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Schrödinger op. and fractional Schrödinger op. on lattice (Review)

Lapalcian on ℓ2(Zd):

Lψ(x) =− 1
2d ∑

|x−y|=1
(ψ(y)−ψ(x)).

Spectrum: σ(L) = [0,2].
Single delta potential:

ν

Potential V (x) = νδ0(x)
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Schrödinger op. and fractional Schrödinger op. on lattice (Review)

Schrödinger operators on d-dimensional lattice ℓ2(Zd)

L−V.

Here

V ψ(x) = vδ0(x)ψ(x).

(1) v > 0: coupling constant
(2) δ0(x): the delta function with mass at 0 ∈ Zd .
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Schrödinger op. and fractional Schrödinger op. on lattice (Review)

Edge behavior

d = 1,2 0 2

∀ν > 0

d = 3,4
resonance

0 2

ν → νc

d ≥ 5
threshold

0 2

ν → νc
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Schrödinger op. and fractional Schrödinger op. on lattice (Review)

Massive vs massless

Ψ(L)+V , (a,b)-type.

lim
x→0+

Ψ(x)−Ψ(0)
xa ̸= 0, lim

x→0+

Ψ(x+2)−Ψ(2)
xb ̸= 0.

Thm.(FH+Lorinczi 14). Relativistic Schrödinger op. on lattice

1) Let
Hm =

√
L+m2 −m+V.

2) Hm is (1,1)-type for m > 0, and (1/2,1)-type for m = 0.
3) The edge behaviors of Hm for m > 0 are symmetric, but that
of H0 is not symmetric.
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Schrödinger op. and fractional Schrödinger op. on lattice (Review)

Edge behavior for d = 3

0 2
ν → νc

ν → νc

(m > 0)

0 2
ν → νc

ν → νc

(m = 0)
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Schrödinger op. with multi delta potentials on lattice

Schrödinger operators with multi delta potentials

V is the multi-delta function defined by

µ λ

λ

λ
λ

Potential V

Let (λ ,µ) ∈ R×R.

V (x) = µδ0(x)+λ ∑|s|=1 δs(x),(V ψ)(x) =


µψ(x), if x = 0
λψ(x), if |x|= 1
0, if |x|> 1

Schrödinger operators with multi delta potentials

Hλ µ = L−V,
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Schrödinger op. with multi delta potentials on lattice

Even part He
λ µ and odd part Ho

λ

・ONS:
{

c0 =
1

(2π)d/2 ,c j =
√

2cosθ j

(2π)d/2 ,s j =
√

2sinθ j

(2π)d/2 , j = 1, ...,d
}

・V is reduced to even part and odd part:

V e
λ µ = µ⟨·,c0⟩c0 +

λ
2

d

∑
j=1

⟨·,c j⟩c j, V o
λ =

λ
2

d

∑
j=1

⟨·,s j⟩s j.

・By Fourier transformation F , Hλ µ is decomposed into

FHλ µF−1 = He
λ µ ⊕Ho

λ

He
λ µ = g−V e

λ µ , Ho
λ = g−V o

λ .
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Schrödinger op. with multi delta potentials on lattice

Matrix representation and BSP

He
λ µϕ = zϕ ⇐⇒ (g− z)ϕ =V e

λ µϕ ⇐⇒ 1
g−zV

e
λ µϕ BP operator

・ L = L {c0, · · · ,cd}

L ∋ ϕ 7→ f
d

∑
j=0

⟨c j,ϕ⟩c j ∋ L can be regarded as

L ∋ ϕ C2−→

 ⟨c0,ϕ⟩
...

⟨cd ,ϕ⟩

=

 z0
...

zd

 C1−→ f ∑n
j=1 z jc j ∈ fL

・ 1
g−zV

e
λ µ =C1C2 ⊕0 under L2

e(Td) = L ⊕L ⊥. Define

Ge(z) =C2C1 : Cd+1 → Cd+1.
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Schrödinger op. with multi delta potentials on lattice

Lemma. BSP for z ∈ C\ [0,2]
(a) z is e.v.of He

λ µ ⇐⇒ 1 ∈ σ(Ge(z))⇐⇒ det(Ge(z)− I) = 0.

