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ﬂ BRIEF REVIEW OF UV RENORMALIZATION OF NELSON MODEL
9 PROPERTIES OF GROUND STATE BY UV-RENORMALIZED GIBBS
MEASURES
@ FKF without UV cutoff

@ Infinite volume Gibbs measures
@ Properties of ground states

© WEAK COUPLING LIMIT

@ CONCLUDING REMARKS
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The method of renormalization of the Nelson Hamiltonian
@ Operator theory
@ Stochastic method

@ Perturbation theory
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A belief history of renormalization of the Nelson Hamiltonian

@ 1963:
o 1964:
@ 1973:
@ 2001:
@ 2005:
@ 2012:
@ 2014:
@ 2016:
@ 2017:

Nelson, renormalization by stochastic method

Nelson, renormalization by operator theory

Fréhlich, asymptotic field of fiber Hamiltonian

Ammari, HZV-type theorem for massive case
Hirokawa+FH+Spohn, the existence of ground state
Gérard-FH-Panati-Suzuki, renormalization on a manifold
Gubinelli-FH-Lorinczi, renormalization by stochastic method
Ammari-Falconi, semi-classical analysis

Matte+Mgller, FH, FKF and properties of ground state +

Todays talk.....
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»Gaussian random variable ¢(f), f € L2(R3), on (Q, X, 1)

Eulo(H]=0,  Eulo(f)o(9)] = 3(f,9)2s)
Cf.

¢(f):\}2 / a'(k)¥(k)+a(k)f(—k)dk CCR [a(k),a' (k)] = 8(k — K').

»Boson Fock space .7 = L2(Q, u)
» Total Hilbert space of the Nelson model is .7 = [?(R®) @ .%
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»Nelson Hamiltonian with UV(ultraviolet) cutoff parameter € > 0:
He = Ho@ 1+ 1@ Hy + g9 (pe(- — X))

»Hp = —%A+ V(x) is Schrédinger op. e.g., V is Kato class potential.
» Hy = dl'(w(—iV)) is free field Hamiltonian. l.e.,

Hr: o(fr)- Z o(fi)- - o(@(=iV)f)---o(fn) :
Formally
H; = / o(K)a' (k)a(k)dk

with the dispersion relation w(k) = |k]|.
» By Kato-Rellich theorem H; is s.a. on D(Hp) N D(H;) and He > —3Cs.
»Kato theory was introduced by Kato-Mugibayashi, Heegh Krohn, etc.
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» UV cutoff function p. with UV cutoff parameter € > 0. The Fourier
transform of p. is given by

e—s\k\z/Z

5. (K) —
Pe(K) (k)

» Removal of UV cutoff:

]1|k|>l S LZ(RS) e>0

N 2(3
Iéirgpe(k) = ot Ijgsa & L5(R®)

THEOREM (E. NELSON,1964)

Lot Ee =~} [ [Pe(k) 2B(K)k with B(K) = 4oty where

E. — — as e | 0. Then a self-adjoint operator 3H,.,, such that

IIJrBI e—T(Hg—QZEE) _ e—in:e—THren e/ﬂ:,
€

where €' is a unitary operator called Gross transform.
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[[Hpll
»(Bi)icr is BM on whole real line R on wiener space (Q,.%, W).

>(f.6" g 2(a) = [ OXE (B T)e TV (E)%g(Br)]

[[H¢]] By B.Simon [P(¢)2 Euclidean quantum field theory]

»J7 =T(j7) and jr : L3(R3) — L2(R*), T € R, is the family of isometries:
pj;‘js — g~ It=slo(=V) gnd J*TJS — o |IT-S|H

>(V,e 2TMo) » = E,[W)* 1119

[[He]] By L (L6rinczi-FH-Betz,11) for F, G € # we have FKF for 0 < ¢

(F.e2™G)y = [ oxEly., [F(B-T)LrG(Br)

>LT _ e*f—TT V(Bs)dSJiTe*gq)(f_rrjsps('*Bs)ds)JT
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»Fock vacuum 1 € .7 and f, h € L?(R®) are fixed.

