoint
extensions. Then we must construct self-adjoint extensions of H, in some way.

We have to give probabilistic descriptions to the Hamiltonian H,. First we define two

real Hilbert spaces H_; and H_5 by
|/ (k)
/Rd+l T dk < ooy,

o2
/d LF (k) dk < oo} H oo = {f c S/(RT)
R
where S/ (R™) denotes the set of the real tempered distributions on R"(n = d,d + 1). Put

Ho, = {f € S\(rY)

14

Hi=H 1D . OH_1, Ho=Ho®..0H_.
d d




We introduce bilinear forms (-,-)_; and (,+)_5 in H_, and H_, by

v g, (k Ak?A,/k}
o= 3 [ PORRE o am2 S [ S O

We denote the associated semi-norms by |- |-; and | - |_a, respectively and put
N_, = {f € 7771‘ |flo1 = 0}, N_p = {f € 7772‘ |flo2 = 0}-
Then we define pre-Hilbert spaces by the quotient spaces
Ho = Hoa /Ny, [Hos) = Hoo/Noa,
with inner products < -,- >_; and < -,- >_5 defined by

<7T—1(f),7f—1(9)>_1 = (f.9)-1, <7T—2(f)a7T—2(9)>_2 = (f,9)-2

Here m_1(f) and m_5(f) denote the equivalence classes of f in H_, and H_,, respectively.
We denote the norms associated with the inner products < -,- >_; and < -,- >_5 by
|| - ||-1 and || - ||—2, respectively. The Hilbert spaces constructed by the completions of
[ _1] and [H_,] with respect to || - ||_; and || - |2 are denoted by the same symbols.
Let {¢_1(m_1(f)|f € H_1} and {¢_s(m_o(f))|f € H_s} be the Gaussian random pro-
cesses indexed by the Hilbert spaces [’H 1] and [H o] such that the characteristic functions
are given by
/ e gy = e~ilm DI 5= 1 9

i
where (Q;,dp;),j = —1,—2 denote the underlying measure spaces of these processes. It

is well known that L?*(Q;,dp;) has the orthogonal decomposition

Q]adﬂ] @F j ) j:_17_27

with

Lo([H,)) =

([H ]) = E{ 0j(m; (1)) 85 (7 (f2)).--05(mi(fn)) : |fw € Hy b =1,..,n}", n=>1
Here : - : means the Wick product and £ the linear span of the vectors in {...} over C. We

denote the complexifications of [7—[ | by [7-[ ]c. Suppose that T is a contraction operator
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from [Hy]e to [H,]c. Corresponding to each such T' we can define a contraction operator
D(T) : L*(Qi; dpi) —> L*(Qy5 dpy) by
D(T) = 0,
L(T) = ¢i(mi(f1)) - 0i(mi(fn)) : = = @3(Tm;(f1)) 5 (Tm;(f2))-.05(T;(fn) -,

where Q; denotes the constant function 1 in L*(Q;,du;). For a nonnegative self-adjoint

operator A : [H;]c — [Hile (1 = —1,—2) we define dI'(A) by
dL(A)Q; = 0,
dU'(A) = ¢i(mi(f1))--di(mi(fn)) -
=: ¢i(Ami(f1))0i(mi(f2))--di(mi(fn)) : + + dilmi(f1)) @i (Ami( f2))-..0i(mi(fn)) -
+ot 0 0i(mi(1))i(mi(f2))--0i(Ami(fn)) 1, mifu) € D(A),k=1,...,n.

It is well known that dI'(A) has the unique self-adjoint extension in L*(Qy;du;). We
denote it by the same symbol dI'(A). We define an operator w in H_; by

wf(k) = h(k)f(k),

and put & = w @ ... ® w. Furthermore, [@] : [H_1] — [H_1] is defined by
d

©lr_i(f) =ma@f),  D(@)) = {m1(f) € Ho]lof € Hou)

Set dU'([@]) = Ho, L*(Q-1,dp—1) = F, L*(Q_2,du_s) = &, ¢_1(-) = ¢#(-) and ¢_o(:) =
¢e(+). Similarly to the Boson Fock space F(W), we put

P = QT @ ), 7=

n>N-+1
d
For an H_;-valued function on R, p(-) : RY — H_q, we put p,(-) = (0, ..., U , s 0)
the p—th

Then we define an operator in M = L?(R?) @ F = L*(R%; F) by
®
W= [, 6 (1 (3ula) da.

