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Gibbs measures

.. Gibbs measures

(Ω,Y ,Q) probability space
(Yt)t∈R Markov process
YT = σ(Yr,r ∈ [−T,T ]) and TT = σ(Yr,r ∈ [−T,T ]c).
External potential V : Rd → R: admissible

0 < EQ[e−
∫

I V (Ys)ds]< ∞

for every bounded interval I ⊂ R
Pair potential W : Rd ×Rd ×R→ R: admissible∫

R
sup

x,y∈Rd
|W (x,y,s)|ds < ∞.
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Gibbs measures

.
Gibbs Measures..

.

Let V and W be admissible potentials.

(1) dPT =
1

ZT
e−ET,T dQ is a finite volume Gibbs measure for

[−T,T ].
(2) (a) PT (A)→∃P∞(A) as T → ∞ for all A ∈ YT (local weak

conv.)
(b) P∞⌈YT ≪ Q⌈YT for every T
=⇒ P∞ is a Gibbs measure.

ES,T =
∫
[−T,T ]

V (Yt)dt +
∫
[−S,S]×[−T,T ]

W (Yt ,Ys, |t − s|)dsdt
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Spin-boson model

.. Spin-boson model

Boson Fock space F =
∞⊕

n=0

(
⊗n

symL2(Rd)
)

Annihilation and creation operators, a( f ) and a†( f ) for
f ∈ L2(Rd)

CCR [a( f ),a†(g)] = ( f̄ ,g)1l, [a( f ),a(g)] = 0 = [a†( f ),a†(g)].

a♯( f ) =
∫

a♯(k) f (k)dk

2nd quantization of s.a. T in L2(Rd), dΓ(T ) : F → F .
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Spin-boson model

.
SB model..

. HSB = εσz ⊗1l+1l⊗Hf +ασx ⊗ϕb(ĥ)

H = C2 ⊗F

α ∈ R is a coupling constant
ε > 0 (gap of the spectrum of two level atom)

Pauli matrices σx =

[
0 1
1 0

]
, σy =

[
0 −i
i 0

]
and

σz =

[
1 0
0 −1

]
Hf = dΓ(ω), free boson Hamiltonian with ω(k) = |k|.

ϕb(ĥ) =
1√
2

∫ (
a†(k)ĥ(−k)+a(k)ĥ(k)

)
dk
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Vacuum Expectation and Ground State

.
Vacuum Expectation

..

.

(1lH ,e−tH1lH ) = et ∑
σ∈Z2

EP

[
e

α2
2
∫ t

0 dr
∫ t

0 W (Nr−Ns,r−s)ds
]
,

Z2 = {±1}

W (Nr −Ns,r− s) = (−1)Nr−Ns
∫
Rd e−|r−s|ω(k) ĥ(k)2

2ω(k)2 dk.

(Nt)t∈R a Poisson process with intensity 1 on (Ω,Σ,P)

.
Criteria for ground state

..

.
A ground state of H exists if and only if lim

T→∞
γ(T )> 0.

ΦT = e−T (H−E)1l, T ≥ 0,

γ(T ) =
(1lH ,ΦT )

2

∥ΦT ∥2 =
(1lH ,eT H1lH )2

(1lH ,e−2T H1lH )
=

(
EP

[
e

α2
2

∫ T
0 dt

∫ T
0 Wds

])2

EP

[
e

α2
2

∫ T
−T dt

∫ T
−T Wds

]
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Vacuum Expectation and Ground State

.. Existence and uniqueness of ground state

.
Existence and uniqueness

..

. If ĥ/ω ∈ L2(Rd), then H has a ground state and it is unique.

Proof:
Independence of Nt and N−s, and reflection symmetry =⇒

∥ΦT∥2 ≤ (1lH ,ΦT )
2eα2∥ĥ/ω∥2

.

γ(T )≥ e−α2∥ĥ/ω∥2
=⇒ a ground state φg of H exists.

(Ψ,e−tHΦ)> 0 for Ψ,Φ ≥ 0.
e−tH is positivity improving =⇒ Ground state is unique.
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Gibbs measures associated with SB model

.. Cadlag path

.
Path integral

..

.
(1lH ,e−tH1lH ) = et ∑

σ∈Z2

Eσ
W

[
e

α2
2
∫ t

0 dr
∫ t

0 W (Xr−Xs,r−s)ds
]

X = D(R;Z2): the space of càdlàg paths with values in Z2

G : the σ -field generated by cylinder sets
(−1)N· : (Ω,Σ,P)→ (X ,G ): X -valued random variable
Image measure: W σ (A) = P(σ−1

· (A)) for A ∈ G

Coordinate process: Xt(ω) = ω(t) for ω ∈ X .
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Gibbs measures associated with SB model

.. Gibbs measures

.
Finite volume Gibbs meas.on (X ,σ(F ))

..