(b) Z =

w0
...

wd

 ∈ Cd+1 satisfies Ge(z)Z = Z ⇐⇒ He
λ µ f = z f with

f (θ) =
1

(2π)d/2

1
g(θ)− z

(
µw0 +

λ√
2

d

∑
j=1

w j cosθ j

)
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Schrödinger op. with multi delta potentials on lattice

For d ≥ 3, C1 and C2 can be extended. C1C2 : L1
e(Td)→ L1

e(Td).

Ge(0) =C2C1 : Cd+1 → Cd+1.

Lemma. BSP for z = 0 for d ≥ 3

(a) He
λ µ f = 0 has a solution in L1(Td) ⇐⇒ 1 ∈ σ(Ge(0)).

(b) If Z =

w0
...

wd

 ∈ Cd+1 satisfies Ge(0)Z = Z, then

f (θ) =
1

(2π) d
2

1
g(θ)

(
µw0 +

λ√
2

d

∑
j=1

w j cosθ j

)
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Schrödinger op. with multi delta potentials on lattice

Matrix representation of Ge(z)

Let

a = ⟨c0,
1

g− z
c0⟩, b =

1√
2
⟨c0,

1
g− z

c j⟩,

c =
1
2
⟨c j,

1
g− z

c j⟩, h =
1
2
⟨ci,

1
g− z

c j⟩.

From the definition of Ge(z), we have

Ge(z) =



µa λ√
2
b . . . . . . λ√

2
b√

2µb λc λh . . . λh
... λd

. . . . . .
...

...
... . . .

. . . λh√
2µb λh . . . λh λc
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Schrödinger op. with multi delta potentials on lattice

Factorization of det(Ge(z)− I)

Lemma. Factorization of det(Ge(z)− I)

det(Ge(z)− I) = γHz(λ ,µ)δz(λ ),

Hz(λ ,µ) =
(

λ − a
b

)(
µ − (d − z)

)
−d,

δz(λ ) = ((c−h)λ −1)d−1 .

・γ ̸= 0
・det(Ge(z)− I) = 0 ⇐⇒Hz(λ ,µ) = 0 or δz(λ ) = 0
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Schrödinger op. with multi delta potentials on lattice

Zeros of Hz(λ ,µ)

We define the family of hyperbola Hz indexed by z ∈ (−∞,0] by

λ

µ

a(z)
b(z)

d − z

Hz = {(λ ,µ) ∈ R2|H̄z(λ ,µ) = 0}.
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Schrödinger op. with multi delta potentials on lattice

λ

µ

a(0)
b(0)

Hypabola H0

d

z = 0 =⇒ z < 0

λ

µ

a(z)
b(z)

Hypabola Hz

d − z
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Schrödinger op. with multi delta potentials on lattice

Figure: Hyperbola Hz moves as z : 0 →−∞
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Schrödinger op. with multi delta potentials on lattice

λ

µ

a(0)
b(0)

d

G0

G1

G2

ΓL

ΓR

Figure: Hyperbola Hz for z = 0

廣島文生 格子上のシュレディンガー作用素の resonance と threshold 18



Schrödinger op. with multi delta potentials on lattice

Lemma. Regions G0, G1 and G2

(G0)
1 Let (λ ,µ) ∈ G0 ∪ΓL. Then H̄z(λ ,µ) ̸= 0 for z ∈ (−∞,0).
2 Let (λ ,µ) ∈ ΓL. Then H̄0(λ ,µ) = 0.
3 Let (λ ,µ) ∈ G0. Then H̄0(λ ,µ) ̸= 0.

(G1)
1 Let (λ ,µ) ∈ G1 ∪ΓR. Then ∃1 z ∈ (−∞,0) st H̄z(λ ,µ) = 0.
2 Let (λ ,µ) ∈ ΓR. Then H̄0(λ ,µ) = 0.