Define operators in M by

2
H,=>Y (-iD,®1—¢%,) +I®Hy=H,o+1®H, (2. 3)

p=1

DN | —



Theorem 2.1 ([4,Theorem 3.1]) Set Dy = CF(RY)RF>*(W) N D(I ® Hy ) and D =
CERNQF*ND(I @ Hy). Let p = (f(-)ei"”>v, f € H_y. Then there exists a unitary
operator U from F(W) to F such that U maps Dp onto D and

UTHU| = Hyplp.

By Theorem 2.1, we call H, the Pauli-Fierz Hamiltonian again. We can give connection

between F and £. For t € R we define an operator j; by
JiiH o —Ho Gif=06®f

where §; is the one-dimensional delta function with mass at {¢t}. We put =5 ® ... D
and define

ldm_1(f) = 72 (jef)-

It can be easily seen that [j,] is a linear isometry. Hence the range of [};] is a closed
subspace of [H_]. We denote the projection onto Ran([j]) by [e;]. We denote the
projection onto Ran([j,]) by [e]. Let

Uiy = L {7 o(f) € [Hoo [t _2(f) € Ran([ji]),a <t < b} .
We denote the projection onto the closure Upgp by [e[q4]-

Proposition 2.2 ([9,Propositions II1.3 and II1.4])

(a) Gl = [ed]-

(b) (G [s] = eIkl

(c) Let a < b < c. Then [e,]lep]]ec] = [ea]]ec)-

(d) Let a <b <t <c<d. Then [eqy]ledleral = [epulleeal

Proof: (a) is straightforwardly seen. Since we have

<[5t]*[}s]ﬂ-—l<f)a 7T—1(9)> = <7T—2(;sf>’ 7—2(}t9)>7

-1 2
d - E i, E d,, E i(t—s)ko
1 BBaB

p,v=1 ¢ |];;|



the statement (b) holds. Since

[ea] [eb] [ec] = 5&] []a]*[;b] [}b]*gc] [jc]* = [3@]6_(6_(1)@} []c]* - [ea] [66]7

the statement (c) follows. For any 7_,(f) and 7_5(g), by the definition of [e[,y] and

le[e,q)], they can be presented as follows

bl olf) = T S fur oo € Ran(en, ), € [cd)]
pYs
) = 3 o g € VR, )t € )
Hence by (c) we have
Ny, M
(lenlledleralma(f).malg)) , = lim Py (e fou ms)
Ny, My,
= dme 3 (g,
= (lewallewalm—(f), 7-2(9)) -
Then (d) follows. O

We introduce notations; I'([ejq4]) = Ela, L([7]) = J..T([ed]) = E:.

Proposition 2.3 ([9,Theorem III.5])

(a) Jy is a linear isometry from F to E.

(b) JJF = Ey.

(c) JFJ, = e~ lt=sHo,

(d) Let ¥,y denote the o-algebra generated by L {gbg(ﬂ_g(f)) ’T_Q(f) € %} and the
set of Y, p-measurable functions in £ by Ey. Then Ran (E[a,b]> = Elay-

(e) (Markoff property) Let a <b <t <c<d. Then

EuyEiEcqg = EuapElq.

