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Harmonic oscillators

a =
1√
2

(
1√
ω

d
dx

+
√

ωx
)
, a† =

1√
2

(
− 1√

ω
d
dx

+
√

ωx
)

are the annihilation op. and the creation op. in L2(R). They satisfy
CCR

[a,a†] = 1l.

Let

ωa†a =
1
2

(
− d2

dx2 +ω2x2 −ω
)
.

Then φg(x) =
(ω

π
)1/4 e−ωx2/2 is the eigenvector associated with the

lowest eigenvalue 0 of ωa†a. The nth excited state of ωa†a is defined
by

φn =
1√
n!

n

∏a†φg, n = 0,1,2, · · ·

with φ0 = φg. It follows that ωa†aφn = ωnφn and
Spec(ωa†a) = {ωn}∞

n=0.

L2(R) =⊕∞
n=0[Cφn].



Spin 1/2

Let σ = (σx,σy,σz) be elements of SU(2).

σx =

[
0 1
1 0

]
, σy =

[
0 −i
i 0

]
, σz =

[
1 0
0 −1

]
Let

∆σz, ∆ > 0.

Then Spec(∆σz) = {±∆}.

The ground state of ∆σz is s− =

[
0
1

]
and the excited state is

s+ =

[
1
0

]
. Then

C2 = Cs+⊕Cs−.



Rabi model

The total Hilbert space is C2 ⊗L2(R) and the free Rabi Hamiltonian is
given by

∆σz ⊗1l+1l⊗ωa†a

Introducing the interaction σx ⊗
(
a† +a

)
, the Rabi Hamiltonian HRabi is

given by

HRabi = ∆σz ⊗1l+1l⊗ωa†a+gσx ⊗
(
a† +a

)
, g ∈ R.

It has the parity symmetry:

[σz ⊗ (−1)N/ω ,HRabi] = 0.



Figure: Eigenvalue curves

1) The lowest curve is cancave.
2) Asymptotic behavior



Rotation U of spin

The rotation group in R3 has an adjoint representation on SU(2). Let
n ∈ R3 be a unit vector and θ ∈ [0,2π). Thus e(i/2)θn·σ satisfies that

e(i/2)θn·σ σµ e−(i/2)θn·σ = (Rσ)µ , µ = x,y,z

where R = R(n,θ) denotes 3×3 matrix representing the rotation
around n with angle θ . In particular U = e(iπ/4)σy yields that

UσxU−1 = σz,

UσzU−1 =−σx.

Then
UHRabiU−1 =−∆σx +ωa†a+gσz(a† +a).



Ground state transformation Ug

Since φg is strictly positive, we can define the unitary operator

Ug : L2(R)→ L2(R,φ2
g dx), Ug f = φ−1

g f .

We set the probability measure on R by

φ2
g (x)dx = dµ(x).

Thus

UgUHRabiU−1U−1
g =−∆σx −

1
2

d2

dx2 +ωx
d
dx

+gσz
√

2ωx

=

(
− 1

2
d2

dx2 +ωx d
dx +g

√
2ωx −∆

−∆ − 1
2

d2

dx2 +ωx d
dx −g

√
2ωx

)



Scalar transform

Let Z2 = {−1,1}. We identify C2 ⊗L2(R,dµ) with

H = L2(R×Z2,dµ) =

{
f = f (x,α)

∣∣∣∣∣ ∑
α∈Z2

∫
| f (x,α)|2dµ(x)< ∞

}

by the map C2 ⊗L2(R,dµ) 3
[

f+(x)
f−(x)

]
7→ f (x,α) ∈ H . Here

f (x,+1) = f+(x) and f (x,−1) = f−(x). H : H → H is defined by

H f (x,α) =

{
−1

2
d2

dx2 +ωx
d
dx

+g
√

2ωαx
}

f (x,α)−∆ f (x,−α), α ∈ Z2

Lemma
HRabi in C2 ⊗L2(R) is unitarily equivalent to H in L2(R×Z2,dµ).
In what follows we deal with H instead of HRabi.



OU process
(Xt)

x
t∈R is an Ornstein-Uhrenbeck process on (X ,B,P) st

EP[Xx
t ] = xe−ωt , EP[Xx

t Xx
s ] = e−ω(t+s)

(
x2 +

e2ω(t∧s)−1
2ω

)

Here EQ [· · ·] denotes the expectation wrt Q. We have

∫
EP [Xx

t ]dµ(x) = 0,
∫

EP [Xx
t Xx

s ]dµ(x) =
e−|t−s|ω

2ω
.

