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Abstract

This is a short version of [Hirl5]. A weak time operator 1" associated with
a given self-adjoint operator H is a symmetric operator such that (H¢,Tvy) —
(T, HY) = —i(¢p, ) for ¢,¢p € D with some domain D. In this paper we
generalize weak time operators as a densely defined symmetric quadratic form,
and a generalized weak time operator Ty associated with a Schrodinger operator
of the form H = —A/2 4V on 2 = L*(R%) is constructed. It is assumed that
the quadratic moment of the negative eigenvalues {E;}32, of H is finite, i.e.,
Z?’;l EJ2 < oo. This is ensured by the Lieb-Thirring inequality. Then we can
construct Ty (+,+) : A x A — C such that

for all ¢, € ¥ with some domain Z.

1 Introduction

1.1 Preliminaries

Canonical commutation relations (CCR) are a fundamental tool in quantum physics.
In one-dimensional quantum mechanics the momentum operator P = —id/dx and the
position operator () = x satisfy CCR:

[P, Q] = —i1 (1.1)

on some dense subspace. FROM CCR the position-momentum uncertainty relation (so-
called Robertson inequality) is derived. On the other hand the energy of a quantum
system can be realized as a Hamiltonian which is a self-adjoint operator on a Hilbert

*e-mail: hiroshima@ math.kyushu-u.ac.jp



2 Weak time operator

space, whereas time t is treated as a parameter, and not as an operator. It is however
there is a physical folklore such that the pair of position-momentum corresponds to
that of time-energy.

From a mathematical point of view we are interested in finding an operator T
associated with a given self-adjoint operator H such that

[H,T] = —il (1.2)

on D(HT)ND(TH), and we call T" as® time operator”. As far as we know, a firm
mathematical investigation of time operators (so-called strong time operators) are initi-
ated by [Miy01], and investigated and generalized in [Ara05, Ara07]. When pair (H,T)
satisfies (1.2), it is known that either H or T is unbounded. Hence it may occur that
D(HT) N D(TH) is not dense or empty. The so-called weak CCR is introduced in
[Ara09], where commutation relations (1.2) are replaced by a bilinear form:

A weak time operator T associated with H is a symmetric operator satisfying (1.3).
In this paper we generalize a weak time operator to a symmetric quadratic form

(Definition 1.1), which we call a generalized weak time operator (GWTO), and are

concerned with a weak time operator associated with a Schrédinger operator

1
HV = —§A+V (1-4)

in Hilbert space L?(R?). Here A denotes the d-dimensional Laplacian and V : R? — R
is the multiplication operator describing an external potential. V(z) = —1/|z| is a
typical example.

Definition 1.1 (Generalized weak time operator and CCR domain) A densely
defined symmetric quadratic form T'(-,-) : J x S — C is a weak time operator
associated with a self-adjoint operator H if and only if

for all ¢, ¢ € ¥ with some domain 2. % is called a CCR domain for (H,T')
Remark 1.2 Note that & in Definition 1.1 is not necessarily dense.

While we can also define the strong time operator associated with H. To define a strong
time operator we introduce weak Weyl relations. We call that the pair of self-adjoint
operators (A, B) satisfies the Weyl relation if and only if

e—zsAe—ztB — ezste—ztBe—zsA (16)
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holds for all s,¢ € R. A Weyl relation implies CCR, and pair (P, Q) satisfies the Weyl
relation. Conversely it is known as the von Neumann uniqueness theorem that if pair
(A, B) satisfies Weyl relation (1.6) and there is no invariant domain with respect to
e 4 and e P then A = P and B = . Here = describes a unitary equivalence.
When H is bounded from below, this theorem tells us that there exists no symmetric
operator 1" such that pair (H,T') satisfies the Weyl relation, since H 2 P. Thus instead
of Weyl relation the so-called weak Weyl relation is introduced to define the strong time
operator.

Definition 1.3 (Weak Weyl relation) The pair (A, B) satisfies weak Weyl relation
(WWR) if and only if A is self-adjoint and B is symmetric, e"*AD(B) C D(B) and
Be7 4y = =4 (B + t)4 hold for all 1 € D(B) and all t € R.

It is clear that the Weyl relation implies WWR, and WWR, does CCR.

Definition 1.4 (Strong time operator) A symmetric operator T' is a strong time
operator associated with a self-adjoint operator H if and only if the pair (H,T") satisfies
WWR.