(G2) Let (λ ,µ) ∈ G2. Then ∃z j ∈ (−∞,0) st H̄z j(λ ,µ) = 0, j = 1,2.
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Schrödinger op. with multi delta potentials on lattice

Zeros of δz(λ )

Define δ̄z(λ ) by

δ̄z(λ ) =
{

δz(λ ), z ∈ (−∞,0),
(αλ −1)d−1, z = 0.

Let α = limz→0− c(z)−h(z). Note that α > 0 and we set λc =
1
α .

Lemma.

Let λ ≤ λc. Then δ̄z(λ ) ̸= 0 for any z ∈ (−∞,0).
Let λ = λc. Then δ̄0(λ ) = 0, and z = 0 has multiplicity d −1.
Let λ > λc. Then δ̄·(λ ) has the unique zero in (−∞,0) with
multiplicity d −1.
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Schrödinger op. with multi delta potentials on lattice

Case of Ho
λ

In the case of Ho
λ we can proceed in a similar way to the the

case of He
λ µ and rather easier than that of He

λ µ . We can define
the matrix Go(z) and show that

det(Go(z)− I) = (λ s−1)d,

where s = s(z) = 1
(2π)d

∫
Td

sin2 θ j
g(θ)−z dθ . Let λs =

1
s(0) .

Lemma
Let λ ≤ λs. Then det(Go(z)− I) ̸= 0 for any z ∈ (−∞,0).
Let λ = λs. Then det(Go(0)− I) = 0 and z = 0 has multiplicity d.
Let λ > λs. Then det(Go(·)− I) has the unique zero in (−∞,0)
with multiplicity d.
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Schrödinger op. with multi delta potentials on lattice

H+ Z. Muminov and U. Kuljanov 2016

λs λcH0

D0

B0

H0

A

B
D1

D2

Dd+2

D2d+1

Dd+1 D2d

S1

S2

Cd+1

Cd+2

B1

Bd+1

B2d
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Schrödinger op. with multi delta potentials on lattice

D0 D1 D2 Dd+1 Dd+2 D2d D2d+1

E.v.< 0 0 1 2 d +1 d +2 2d 2d +1

Bk Sk Ck
E.v.< 0 k k k

Res.0
d = 2 −
d = 3,4 1
d ≥ 5 −

d = 2 2
d ≥ 3 − d ≥ 2 −

Th.0
d = 2 −
d = 3,4 −
d ≥ 5 1

d = 2 −
d ≥ 3 d

d ≥ 2 d −1
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Schrödinger op. with multi delta potentials on lattice

Table

Point A Point B
E.v.< 0 1 d +1

Res.0
d = 2 −
d = 3,4 1
d ≥ 5 −

d = 2 −
d = 3,4 1
d ≥ 5 −

Th.0
d = 2 −
d = 3,4 d
d ≥ 5 d +1

d = 2 1
d = 3,4 d −1
d ≥ 5 d
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Two embedded eigenvalues

Two embedded eigenvalues

We can construct Hλ µ which has two embedded eigenvalues.

0 2

λ

µ

0での resonanceと threshold

λ

µ

2での resonanceと threshold
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Two embedded eigenvalues

0

(λ1,µ1)

(λ2,µ2)

0 2

Embedded spectra of Hλ1µ1 and Hλ2µ2
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Concluding remarks

(1) In the case of d = 1,2 point (0,0) is included in hyperbola Hz.

d = 2
λs λc

d = 1
λs

(2) Fractional Schrödinger operator with multi-delta function.
(3) Resonance and threshold appear for d = 2.
(4) Let λ = a(0)

b(0) . Then Hλ µ has only one negative ev for ∀µ.
(5) Let d ≥ 5. There exist (λ ,µ) st 0 and 2 simultaneously are
threshold.
(6) For λ ,µ of A and B, Hλ µ has simultaneously both resonance
and threshold at 0.
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