. 2 i
»(fole?™Mhel) = /de’.;v [f(BT)h(BT)engseJTr V(Bs)ds

» Pair interaction
T T
S, — / ds/ dtWs (B; — Bs, t — )
-t JoT
»Pair potential
We(B;~Bs,t—5) = [ 1peti) o8B Keotal-si g

» The diagonal part of S; is singular at e =0 = E;. Then

S:e=Sop+Sp
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Off diagonal part of S
diagonal part of S

. /1 ,

Off diagonal part of S

-T

FIGURE: S;

FUuMIO HIROSHIMA ANALYSIS OF QFT WITHOUT UV T. KATO CENTENNIAL CONF. 10/23



efik~x7w(k)\t|

1
L = — [ 1po(K)2P——— k.
>Let 9ex,) = 5 [ 1909 2
»lto formula:

f(t,Bt) — £(0,0) = [3 V£(s,Bs)dBs + [} (ds+ L Ax)f(s, Bs)ds

T T
0e(Br — Bs, T —8)— 9:(0,0) :/V(ps(Bt — By, t—s)dB, —/ W, (B;— Bs,t —
S S

»—¢:(0,0) =E;
»Se = Sop + Ye +Z +4T:(0,0) with

diagonal part=Sp

T s
Ye = 2/ ds/ V(B — Bs,t — 8) - dB; < dangerous part
-T s—7
T
Ze=-2[ gu(Bors—Bs(s+7)~9)ds

T T
SOD:2/ ds/ QtW,(B; — Bs,t —5)
-T s+7
Sgen:Sg+4TEg:SOD+Yg+Zg
i he diagonal part of [ T. 1 x [~ T. T1.
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D\ 2 ren
Let Ko = (fo I, e 2TH-Eha 1) =[50 B}, [f(B—T)h(BT)engs dx

THEOREM (GUBINELLI+FH+LORINCZI, JFA 14)

== g

2
» 1Sy StIMK; :/ E} f(B_T)h(BT)eQSren] dx
€l0 R3

»3C st [Ke| < [|f]|[|hl]e°T
»3C' stinfo(He — g?Ee) > C'

»3lim, o(F,e 2T(H~0°E) G) for F, G € 3Dense 9.

» The uniform lower bound implies that

Flim(F, e 2TH-"E)G) VF.Ge.r.
€

THEOREM (COROLLARY)

IH,., Such that li m g T(He=G%Ee) — g~ THeen
€

FUuMIO HIROSHIMA ANALYSIS OF QFT WITHOUT UV T. KATO CENTENNIAL CONF. 12/23



»V =0 and info(H,) = E(g%) = E(0)+ g%E: + O(g°)
THEOREM (FH2015, PREPRINT)

i E?) —E(©)

g9—0 9? =%

1 .
E(9%) = —57 Tlinmlog(f® 1,e2™fe 1)
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The most crucial fact is that we do
not know the explicit form of UV
renormalized Hamiltonian H,.., and
the domain!
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»(F.e?TMG) =
/dXE)v(vXu [e, 7 V(BS)dSF(BiT)J’iTe*gq)(fITjsPs('*Bs)dS)JTG(BT)]

» The Baker-Campbell-Hausdorff formula: eX+Y = eXe¥e 2X:1 f
[X, Y] commutes with X and Y. We have

?TE g 99(/ T iepe(-=Bs)ds)y
—at (L (T (e —a(L (T jpa(-—
—e 7 Sg+2TE£J* a (\/Q.LTISPE( Bs)ds)e a(\/g.LTlsPE( Bs)dS)JT

= 5. +2TE, e’ (I Tre o T1pce s ds) o TH, o TH; g—a( 55 S e 1 T1pee" P as)

bounded op. bounded op.

2 —
€20 5% Sun g8 (Ur) g—2TH: ga(Ur)

erletTo)
Ur=— / e *Bsgs € 12(RY) a.s.(+)

To prove (*) is non-trivial!
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THEOREM (MATTE AND M@LLER 2017)
Let F,Ge . Then

(F,e" = G)
2 -
— /deXW[e‘f—TT V(Bs)dse%sren(,:(Bo)’ea*(Ur)e—2Tera(Ur)G(Bt))]_

v

[Ground state of QFT model with UV cutoff]
@ Bach,Fréhlich and Sigal, Adv Math 1997, CMP 1999
@ Arai and Hirokawa, JFA 1997
@ Griesemer,Lieb and Loss, Inventiones 2001

COROLLARY (HIROKAWA+FH+SPOHN ADV MATH 05, MM17)

There exists a go > 0 such that H,., has the ground state and it is
unique providing that |g| < go-

Proof: The existence of ground state is due to [HHS 05] and the
uniqueness can be derived from [MM17] and the Perron-Frobenius
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Gibbs measure is useful to estimate the ground state expectations. Let

