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格子上の fractional Schrödinger作用素

.

.

格子上の Schrödinger作用素

Lψ(x) =
1

2d ∑
|x=y|=1

(ψ(y)−ψ(x))

F : l2(Zd)→ L2(Td) =⇒ Fψ(θ) = ∑
n∈Zd

ψ(n)e−in·θ

FLF−1 =
1
d

d

∑
j=1

(cosθ j +1)

.

Definition

.

.

.

Let Ψ ∈C1((0,∞)) and Ψ′(x)> 0 for all x ∈ (0,∞). Then

Ψ(L) = F−1Ψ

(
1
d

d

∑
j=1

(cosθ j +1)

)
F.
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格子上の fractional Schrödinger作用素

.

.

Potential

σ(L) = [0,2] =⇒ σ(Ψ(L)) = [Ψ(0),Ψ(2)]

V = vδx,0 i.e, V ψ(x) =
{

0 x ̸= 0
vψ(x) x = 0

.

h = Ψ(L)+V.

Hv = FhF−1 = Ψ

(
1
d

d

∑
j=1

(cosθ j +1)

)
+ v( f , ·)L2(Td) f , (1.1)

where f = (2π)−d/21l ∈ L2(Td).
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格子上の fractional Schrödinger作用素

.

.

L+V のスペクトル

[H.,Sasaki,Shirai,Suzuki, J. Math. Industry 2012]
[Bellissard and Schulz-Baldes] preprint 2012
○ d = 1,2, no 0-mode, 2-mode, 0-resonance, and 2-resonance
○ d = 3,4, 0-resonance and 2-resonance
○ d ≥ 5 0-mode and 2-mode.
○ Then e.v.-behavior on both edges, 0 and 2, are the same.

2-mode 2-resonace 0-mode 0-resonance
d = 1 no no no no
d = 2 no no no no
d = 3 no yes no yes
d = 4 no yes no yes
d = 5 yes no yes no

廣島文生 格子上の Fractional Schrödinger作用素のスペクトル 4



格子上の fractional Schrödinger作用素

.

.

Hvのスペクトル

HvΦ = EΦ I.e., EΦ−Ψ
( 1

d ∑d
j=1(cosθ j +1)

)
Φ = v( f ,Φ) f .

.

Lemma

.

.

.

E is an e.v. of Hv with some v iff∫
Td

1
|E −Ψ

( 1
d ∑d

j=1(cosθ j +1)
)
|2

dθ < ∞∫
Td

1
E −Ψ

( 1
d ∑d

j=1(cosθ j +1)
)dθ ̸= 0.

Furthermore if E is e.v. of Hv then v is given by

v = (2π)d

(∫
Td

1
E −Ψ

( 1
d ∑d

j=1(cosθ j +1)
)dθ

)−1

. (1.2)
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格子上の fractional Schrödinger作用素

Ψ(∗)-resonance and Ψ(∗)-mode, ∗= 0,2

I(E) =
∫
Td

1
|E −Ψ

( 1
d ∑d

j=1(cosθ j +1)
)
|2

dθ , (1.3)

J(E) =
∫
Td

1
E −Ψ

( 1
d ∑d

j=1(cosθ j +1)
)dθ (1.4)
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スペクトル

.

.

スペクトル

.

Lemma

.

.

.

Let E ∈ R\ [Ψ(0),Ψ(2)]. Then E is e.v. of Hv with some v.

証明: I(E)< ∞ and J(E) ̸= 0. Then E is e.v.

.

Lemma

.

.

.

σ(Hv)∩ (Ψ(0),Ψ(2)) = /0 for any v.

証明: There exists an unique x ∈ (0,2) s.t. Ψ(E) = Ψ(x). Then
|E −Ψ

( 1
d ∑d

j=1(cosθ j +1)
)
| ≤C| 1

d ∑d
j=1(cosθ j − x)| Thus

I(E)≥
∫
Td

1
|C 1

d ∑d
j=1(cosθ j − x)|2

dθ = ∞.
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スペクトル

.

.

Resonances

.

Definition

.

.

.

We call Ψ is (a,b)-type if

∃ lim
x→0+

Ψ(x)−Ψ(0)
xa ̸= 0, (2.1)

∃ lim
x→0

Ψ(2)−Ψ(2− x)
xb ̸= 0. (2.2)
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スペクトル

.