When T' is a strong time operator, T' defines a weak time operator T:H# x H# —C
by T(¢,) = (6, T¢) for 6,3 € D(T),

Strong time operators (resp. weak time operator) associated with an abstract self-
adjoint operator with purely absolutely continuous spectrum (resp. purely discrete
spectrum) are studied in [Ara05, Ara07, AM08, AM09, HKM09, Miy01] (resp. [Gal02,
GCBO04, Ara09]). Representations of CCR are also studied in [Sch83a, Sch83b, Dor84].
The spectrum of Schrodinger operator Hy considered in this paper is of the form
{E;}L, U0,00), and under conditions:

N =00 and ZEJQ < 00, (1.7)
j=1

we construct a weak time operator associated with Hy. Here (1.7) is ensured by the
Lieb-Thirring inequality

S B <af V@Ptid (1.8)
j=1 R

with some constant a, where V_ is the negative part of V.

1.2 Strong time operators

The proposition on strong time operators below is well known.
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Proposition 1.5 Suppose that a strong time operator T' associated with a self-adjoint
operator H exits. Then assertion (1)-(3) below follow.

(1) The closure T is also a strong time operator.

(2) T has no self-adjoint extension.

(3) o(H) must be purely absolutely continuous spectrum, i.e., o0(H) = 0ac(H).

Proof: See [Ara05]. qed

By this proposition we may assume that the strong time operator is a closed sym-
metric operator in what follows.

Assume that (H,T') satisfies WWR. We are interested in constructing a strong time
operator associated with f(H), where f : R — R. Actually this is established in the
proposition below.

Proposition 1.6 Let Ty be a strong time operator associated with a self-adjoint op-
erator H. Let f € C?(R\ K) and L = {\ € R\ K; f'(\) = 0}, where K is a
closed subset of R, and both of the Lebesque measures of K and L are zero. Let
D={p(H)D(T);p e C(R\ LUK)}. Then

Ty = 5Tl (H) T+ () Ta)lo

is a strong time operator associated with f(H).

Proof: See [HKMO09, Theorem 1.9]. qed

We give some examples. Let P; = —id/dz; and @); be the multiplication by z; for
j=1,...,din L*(R?). A strong time operator associated with P; is Q; for j =1, ...,d.
Proposition 1.6 can be applied to construct a strong time operator associated with
f(Py,..., P;). An important example includes Aharonov-Bohm operator Tap [AB61],

which is a strong time operator associated with %Z?Zl sz and defined by

d
Tas = 5 3 (@F, + 7, Q) (L.9)

j=1

with D, = {p(P2)D(Q): p € C=(R1\ {0}}.

1.3 Canonical commutation relations

We review a weak time operator associated with a self-adjoint operator H such that
o(H) = oaqisc(H) = {Ej};?‘;l, where F; < Ey < ---. Note that E,, 2 E,, if n > m. In
this case there exists no strong time operator by Proposition 1.5.
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Assumption 1.7 Suppose that o(H) = oaisc(H) = {E;}52,, By < Ey < -+, and

o0

1
ZEQ < oo for some J > 1.
j=J

In [Ara09] a symmetric operator 7" such that [H,T| = —il is defined for H satisfying
Assumption 1.7. Let Henq = Enena, @ = 1,..., M,,, and (€pqa, €mg) = dnmdas, Where
M, denotes the multiplicity of E,,. Let

1
€, = i Zem. (1.10)
n a=1

Note that (€, €,) = dpm. Set
F =span {é,;n € N}. (1.11)

Definition 1.8 Suppose Assumption 1.7. Then we define T" by

To = ZZ ( em’(b) ) g, (1.12)
m;én

with D(T) = span {¢ = 1y + ;01 € F by € F1}.
By the definition of 7" above we have T'f = 0 for f € .Z+. We set
& = span {e, — é,;n,m € N}. (1.13)

Proposition 1.9 Suppose Assumption 1.7. Let T be in (1.12). Then [H,T] = —il
holds on & .

Proof: See [Ara09]. ged

We give remarks. It is not necessarily that & is dense.