¢, be the ground state of Hi,.
»Let 0 < ¢ € L2(R®) and since (¢ ® 1, @) # 0,

e~ THren¢ ® Il T oo

e e THgal o o
e~ THengp @ 11| ¢

=
OT= e gmu] 97

" (e Mg 21,06 e @ 1)

p— i i 8. g — I. Il
> (@, Ope) = lim lim(¢7, O¢7) = Jim lim le=THe g o 11[|2

»On the Wiener space (Q2,.#, W) the finite volume Gibbs measure is

defined by

1 72
urA) = 5 [ Ol | 1a0(B_r)o(Br)e" 5

forAc #.
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(1) Number of bosons dT' (1ljxj<a) = Na
— 0 T
>im(¢r,e PMor) = lim £y, [~ P)Prdsfy diwy)
> = 1 o ltslo(k) g k(B Bs) g
a<lkj<n ©(K)

(2) Gaussian domination
. ) ‘
>lim (g7, &"*Vgr) = lim e T IEE, [g+kST)

_ T
>lim(¢r, e PO ) = e 21BI12/2)

1 ps?
- __E
T ATpIER [ ]

S & 0 kB f(k)ak
»ST = g .
= 2/ /7L<|k GE (k)
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»Question:
pur = p (T —e0)?
[Existence of infinite volume Gibbs measure with UV cutoff]
@ Spohn, CMP 90, SB model
@ Osada-Spohn, Ann Prob 99, Nelson model (some approximation)
@ Betz-FH-Lorinzi-Minlos-Spohn, RMP 01, Nelson model
@ Betz-Spohn 02, translation invariant Nelson model
@ Hirokawa-FH-Lorinczi, Math Z 14, SB model
@ FH., Adv Math 14, semi-relativistic PF model
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y[,sys] =o0(By,re[-S,S]) and we set ¥ = G(USZOQPS,S])

THEOREM (GIBBS MEASURE FH2017)

Let ut be the finite volume Gibbs measure on (Q2,%). There exists a
prob. measure l.. on (2,%) such that ur — . as T — oo in the local
weak sense. l.e., ur(A) = Uw(A) for A€ F_s qVS .

Proof: The ground state ¢, exists and ¢, > 0. Then
o7 = e THe=E)g @ 1 with E = inf6(Hien) and o7 — .

A) _ g2ES Ex[ o7-s(B-s) ., ¢7-s(Bs) tor A )
ur(A) = €9 [ oy | 1T K TS | for A< Fi s

where ,
Kg = % Seng— I V(Bs)ds ga' (Us) g—2SH: ga(Us)

We then have

im 7 (A) = po(A) = €S / IXE3Y [14(9e(B_s), Kspu(Bs))] for A€ Z(_s.g
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(1) Number of bosons

> (ps, 6 PMgy) = Euw[e_“_e_ﬁ)ﬁ“dsf‘;odtw’\]

(@, €PN g,) = E,,_[e(1-6"") /%055 dWA] < oo for B > 0 by an
analytic continuationon 8 € C

(2) Gaussian domination

ps2
+Bo(f)? -1 + a2
P((Pgae (Pg) 1—ﬁ||f||2/2El~‘°° [e 2(1-B|f| /2)]

> (e, €79 g,) < oo for B < 1/(2[|f]2)

> lim (@, €PN p,) =
/m/(znﬂm( ¢ e)
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Let w(k) = /|k[]2 + V2.

» N-body model He = hp+ Hy + Z d(pe(- — X;)), where

j=1
N

1
hp = Z;(_EA/) + V(X1 s ...,XN)
]:

N
> He(k) = hp+ K2 Hi+ kY. ¢(pe(- — X)), k>0
j=

Ee(k)=—Z— [ |pe(k)? k

> () =T [ 180 o e 2
THEOREM (GHL 14, EFFECTIVE POTENTIAL)

lim I|m(f®]1 e T(He()-E() hg 1) = (f, e ™ h), where

K—oo g

e~ VIxi—xjl

j=1 Am iz 1= x|
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1. Relativistic Nelson model: for d = 2 by Meller etc 2016.
cf Fréhlich (1973)

2. Non-trivial lower bound of info(H,.,) by G. Bley etc 2016
3. Translation invariant case

>V =0= H, = [3s H(P)dP
»Nelson model with total momentum P

1 N
He(P) = 5(P—Pr)? +¢(pe) + Hr, PeR®
2

THEOREM (UV RENORMALIZATION)
3Hren(P) SuCh thatlimeio e_T(HS(P)_EG) — e_THren(P) forvP e RS. J
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