Lemma

.

.

.

Let Ψ be (a,b)-type. Then
(1)J(E) ̸= 0 for E = Ψ(0) and Ψ(2).
(2) For E = Ψ(2) (resp. E = Ψ(0)) I(E)< ∞ if and only if
d ≥ 1+4a (resp d ≥ 1+4b)
(3) J(E)< ∞ if and only if d ≥ 1+2a (resp. d ≥ 1+2b).

証明: At θ ≈ (0, · · · ,0),
Ψ(2)−Ψ

( 1
d ∑d

j=1(cosθ j +1)
)
≈
(

1
2d ∑ j θ 2

j

)a
. Hence

I(Ψ(2)) =
∫
Td

1
|Ψ( 1

d ∑d
j=1(cosθ j+1))−Ψ(2)|2 θ ≈

∫ 1
0

rd−1

r4a dr
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スペクトル

.

Theorem

.

.

.

Suppose that Ψ is (a,b)-type. Let

v2 = (2π)d

∫
Td

1

Ψ(2)−Ψ
(

1
d ∑d

j=1(cosθ j +1)
)dθ

−1

> 0. (2.3)

Then [v > 0]
(d < 1+2b) For all v > 0 there exists e.v. E > Ψ(2).
(1+2b ≤ d < 1+4b) For v > v2 there exists e.v. E > Ψ(2) and

v ≤ v2 there is no eigenvalue.
(1+4b ≤ d) For v > v2 there exists e.v. E > Ψ(2), and for v = v2

E = Ψ(2) is e.v. and v < v2 there is no eigenvalue.
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スペクトル

v > 0 d < 1+2b 1+2b ≤ d < 1+4b 1+4b ≤ d
Ψ(2)-mode no no yes

Ψ(2)-resonance no yes no

v < 0 d < 1+2a 1+2a ≤ d < 1+4a 1+4a ≤ d
Ψ(0)-mode no no yes

Ψ(0)-resonance no yes no

Figure: Ψ(0) and Ψ(2)-mode and resonance
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Examples

.

.

Examples

.

Example

.

.

.

○ Ψ(u) = uα/2 for 0 < α < 2. Then (α/2,1)-type.
○ Ψ(u) = (u+m2/α)α/2 −m for 0 < α < 2. Then (1,1)-type.
○ Let Ψ(u) = log(1+uα/2) for 0 < α < 2. Then (α/2,1)-type.

○ (Bernstein function) Ψ(u) = bu+
∫ ∞

0
(1− e−uy)ν(dy) Then

(α/2,1)-type with some 0 ≤ α ≤ 2.

.

Definition

.

.

.

○ If Ψ is (α/2,1)-type with 0 < α < 2 we call it fractional type.
○ If Ψ is (1,1)-type we call it normal type.
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Examples

.

.

Relativistic case

√
L+V

√
2-mode

√
2-resonace 0-mode 0-resonance

d = 1 no no no no
d = 2 no no no yes
d = 3 no yes yes no
d = 4 no yes yes no
d ≥ 5 yes no yes no

○ Note that σ(
√

L) = [0,
√

2].
○ For dimension d = 2,3,4, eigenvalue-behaviors on 0 and

√
2

are different.
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Examples

⊕ denotes a resonance, • e.v. , and × denotes no eigenvalue.

v>0

v=0

v=0

v<0

0 2

Table: α = 1 and d = 1

v>0

v=0

v=v_0<0

v<v_0<0

0 2

Table: α = 1 and d = 2

v>v_2>0

v=v_2>0

v=v_0<0

v<v_0<0

0 2

Table: α = 1 and d = 3,4

v>v_2>0

v=v_2>0

v=v_0<0

v<v_0<0

0 2

Table: α = 1 and d ≥ 5
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Examples

.

.

Massive VS massless

Let ψ(u) =
√

u+m2 −m for m ≥ 0. Then
√

L+m2 −m+V .
Ψ(u) is (1,1)-type for m > 0, and (1/2,1)-type for m = 0.
Then the eigenvalue-behavior of

√
L+V and

√
L+m2 −m+V

are different.
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