Let N be redefined by

N =−1
2

d2

dx2 +ωx
d
dx

(the number op. in mind)

The generator of Xx
t is given by −N:

( f ,e−tNg)L2(R,dµ) =
∫

EP

[
f (Xx

0 )g(X
x
t )
]

dµ(x).



Spin process

Let (Nt)t∈R be a Poisson process on (X ′,B′,ν) with unit intensity, i.e.,

Eν [1lNt=n] =
tn

n!
e−t , n ≥ 0.

We define the spin process by

σα
t = (−1)Nt α, α ∈ Z2.

Let σF be the fermionic harmonic oscillator:

σF =
1
2
(σz + iσy)(σz − iσy) =−σ1 +1l.

The generator of σα
t is given by −σF :

( f ,e−tσF g)L2(Z2)
= ∑

α∈Z2

Eν

[
f (σα

0 )g(σα
t )
]
.



Feynman-Kac Formula

Theorem (FH+Hirokawa, (14))
Set ∑α∈Z2

∫
REPEν [· · ·]dµ(x) = E [· · ·]. Then

( f ,e−tHg)H = etE
[

f (Xx
0 ,σ

α
0 )g(Xx

t ,σα
t )e−g

√
2ω
∫ t

0 σα
s Xx

s ds∆Nt
]
.

Corollary (FH+Hirokawa (14))
e−tH is positivity improving for ∀t > 0. In particular e−tH1l > 0.



Vacuum expectation

Let 1l ∈ L2(R×Z2,dµ) be the constant function. Note that

1l ∼=
[

0
1

]
⊗φg ∈ C2 ⊗L2(R).

We set
1lt = e−tH1l, t ≥ 0.

Let Φg(> 0) be the ground state of H. Since

Φg = lim
t→∞

1lt/‖1lt‖,

we have
(Φg,AΦg) = lim

t→∞

(1lt ,A1lt)
(1lt ,1lt)

Here A = e+βN,(−1)N,σx(−1)N etc.



(Bt)t≥0 is Brownian motion. E[BsBt ] = s∧ t.

Xx
s = e−sω

(
x+

1√
2ω

Be2sω−1

)
s ≥ 0

(1l,1lt) = et ∑
α∈Z2

∫
EνEP

[
e−g

√
2ω
∫ t

0 σsXx
s ds∆Nt

]
dµ(x)

= et ∑
α∈Z2

Eν

[
∆NtEP

[
e−g

∫ t
0 σα

s e−sω Be2sω−1ds
]∫ √ω

π
e−ωx2−

√
2ωg

∫ t
0 σα

s e−sω xdx
]

1)EP

[
e−g

∫ t
0 σα

s e−sω Be2sω−1ds
]
= exp

(
g2

2

∥∥∥∥∫ t

0
σα

s e−sω 1l[0,e2sω−1](·)ds
∥∥∥∥2

L2(R)

)

= exp
(

g2

2

∫ t

0
ds
∫ t

0
drσα

s σα
r e−(s+r)ω(e2(s∧r)ω −1)

)
,

2)
√

ω
π

∫
e−ωx2−

√
2ωg

∫ t
0 σα

s e−sω xdx = exp

(
g2

2

(∫ t

0
σα

s e−sω ds
)2
)



Concave and parity

(1l,1lt) = et ∑
α∈Z2

Eν

[
∆Nt exp

(
g2

2

∫ t

0
ds
∫ t

0
drσα

s σα
r e−ω|s−r|

)]
Let E0(g) = infSpec(HRabi).

Theorem (Concave)
g 7→ E0(g) is concave and differentiable a.e. in g.
Proof: This follows from E0(g) = limt→∞− 1

t log(1l,1lt). □

Theorem (Parity)
Let P = σx ⊗ (−1)N . Then PΦg =−Φg.
Proof: Since P1l =−1l and Φg = limt→∞ 1lt/‖1lt‖, the theorem follows. □



(1lt ,1lt) and (1lt ,e−βN1lt)

(1lt ,1lt) = e2t ∑
α∈Z2

Eν

[
∆N2t exp

(
g2

2

∫ 2t

0
ds
∫ 2t

0
drσα

s σα
r e−ω|s−r|

)]
= e2t ∑

α∈Z2

Eν

[
∆Nt+N−t exp

(
g2

2

∫ t

−t
ds
∫ t

−t
drσα

s σα
r e−ω|s−r|

)]
Here we can extend (Nt)t≥0 to (Nt)t∈R, where Nt is independent of N−s
for any s, t > 0 , and we used the shift invariance of σt .