Proof: Egs.(a),(b),(c) and (e) follow from Proposition 2.2. We shall show (d). Let {e, },>1
be a complete orthonormal system in Up,y. Then any vectors ¥ € Ran(E[a,b}) can be

given by the strong limit of finite linear sum of vectors : ¢g(e1)™...0g(ex)™ :. Then



Ran(Ejap) C Elqp- On the other hand, for f € Uy, we have exp(ige(f)) € Ran(Ey).
Since for F' € S(R") (the set of rapidly decreasing infinitely differentiable functions),

Floe(f1), ..., be(fn)) = (27r)—n/2/ﬁ<t1, tn)e (Z;;ltjfj)dtl...dtn,

we see that F'(¢g(f1), ..., 0¢(fn)) € Ran(Ey), fis- fn € Upp. By virtue of the fact
that the following subset is dense in &4 ([9.section IJ);

{F<¢5(f1)77¢S<fn))|f177fn € %717 € S(Rn)’n > 1}7

we have &4 C Ran(Ej,). The proof is complete. O

Proposition 2.4 ([9,Theorem II1.6], FKN formula) Let fi,..., f, € H_y and Gy, ..., Gy,

be bounded measurable functions on R:. Let ty,....t, > 0 be given. Then

(O, GLeMGT e GTOr) = (Qe, GG Qe (2. 4)

.F =
where Qr and Qg are the function 1 in F and & respectively, and sg is arbitrary and
J
Sj = 50+Zti, jzl,...,n,
i=1

G;: = Gj(¢I(W—1(f1))7'--a¢}'(7r—l(fn)))7
Gy = Gy (Ge(m 2o ), oo Se(m iy fu)) -

Proof: From Proposition 2.3 it follows that
the Lh.s.of (24) = (Qe, Jo G I3 Jo GTT5 . S0, GL 7 Qe)

It can be easily seen that as operators in &€ Je=(™-1() Jx = peite(m-20:@N)) B Since
for G € S(RY),

G7(Pe(f1)s s be(fa) = (27)_n/2/@(t17 t)e” Giﬂz?ﬂtm))dt1--.dtd,
we have J,G*Jf = E,G% E,. Then it follows that
the Lh.s.of (2.4) = (Qg, By, G By By G3 Ey, .y, Go7 By, Qg)
Since E, Q¢ = Q¢, we have

= (G, Eoy By, Gy E,, .. B, G5 E,, Qe )
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Since G’Q¢ € Ran(E,,) and G3'E,, E,,GY...E,, G*"Q¢ € Ran(FE,,), we have
= (GyQe, G By, E,GY E., .. By, Gy B, Q) |
= (GTGyQ%, By B, Gy E,, ... By, G3 B, Qe )

Since G'G°Qs € Ran(Es, 1), and G E,,...E, G Ey Q¢ € Ran(FE,,), by Proposition

2.3, we have
= (GT'GyQe, G E., .. B, Gi B, Qe )
= (GPGT Gy, By, By G By By, Gir B, Qe )

Repeating this procedure we have

= (GGG, Q)

By a limiting argument, the proof is complete. a

In scalar field theory [9], the range of the projection e[, (notations follow [9]) can be

characterized by some support properties ,i.e.
Ran(eyy) = {f € Nlsuppf C (a,b) x R?}".

However corresponding projection [ef, ] can be characterized in such a way. (see [4]).

3 FUNCTIONAL INTEGRALS

For each z,y € R and an H_;-valued function p, we can define a unitary operator on F
by

1 d ~ _
Up(xa y) = exp {2Z¢f (Z T (p#(x) + Pu(y)) (xu - Z/u)) } .
pn=1
Then we define a family of contractive self-adjoint operators {Q, s}s>0 on M by
QuF)@) = [ pla=pUlepFdy, s >0,

(Qp,OF) (.1') = F(Q?),

where F(-) € M, the integral is the F-valued Bochner integral and p,(x) the d-dimensional
heat kernel. Let

Cr@ 1)) = {p() : B = 1|y (5,0)) € GRS ()i = 1, ) 1 = —1, -2,

10



where CF'(R%; K) denotes the set of K-valued n-times strongly continuously differentiable

together with bounded functions up to n .

Definition 3.1 For p € [C}(RYH_1)], we say that F' € M if and only if the following
(i)-(iii) hold

(i) F(-) € C*(R% F) such that ||0FF())|| € L2(RY), |k| < 2.

