Analysis of ground state of quantum field
theory by Gibbs measures

Fumio Hiroshima
joint work with Takeru Hidaka

XVIII ICMP 2015, Santiago, Chile

2015/7/27-8/1

Fumio Hiroshima joint work with Takeru Hidaka 1




@ Definition of SRPF model

@ Questions of ground states of SRPF model
@ Related models

@ Gibbs measures

@ Main results: Thm1-Thm5

@ Idea of proofs and conclusion

Fumio Hiroshima joint work with Takeru Hidaka 2 y




Definition of SRPF model

o The Pauli-Fierz (PF) model is introduced by
W. Pauli and M. Fierz at 1938, which
describes an interaction between a
nonrelativistic particle and a quantized
radiation field.

o The Hamiltonian can be realized as a
self-adjoint operator H on a Hilbert space
2. Spectrum of H has been studied from
mathematical point of view.

o In this talk a nonrelativistic particle is
replaced by a semi-relativistic particle.
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Definition of SRPF model
Particle part and field part

Particle part is governed by #;,..
0 hy=+v—-A+m2+V on L*(R?)

(1) lim_,..V(x) = oo (confining pot.)

(2) IVFIl <allvV—A+m?f||+b]/f], a <1 (relative pot.)
o Particle mass m > 0.

o Masslesscasem=0=h=+v—-A+V
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Definition of SRPF model
Particle part and field part

Particle part is governed by #;,..
0 hy=+v—-A+m2+V on L*(R?)
(1) lim_,..V(x) = oo (confining pot.)
(2) IVFIl <allvV—A+m?f||+b]/f], a <1 (relative pot.)
o Particle mass m > 0.

o Masslesscase m=0=—h=+—-A+V

Field part is governed by a boson free field Hamiltonian Hg(v).
o Boson Fock space .# =@ (@7 [L*(R*x{1,2})]
o CCR [a(kv j)vaT(klaj/)] = S(k_kl)(sjj’

o Dispersion relation w(k) = \/[k|>+VvZ, v >0
o Free field Hamiltonian
2

Hi(v) = Y, [ @(ba’ (k. fak.j)ak
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Definition of SRPF model

Quantized radiation field and total system

Quantized radiation field We introduce a quantized radiation
field A(x).

. . e*ikxﬁ
© Au(x) =Xy Ja' (k feu(k ) 7B +hc.dk
o ¢is UV cutoff and ¢/\/@ € L*(R?)

o e(k,1),e(k,2) polarization st e(k, 1)xe(k,2) = |£

@ VA(x) =0 (Coulomb gauge)
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Definition of SRPF model

Quantized radiation field and total system

Quantized radiation field We introduce a quantized radiation
field A(x).

. . e*ikxﬁ
© Au(x) =Xy Ja' (k feu(k ) 7B +hc.dk
o ¢is UV cutoff and ¢/\/@ € L*(R?)

o e(k,1),e(k,2) polarization st e(k, 1)xe(k,2) = g

@ VA(x) =0 (Coulomb gauge)
Total Hamiltonian
o State space (Hilbert sp) /7 = L*(R?) @ %
o Decoupled operator H(0)=h, @ 11+ 1@ He(v)
@ minimal coupling =iV, ® |l =T=—iV,® 1— aA(x), a € R.
SRPF Hamiltonian is defined by
H=H(a,m,v) = /T2 +m?+ V@ I+ 1@ H(V)
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Questions of ground states of SRPF model
Questions of ground states of SRPF model

Particle mass m and boson mass v

particle mass \ bosonmass | v>0| v=0
m>0 OK OK
m=0 OK | my Talk
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Questions of ground states of SRPF model
Questions of ground states of SRPF model

Particle mass m and boson mass v

particle mass \ bosonmass | v>0| v=0
m>0 OK OK
m=0 OK | my Talk

Questions
o Self-adjointness of H?

o Existence of ground state ¢,?

o Properties of ground state?
o Spatial decay || @q(x)|| ~ e, 1/[x[*
o Gaussian domination [[e™84*(") g, || < eo?

o Gibbs measures Lg;pns ON cadlag paths?
° ((Pg,O(Pg) :]E#Gibbs[fO]
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Questions of ground states of SRPF model

Existence of the ground state and resonances

E, E, E, E

Figure: Spec(H(0))

ground state
o/

[ ]
E, @
® '\‘&
resonance

Figure: Spec(H)
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Related models
Related models

o Nelson model (particle+scalar field)