Since

( f ,e−βNg) = ∑
α∈Z2

∫
EP[ f̄ (Xx

0 ,α)g(Xx
β ,α)]dµ(x),

we see that

(1lt ,e−βN1lt) = ∑
α∈Z2

∫
EP[1lt(Xx

0 ,α)1lt(Xx
β ,α)]dµ(x).

1lt(Xx
0 ,α) = etEνEP

[
∆Nt e−

√
2ωg

∫ t
0 σα

s Xx
s ds
]

= etEνEP

[
∆Nt e−

√
2ωg

∫ t
0 σα

s e−sω
(

x+ 1√
2ω

Be2sω−1

)
ds
]

= etEν

[
∆Nt e−

√
2ωg

∫ t
0 σα

s e−sω dsxEP

[
e−g

∫ t
0 σα

s e−sω Be2sω−1ds
]]

= etEν

[
∆Nt e−

√
2ωg

∫ t
0 σα

s e−sω dsxe
g2
2
∫ t

0 ds
∫ t

0 drσα
s σα

r e−(s+r)ω (e2(s∧r)ω−1)
]



EP

[
1lt(Xx

β ,α)
]

= etEP

[
Eν

[
∆Nt e−

√
2ωg

∫ t
0 σα

s e−sω dsXx
β e

g2
2
∫ t

0 ds
∫ t

0 drσα
s σα

r e−(s+r)ω (e2(s∧r)ω−1)
]]

= etEP

[
Eν

[
∆Nt e−

√
2ωg

∫ t
0 σα

s e−sω dse−βω
(

x+ 1√
2ω

B
e2βω−1

)

× e
g2
2
∫ t

0 ds
∫ t

0 drσα
s σα

r e−(s+r)ω (e2(s∧r)ω−1)
]]

= etEν

[
∆Nt e−

√
2ωg

∫ t
0 σα

s e−sω dse−βω x

× e
g2
2
∫ t

0 ds
∫ t

0 drσα
s σα

r e−(s+r)ω (1−e−2βω )e
g2
2
∫ t

0 ds
∫ t

0 drσα
s σα

r e−(s+r)ω (e2(s∧r)ω−1)
]



Let W (s,r) = σα
s σα

r e−ω|s−r|. Finally we have

(1lt ,e−βN1lt)

= e2t ∑
α∈Z2

Eν

[
∆N−t+Nt exp

(
g2

2

∫ t

−t

∫ t

−t
W (s,r)dsdr

)
×exp

(
−g2(1− e−βω)

∫ 0

−t

∫ t

0
W (s,r)dsdr

)]
Note that

σα
s σα

r = (−1)Ns(−1)Nr α2

= (−1)Ns(−1)Nr = (−1)Ns(−1)−Nr = (−1)Ns−Nr = (−1)N|s−r| ,

which implies that σα
s σα

r is independent of α ∈ Z2. Thus

eiπN|s−r| = σα
s σα

r



Let W (s− r) = eiπN|s−r|e−ω|s−r|.

(Φg,e−βNΦg) = lim
t→∞

(1lt ,e−βN1lt)
(1lt ,1lt)

= lim
t→∞

∑α∈Z2 Eν

[
∆Nt+N−t e

g2
2
∫ t
−t
∫ t
−t W (s−r)dsdr−g2(1−e−βω )

∫ 0
−t
∫ t

0 W (s−r)dsdr
]

∑α∈Z2 Eν

[
∆Nt+N−t e

g2
2
∫ t
−t
∫ t
−t W (s−r)dsdr

]
= lim

t→∞
Eνt

[
e−g2(1−e−βω )

∫ 0
−t
∫ t

0 W (s−r)dsdr
]

νt(O) = ∑
α∈Z2

Eν

[
∆Nt+N−t e

g2
2
∫ t
−t
∫ t
−t W (s−r)dsdrO

]/
∑

α∈Z2

Eν

[
∆Nt+N−t e

g2
2
∫ t
−t
∫ t
−t W (s−r)dsdr

]