(ii) For each y € R%,

F(y) e F>°, 0, F(y) e F>, p=1,..4d.
(iii) (Integration by parts condition) For all G € M, x € RY,
lim 8, p.(x = ) - (F(y), Uyl ))G@)) - = 0,
Jim ps(z —y) - 0y, (Fy), Uy, 9)G(2)) r =0, p=1,..d.
Note that C$°(RY)&F>® C M, where ® denotes the algebraic tensor product.

Lemma 3.2 ([4,Lemmas 4.4 and 4.5]) Letp € [CF(RGH_y)], F € MY, and G € M.
Then (Q,sF,G) \, is the right side differentiable at s = 0 with

d
% <Qp,sF7 G>M ’szO—i— = - <Hp,OF> G>M . (3 1)

Let (£, Db) be a probability space for the d-dimensional Brownian motion
b(t) = (b.(t))1<u<dr>0 and du be the Wiener measure on R? x Q defined by du = dx ® Db.

In what follows, for simplicity, we put nx = 2".
Lemma 3.3 Let p € [C3(RY;H_1)]. Then, for allt > 0, the strong limit

s— lim Q" = G,(t)

n—oo Sk

exists. Moreover, G,(t) has the following functional integral representation for F, H € M

(E\Gp() H) = /]Rdxﬂ dp Q-1 A U F(b(t) 4 2) H(w) (3. 2)

) = ( /0 L (Pu(b(s) + 2)) db, + ; /0 "0 (3u(b(s) + 7)) ds) .

p=1

11



Proof: We see that

QraF = Qe FIlL = (FQUF) +(FQUF) —2M(FQy. Qs F)
n* me M n* M mr M nr me M

(3. 3)
From the definition of @),; it follows that
. d
(FQe@pF) = [ de(F@e0)+2),¢™ (s msCrmnted) g ,
P “Prms I M R? L2(Q;F)
where
t
@) = 2 {0 (558) )+ (0 (=) )}
t
L (k) = (Gt - 0))
t
{p# (b( k+t> ) + Pu (b(n*(k—l)th) +:c>}
t
x {bu< k+t> b, <n*(k— 1)+t)}.
We can see that for each x € R?
d
s — lim lim Z T_1(Opmn(x)) = 721 (2t, 2)
in L2(Q; [H_1]). By the Lebesgue dominated convergence theorem, we have
: . n* m* _ ioF 7{1(215,93))
Tl (F.QU QUi F) = /}R d d:c<F(b(2t) + 1), e F($)>L2(M (3. 4)

T mk

Similarly it can be easily seen that <F , Qi"i F > and < QQm* F > converge to the
[y M

M
r.h.s. of (3.4) as n,m — oo, respectively. Then it follows that {Qpi}nzo is a Cauchy.
Eq.(3.2) easily follows from (3.4). O

Lemma 3.4 Let p € [CZ(RYH_1)]. Then the family {G,(t)}1>0 is a strongly continuous

1-parameter semigroup on M.

Proof: The group properties follow from the proof of Lemma 3.3 and the strong continuity

in t a direct calculation using (3.2). O
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By Lemma 3.4, Hille-Yoshida’s theorem yields that for each p € [CZ(RY; H_1)], there

exists a unique nonnegative self-adjoint operator ﬁpp in M such that
G,(t) = e oo,

Lemma 3.5 Let p € [C2(R%H_1)]. Then the self-adjoint operator H,q is a self-adjoint
extension of Hyo|mz -

Proof: Let F' € D(H, () and G € M7°. Then we have

Lo~ e r) = S L (™ 1G.Q"FF
(;(Br-n)er) = 3 (5 Qe - 1) G.QER)

—0 n* M
L/ nx

o o ]

= i | <t (@, —1)G. QP7LF>M ds.