(—ﬁAerV) @1+ 1R HH(V) + ad(x)

o Spin-boson model (spin+scalar field)
o, @ 1+ 1 Hi(v) + 0o, @ ¢ (f)

o PF model (particle+radiation field)
1 2
—T, H
oy +V @1+ 1®H(v)

o SRPF model (my talk)
\TE+m2+V@ 1+ 10Hi(v) m>0
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Related models

o Self-adjointness Arai (81,83), H. (00,02),
Loss-Miyao-Spohn (07), Haslar-Herbst (08)

o Existence of GS Bach-Frohlich-Sigal (97,99),
Arai-Hirokawa (97), Spohn (99), Gérard (00),
Griesemer-Lieb-Loss (01), Lieb-Loss (02), Arai(01),
Bruneau-Derezinski (04), Hirokawa-H.-Spohn (05),
Miyao-Spohn (08), Gérard-H-Suzuki-Panatti (09),
Kdnenberg-Matte-Stockmeyer (11)+many papers,

o Enhanced binding H.-Spohn (02), Catto-Hainzl (02),
Chen-Vogalter-Vugalter (03), H-Sasaki (08,14)

o Absence of GS Arai-Hirokawa-H (99), Chen(01),
Derezinski-Gérard(04), Lorinczi-Minlos-Spohn(02),
Hirokawa (06), Haslar-Herbst (06)
Gérard-H-Suzuki-Panatti (10)

o Multiplicity of GS Bach-Frohlich-Sigal (97), Arai-Hirokawa
(97), H. (00,02), H.-Spohn (01), Bach-Fréhlich-Pizzo (05)

o Asymptotic field Spohn(97), Derezinski-Gérard(99,04),
Gérard (02), Fré')hIich—Grieseme(—S_ch!gai_n (01,02)
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Gibbs measures
Gibbs measures

Example of Nelson model Hy
T (T
(f® Hﬁ,e_zTHNg® ]1?) — E[eazf,TdsfdetW]

o Vacuum 1z € &
o B[] = fpadxE*[F(B_7)g(Br)e™ [ 'rV(BJds. ]

o Pair interaction W = W (B, — Byt — s),

A 2
W) = L [ QWS ik i1l 4

"2 Jes o(k)
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Gibbs measures
Ground state and Gibbs measures

o Finite vol.Gibbs meas.(meas.on cont. paths)
A pir(4) = B [1e s
Zr
Thm. Betz-H-Lorinczi-Minlos-Spohn (01)

= ,uGibbszli%n ur in local weak for Nelson model.

T _ e fely
° 3= P = emrer,y e

(‘Pg; O‘Pg):h}n(‘PgTa O‘PgT):h]EnEur [fg]:EﬂGibbs [f(;o]
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Main results: Thm1-Thm5
Main results

o Thm1 Under some conditionon ¢ andV, H
is self-adjoint on Dom(—A) " Dom(Hg(Vv)).

o Thm2 Let V be confining. Then 3ground
state ¢, and unique for Vo € R,Vm,v >0

o Thm3 Jug;»ps ON cadlag path space.
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Main results: Thm1-Thm5

o Thm4 ||eT(B/DAU gy || < oo for B < Jc

o Thm5 LetV =V, —V_.

o m>0and lim|x|_>°°V(x) =
— [l @pe(x)]| .7 < e M exp decay

om>0V,=0and lim_,V_(x)+E <0
— |l pe(x)]| .7 < e M exp decay

om=0V,=0and lim‘x‘_mv_(x)+E <0

— [|@e(x)l| 7 < ;757 poly. decay

Fumio Hiroshima joint work with Takeru Hidaka 13




Idea of proofs and conclusion
Idea of proofs

o Application of a functional integral representation:
(F,e"THG) = [dxE[---] in terms of a combination of
c-dim.OU, Brownian Motion, Poisson process and
subordinator.

eogsform=v=0
Cf. Gérard (00)+Griesemer-Lieb-Loss (01)
o Forv >0, H has a spectral gap (HVZ Thm) and J¢;'.

o Pull through formula
a(k, j)pe = (H—E — k)" [| =iV — aA(x)],a(k, /)] ¢

o |u| = V2 = [°(1 — e P*)aA(B)+ Hardy inequality +FKF
o By this we have [|N'/2¢Y|| < c|||x|¢Y ||

o Spatial decay ||y (x)]| = < ce ™ or < c(1+[x[*)~" implies

@y — 39 #0 (v —0).
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Idea of proofs and conclusion
Conclusion and remarks

o We show (1) self-adjointness of H (2) 3¢, (3) spatial
decay and Gaussian domination of ¢, (4) Jugibbs ON
cadlag path, for m,v > 0 and Va € R.

o Qur results are valid for the case of m=0and v=0
| =iV, ® 1 — aA(x)| +V @ 1+ 1@ Hy(0)

o do not need [12L dk < o. Bach-Frohlich-Sigal (99)

o Extension to Hg with spin 1/2, and to translation
invariant case Hp. Functional integral representation
of e~ THs and ¢~THr can be also constructed.

o UV renormalization?
Cf Nelson model = Nelson(64),
Gérard-H-Panatti-Suzuki(10), Gubinelli-H-Lorinczi(14)
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