2  Generalized weak time operators

2.1 Assumptions
By applying results introduced in the previous section we construct generalized weak

time operators associated with Schrodinger operators. Let

Hy = —%A (2.1)
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and set
Hy =Hy+ V. (2.2)

Let € = . ® Hing be the decomposition of 7 into the absolutely continuous part
and singular part of H. We set J,, = . @ 2, where 7, denotes the closure of the
span eigenvectors of Hy. Let Hye = Hy [, He = Hy| ., and H, = Hy [ . Then
Hy = H,. ® H, ® Hy.. Conditions we assume on Hy are as follows:

Assumption 2.1
(1) CTSC(Hv) = @, i.e., HV = Hac D Hp.
(2) 0ac(Hy) = [0,00), and there exists a strong time operator T,. associated with H,,

in ..
(3) o(Hp)(= 0p(Hy)) = {0} U{E;}}L,, where N = 00, By < By < --- <0, {E;}72, =

Udisc(HV)a and
Z EJ2 < 00.
j=1

2.2 Discrete spectrum

In Assumption 2.1 (3), 0 € o(H,) is possibly an eigenvalue of H,. When 0 is an
eigenvalue of H, we denote the set of vectors ey such that H,eq = 0 by J4. Let
Hyena = Enena, @ = 1,..., M,, and (ena, €ms) = Onmdag. Subspaces .# and & of Iz,
are defined in the same way as (1.11) and (1.13), respectively. In particular J¢ C G\L
Let J#, = . @ 4 (possibly 4 = 0).

Lemma 2.2 Suppose (3) of Assumption 2.1. Then

Thop = ZZ <Z €m: 9) > z, (2.3)

m#£n En E'm.

with
D(Ty) = span {¢ = ¢y + ;01 € F,9hy € F} (2.4)

is a generalized weak time operator associated with (Hy[ 7 )7t

Proof: We see that o(H,[} ) = {1/E; 51321 Then the lemma follows from Proposi-

tion 1.9. qed
We define the symmetric quadratic form 7}, : D(Ty) x D(Ty) — C on &, by
1 —2 -2
Tp((b”l/}) — _5 ((Td¢7 Hp ¢) + (Hp ¢7 le/))) ) ¢7 ¢ S y7 (25)
0, otherwise.

Note that .# N =0, F C D(H,*) for all k > 0.
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Remark 2.3 We formally write T,(¢, ) = (¢, Tp1) and
1

T, = _E(Tde*2 + H*Ty). (2.6)

Notice that however it is not clear whether D(H?) D TqD(Tq) or not. Hence we can
not define 7}, as a nontrivial symmetric operator.
We set H'& = span {E%Lén — ﬁém;n,m € N}. Note that H;*& C F for k € Z.

Lemma 2.4 Let ¢, € Hp_lg’. Then T,(Hpp, ) — To(p, Hpp) = —i(¢, 1) follows.

Le., T, is a generalized weak time operator associated with H,, with CCR domain Hglé".
Proof: Let T" = —2T},. Let ¢/ = H;lqzﬁ, Y = Hl;li/} € Hgléa. We see that
T'(Hpd',¢') = T'(¢, H)') = T'(¢, Hy ') — T'(H, ', 90).
By the definition of 7" we have
T/(Hp(bl,wl> _ TI(¢/’ prl)
= (Td¢> Hp_glb) + (Hp_2¢7 Tde_lﬁb) - (Hp_3¢7 wa> o (Tde_l¢7 Hp_2 )
= (Hy 'Tag, Hy*0) — (Hy %6, Hy ' Ta) + (H ¢, TaH, ")) — (TaHy 6, Hy "),

Then the first two terms of the most right-hand side above can be computed by using
[H, ', Tg) = —ill on & as

(H, Tag, Hy*0) — (H, 26, Hy  Ta))
= 2i(H, ¢, Hy'w) + (TaH, ¢, Hy*0) — (Hy 20, T, '),

Hence we conclude that T"(H,¢', ") —T'(¢', HyY') = 2i(¢’, ") and the lemma follows.
qed

2.3 Main results

We state the main result. Suppose Assumption 2.1. We define the densely defined
symmetric quadratic form Ty, (-, ) : I X € — C (H = ;. © H,) by

Thy (61 © b2, U1 @ tha) = (@1, Tactr) + Ty (P2, ¥2) (2.7)
for @1, € D(The) and ¢, 92 € D(T4).