Theorem (FH Adv. Math. (14))
Let W (s− r) = eiπN|s−r|e−ω|s−r|. There exists a prob. measure ν∞ st

(Φg,e−βNΦg) = Eν∞

[
e−g2(1−e−βω )

∫ 0
−∞
∫∞

0 W (s−r)dsdr
]

β > 0



Localization
C2 ⊗L2(R) =

⊕∞
n=0[C2 ⊗ [Cφn]]. Thus Φg =

⊕∞
n=0 Φ(n)

g and

1 = ‖Φg‖2 =
∞

∑
n=0

‖Φ(n)
g ‖2

C2⊗[Cφn]

The question is ‖eβNΦg‖2 = ∑∞
n=0 e2βn‖Φ(n)

g ‖2
[C2⊗Cφn]

< ∞?

Corollary (Localization)
Let W (s− r) = eiπN|s−r|e−ω|s−r|. By the analytic continuation on β we
see that

(Φg,eβNΦg) = Eν∞

[
e−g2(1−eβω )

∫ 0
−∞
∫∞

0 W (s−r)dsdr
]

β ∈ C,

(Φg,NΦg) = ωg2Eν∞

[∫ 0

−∞

∫ ∞

0
W (s− r)dsdr

]
In particular

‖eβNΦg‖2 < ∞, ∀β > 0.



∑∞
n=0 ‖Φ(n)

g ‖2 = 1, but

(Φg,(−1)N/ω Φg) =
∞

∑
n=0

(−1)n‖Φ(n)
g ‖2 ≶ 0?

Theorem
(Φg,(−1)N/ω Φg)> 0
Proof: Let β = iπ/ω. Then

(Φg,(−1)N/ω Φg) = Eν∞

[
e2g2 ∫ 0

−∞
∫∞

0 e
iπN|s−r| e−ω|s−r|dsdr

]
> 0

□



Spectral zetafunction

Let ω = 1 and p =−id/dx.

HRabi +g2 ∼= Hren =

(
a†a 0
0 a†a

)
−∆

(
0 e−i2

√
2gp

e+i2
√

2gp 0

)

Let Spec(HRabi) = {En(g)}∞
n=0.

If ∆ < 1/4, then E2n,E2n+1 ∈ (n−1/4,n+1/4). Let

ζg(s) =
∞

∑
n=0

1
(En(g)+g2)s .

Let H =

(
a†a 0
0 a†a

)
.

Lemma
Let τ > 0 and s > 0. Then s− limg→∞(Hren + τ)−s = (H + τ)−s.



Theorem
lim
g→∞

∞

∑
n=0

1
(En(g)+g2 + τ)s = 2

∞

∑
n=0

1
(n+ τ)s

Proof: Let e2n =

[
φn
0

]
and e2n+1 =

[
0

φn

]
.

lim
g→∞

ζg(s) = lim
g→∞

Tr(Hren + τ)−s = lim
g→∞

∞

∑
n=0

(en,(Hren + τ)−sen)

=
∞

∑
n=0

(en,(H + τ)−sen)

□
The same result is obtained in
Cid Reyes-Bustos and Masato Wakayama, arXiv:2304.08943, 2023.



Summary

• ( f ,e−tHg) =

et ∑
α∈Z2

∫
R
EPEν

[
f (Xx

0 ,σ
α
0 )g(Xx

t ,σα
t )e−g

√
2ω
∫ t

0 σα
s Xx

s ds∆Nt
]

dµ(x).

• (1l,e−tH1l) = et ∑α∈Z2
Eν

[
∆Nt exp

(
g2

2
∫ t

0 ds
∫ t

0 dreiπN|s−r|e−ω|s−r|
)]

• Prob. meas. ∃ν∞ st
(Φg,eβNΦg) = Eν∞

[
e−g2(1−eβω )

∫ 0
−∞
∫∞

0 e
iπN|s−r| e−ω|s−r|dsdr

]
∀β ∈ C.

• g 7→ E0(g) is concave and differentiable a.e. in g.
• σx(−1)N/ω Φg =−Φg.
• ‖eβNΦg‖2 < ∞, ∀β > 0.

• lim
g→∞

∞

∑
n=0

1
(En(g)+g2 + τ)s = 2

∞

∑
n=0

1
(n+ τ)s

Thank you.