Because of the weak right differentiability of ),,G int =0 ((3.1)), and the definition of

Q)+ (Lemma 3.3), we have
w—1lim " (Qe —~1)G=-H,G, s— lim Q" =G,(ts)

n—0 i - p,0% n—o0 ﬂa% - p ’
Hence

1 —H ! —tsH

< (e po _ I> G F> . / ds <—HP7OG,6 F> | 3. 5)

t M 0 M

As t — 0 on the both sides of (3.5), we get
(G H,oF), = (H,0G, F)

which implies that G € D(ﬁp,o) and f—I//LOG =H,(G. O

We denote the extension H, o by the same symbol H, . For p € [C2(R%; H_4)], we give a

rigorous definition of H, in terms of the form sum + of H,, and I ® Hy;
Hp = Hp’()—i—l ® Ho.

Note that M5° N D(I @ Hy) is dense in M. We introduce a multiplication operator in
L*(RY) @ € = L2(R% E) by

Cbgi = /uj o (7T—2 (ﬂﬁu(:ﬂ)» dx.

13



Moreover we formally define an operator acting in L?(R%; £) by
1 & s\ 2
Hoos= 5 (—iDu@T—¢f)" .
pn=1

Since for p € [CZ(RYH_1)], we see that j.p € [CZ(RYH_5)], one can construct a self-
adjoint extension of H,(, in the same manner as that of H,,. We denote it by the
same symbol H, (.. Similarly to that of H,(, we define (), s, contraction operators in

L*(R% €), corresponding to @, i.e.,

I n* — —tH,,0,
ST @ = e (3. 6)

Lemma 3.6 ([4,Lemma 4.9]) Let p € [CZ(R%H_1)]. Then the following equation holds
on L?(R%E)

Jse*th,O,JS* — E'se*th,O,sES_
Now we are ready to state main theorem in this note.

Theorem 3.7 ([4,Theorem 4.10]) Let F,G € M, V € Cy(R?) and p € [CZ(RY;H_1)]
such that

(1) sup|[[@lma(pu()]|-y < o0, (2) = 0.

pu=1,....d,x€R?

> 3uﬂ—1(ﬁu(x))‘

p=1

-1

Then, the following limit exists in L*(Q;[H_s]) for each x € RY:

Jalm (pu(b(s) + x)) db, = wo(t, ).

nx—1 i+l
n*
|

s — lim
j:O nx
Moreover

(P ®rG) = [ dudu_ge VO (00 S (1) +-2) TG
XILX -2
(3. 7)

Proof: The existence of the strong limit follows directly from (1) (see [4,section 2]). Let

L = 5. By the strong Trotter product formula, Markoff properties of E; ([4,Proposition

3.3 (e)]), Lemma 3.6 and (3.6), we see that
<F, e_t(HP+V)G> = lim lim S, i,
M n—00 k—00 ’

o * kx —sV kx —sV Ex —sV
Sn*,k’* - <F7 Jt (vaﬁat) e ( p,ﬁ,t—s) e ( P,ﬁ,s) e JOG>M .
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Then the definition of @),y yields that

Speon = /R d dx< F(b(t) + ),

‘]t* eXp (Zng (Z ni [Ejs]ﬂ-—l u]k ) - SZV ) ‘]OG( )> 5
L2 F)

p=1 j=0

where
kx

Ouan) = {5 (0 (Fes+is) )+ (b (P4 ds) +0)

m=1

—1
x{bu (Zs+js> — b, (mk* s+js>}, j=0,..,n*x—1.

By the Coulomb gauge condition (2), it can be easily seen that for z € R?

k—o00 s

: (7+1)s ~ -
st Oppule) = [0 dros (7ul(s) + ) db, = O, (0)
J
in L2(Q; [H_s]). By the Lebesgue dominated convergence theorem, we have

lim Sy e = / da;< TE(b(t) + 7),
k—o0 R4

d nx—1

exp (ngg (Z > Oz ) - SZV ) JoG(z )> .
p=t =0 L2 (%)

Hence by the first statement of the Theorem and again by the Lebesgue dominated con-

vergence theorem , we get

lim lim S, e = (3.7).

n—o0 k—o00

We call 7°,(t, ) “time-ordered [H_,)-valued stochastic integral associated with the family
of isometries [;] from [H_1] to [H_o]".
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