Theorem 2.5 (Generalized weak time operator) Suppose Assumption 2.1. Then

Th, 1s a generalized weak time operator associated with Hy with a CCR domain
D(T..) ® H'&. Le.,

THV (qub, ¢) - THV (¢a HV,QZ}) - _i(qba ’17/)) (28)

Proof: From Proposition 3.2 and Lemma 2.4 the theorem follows. qed
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3 Examples

In the previous section we can construct generalized weak time operators associated
Schrodinger operators Hy. In this section we give examples of external potential V'
such that generalized weak time operator can be constructed.

3.1 Absolutely continuous spectrum

We can construct a strong time operator associated with H,. by through a wave oper-
ator.

Lemma 3.1 Suppose that the wave operator Q= (Hy, Hy) = 5—, lim eV et cpists.
—+00

Then Q = Q= (Hy, Hy) fulfills (i) Q3 C ., (i) eV Q = Qe for all t € R,
(1ii) Q*Q =1, and (iv) QQ* = the projection onto Hpe.

Proof: This is fundamental in the scattering theory in quantum physics. We omit it.
qed

The strong time operator associated with H,. can be constructed through 2 in
Lemma 3.1 and Aharonov-Bohm operator given in (1.9).

Proposition 3.2 Suppose Assumption 2.1. Let T,. = QTap¥* with D(T,.) = QD(Tap).
Then T,. 1s the strong time operator associated with H,..

Proof: The proof is learned from [Ara06]. Let ¢/ = Q¢ € QD(Txp). Since Q*Q = 1,
T..d = QTap¢ is well defined. It is seen that

e VT, ¢ = Qe T po = Q(Tap — t)e_itHoqﬁ.

Since e"Hogp = Q* e~V p we have e VT, ¢/ = (QTapQ* — tQQ*)e Hv . Since
QO* is the projection to %,., which is denoted by P,., and ¢’ = Q¢ € . and
RanT,. C ., we have T,.e tHacg) = ¢~Hac(T,  + )¢’ and the proposition follows.
qed

3.2 Short range potentials

In this section we consider short range potentials for which a generalized time operator
can be constructed. It can be done however straightforwardly by the collection of
known results concerning the spectrum of Schrodinger operators. In particular an
upper bound of the quadratic moment of the negative eigenvalues of Hy is given by
the Lieb-Thirring bound.
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Suppose that V is of the form

V) = ey e

(3.1)
for some € > 0, where W : R? — R is a multiplication operator such that W (—A +1i)~1
is compact. If V is of the form (3.1), V is called the Agmon potential. Agmon
potentials form a linear space of —A-bounded perturbations of relative bound zero. In
particular Hy is self-adjoint on D(Hj). The perturbation by Agmon potential V' leaves

the essential spectrum of Hy invariant, i.e., 0ess(Hy) = 0ess(Ho) = [0,00). Following
facts are known as Agmon-Kato-Kuroda theorem:

Proposition 3.3 (Absence of singular continuous spectrum and existence of
wave operators) Let V' be an Agmon potential. Then (1) - (3) follow.

(1) USC(H\/') = @

(2) The wave operator Q(H, Hy) = s—tlim e~ v etHo epists and complete. In particular
— 00
[0,00) = 0ac(Hy ).

(8) The set of positive eigenvalues of Hy is a discrete subset in (0, 00).

Proof: See [RS79, Theorem XII1.33]. qed

It is known that any U € LP(R?) for d/2 < p < oo and p > 2, is relatively compact.
Then V(z) = (1 + |z|*)?*U(x), € > 0, is an Agmon potential. Another example is
that V(z) = %, e > 0, with U € L*(RY) is an Agmon potential. See e.g.
[RS79, p.439)].

We introduce an assumption.

Assumption 3.4 (Infinite number of negative eigenvalues) Let d = 3 and sup-
pose that

V(z) < a

= _|$|2—5

for |x| > R (3.2)
with some R >0, a >0 and 6 > 0.

By Assumption 3.4 it can be seen that ogis.(Hy) C (—00,0) and #ogise(Hy) = 0.
See [RS78, Theorem XIII.6]. In particular 0 is a unique accumulation point of discrete
spectrum of Hy, .

Assumption 3.5 (Absence of strictly positive eigenvalues) Let V' be spherically
symmetric and

/oo V(rydr < oo, V e L2 (R*\{0}). (3.3)
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Under Assumption 3.5 Hy has no strictly positive eigenvalues. See [RS78, Theorem
XII1.56]. To construct a generalized weak time operator we need that the quadratic
moment of negative eigenvalues is finite. This can be controlled by the Lieb-Thirring
inequality [Lie76, Lie80]. It is known that

SIEI" < as [ Vi) e < o, (3.0
j=1 R

where aq, is a constant independent of V.

Assumption 3.6 (Finiteness of quadratic moment of negative eigenvalues)
Let d=3 and V < 0. Suppose that

/]RS IV (2)|?dx < co. (3.5)

Theorem 3.7 Letd =3 and V' be an Agmon potential. Suppose Assumptions 3.4, 3.5
and 3.6, Then the generalized weak time operator associated with Hy exists.

Proof: By Proposition 3.3, ox.(Hy ) = () and the wave operator Q(Hy, Hy) exists. Then
T,. = QT )" is a strong time operator associated with H,. by Proposition 3.2. Under
Assumptions 3.4 and 3.5 we can see that o(Hy) = {E£;}32,U[0,00), Fy < Ep <--- <0,

op(Hy) = {0} U{E;}32,, and oac(Hy) = [0,00). Furthermore Assumption 3.6 implies
Z;; E? < co. Then the theorem follows from Theorem 2.5. qed

Example 3.8 Let d = 3. Suppose that U € L*°(R?). Then

U(z)

Y = e

is an Agmon potential for all ¢ > 0. Suppose that U is negative, continuous, spherically
symmetric and satisfies that U(x) ~ 1/|z|* for |x| — oo with 0 < a < 1. For each «,
we can chose € > 0 such that 2e+a < 1. Hence V satisfies (3.2),(3.3) and (3.5). Hence
a generalized weak time operator 1%, associated with Hy exists.

3.3 Long range potentials: Hydrogen atoms

In this section we show an example of long range potentials. Let d = 3. The Schrodinger
operator associated with a hydrogen atom is defined by

1
Hyya = Ho — El (3.6)
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Theorem 3.9 There exists a generalized weak time operator Ty, , associated with
thd-

Proof: 1t is well known that og(Hpya) = 0, 0p(Huya) = {—5772}52; and 0ac(Hyya) =
[0,00). The modified wave operator Qp(Hyyq, Ho) is defined by Qp(Hyya, Ho) = s—
lim e wd /() with some unitary operator Up(t). See [RS79, Theorem XI.71]. Then

t—o00

Q = Qp(H, Hy) plays a roll of Q in Proposition 3.2. Then the theorem follows from
Theorem 2.5. qed

4 Time operator associated with f(H)

In this section we construct a time operator associated with f(H) with some function
f iR — R. The assumption we need is as follows.

Assumption 4.1 (1) Let f € C*(R\ K) be injective and L = {\ € R\ K; f'(\) = 0},
where K is a closed subset of R, and both of the Lebesque measures of K and L are
zero. (2) 3222, f(Ej)? < o0

Assume that f satisfies Assumption 4.1. Let o(H) = {E;}, U [0,00) and o,.(H) =
[0,00). We define f(H) by the spectral resolution of H. Then o(f(H)) = { f(E;)}32,U

f(]0,00)). Let T, be a strong time operator associated with H,.. Then the strong time
operator associated with f(H,.) is given by

T(m,.) = %(Tacf’(H)‘1 + f'(H)'To)[p

by Proposition 1.6. Here D = {p(H,.)D(T);p € C(R\ LU K)}. Define TY, by

T = ST () T+ FUH) T (11)

is a strong time operator associated with f(H,.). Let

& Emo) .
Tio=i) (Z (e f(Em)>

n=1 \m#n

Then TC{ is a weak time operator associated with f(Hg). Define T' 1{;‘/ = T({ o TS

Theorem 4.2 Suppose Assumption 1.6. Then TI{,V 15 a generalized weak time operator
associated with f(Hy) with a CCR domain D(TJ,) & H;'&7. Le.,

Th (F(Hv)o, ) — Th (¢, f(Hy)¥) = —i(6, ). (4.2)
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We give examples. Let f(z) =1 — e %%, Then

o0

Sty <y B
j=1

j=1

with some constant c¢. Define f(H) = 1 — e ##. Thus the generalized time operator
associated with f(H) exists.
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