.
µT (A) =

e2T

ZT
∑

σ∈Z2

Eσ
W

[
1lAe

α2
2
∫ T
−T dt

∫ T
−T dsW (Xt ,Xs,t−s)

]

G[−T,T ] = σ(Xt , t ∈ [−T,T ])⊂ G

F = ∪T G[−T,T ]

.
Motivation..

.
(φg,Oφg) = lim

n
(

ΦT

∥ΦT∥
,O

ΦT

∥ΦT∥
) = lim

n
EµT [ fO,n]

O = ξ (σ) f (ϕ( f )), e−dΓ(ρ) etc.

µT →∃µ∞(T → ∞)?
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Gibbs measures associated with SB model

F =
∪
t>0

G[−t,t]. For Λ = {t0, . . . , tn} ⊂ [−T,T ]

...

.
µΛ

T (
n

∏
j=0

A j) =
e2T

ZT
∑

σ∈Z2

Eσ
W

[(
n

∏
j=0

1lA j (Xt j )

)
e

α2
2

∫ T
−T dt

∫ T
−T dsW

]

FT =
∪

t≤T G[−t,t]. For −T ≤−t ≤ t0 < · · ·< tn ≤ t ≤ T

...

.
ρΛ

T (
n

∏
j=0

A j) = e2Ete2t ∑
σ∈Z2

Eσ
W

[
n

∏
j=0

1lA j (Xt j )

(
ΦT−t(X−t)

∥ΦT ∥
,Qt

ΦT−t(Xt)

∥ΦT ∥

)]
.

Qt = J∗−te
−αΦE(

∫ t
−t Xs jshds)Jt

.
Identity

..

.
µΛ

T (∏
j

A j) =
(1lH ,e−(t0+T )H1lA0 e−(t1−t0)H · · ·1lAn e−(T−tn)H1lH )

∥ΦT ∥2 = ρΛ
T (∏

j
A j)
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Gibbs measures associated with SB model

Set function ρT on (X ,FT ):
G[−t,t] ∋ A 7→ ρT (A) = e2Ete2t ∑

σ∈Z2

Eσ
W

[
1lA

(
ΦT−t(X−t)

∥ΦT ∥
,Qt

ΦT−t(Xt)

∥ΦT ∥

)]
.

ρT is well defined.
.

Existence of Measure..
. ∃ρ̄T on (X ,σ(FT )) such that ρT ⌈FT = ρ̄T .

Consistency =⇒ {µΛ
T }Λ =⇒ µT on (X ,σ(F ))

{ρΛ
T }Λ =⇒ ρ̄T on (X ,σ(FT ))

µT (A) = ρ̄T (A) = ρT (A) for A ∈ G[−t,t] with t ≤ T .
ΦT−t/∥ΦT∥→ φg

lim
T→∞

ρT (A) = e2te2Et ∑
σ∈Z2

Eσ
W

[(
φg(X−t),Qtφg(Xt)

)
1lA
]
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Gibbs measures associated with SB model

Set function ρ∞ on (X ,F ): G[−t,t] ∋ A 7→ ρ∞(A) =
e2Ete2t ∑

σ∈Z2

Eσ
W

[
1lA(φg(X−t),Qtφg(Xt))H

]
.

ρ∞ is well defined.

.
Existence of Measure..

. ∃ρ̄∞ on (X ,σ(F )) such that ρ∞⌈F= ρ̄∞.

.
Main Result: Local Weak Convergence

..

.
ĥ/ω ∈ L2(Rd) =⇒ lim

T→∞
µT (A) = ρ̄∞(A) for A ∈ G[−T,T ].
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Gibbs measures associated with SB model

.
Gibbs measure µ∞..

.Suppose that ĥ/ω ∈ L2(Rd). Then ρ̄∞ = µ∞ is a Gibbs measure.

.
Expectation

..

.

Let f be a G[−t,t]-measurable function on X . Then
Eµ∞

[
∏n

j=0 f j(Xt j)
]
=

(φg, f0e−(t1−t0)(H−E) f1 · · ·e−(tn−tn−1)(H−E) fnφg).
Eµ∞ [ f ] = e2Et ∑σ∈Z2 E

σ
W

[(
φg(X−t),Qtφg(Xt)

)
f
]
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Expectations (φg ,Oφg)

.. Expectation of ξ (σ)F(ϕ( f ))

.
Key Expectation

..

.

(φg,ξ (σ)eiβϕ( f )φg) = e−
β2
4 ∥ f∥2

Eµ∞

[
ξ (X0)eiβK( f )

]
K( f ) =

α
2

∫ ∞

−∞
(e−|r|ω ĥ, f̂ )Xrdr.

Proof: Note that (φg,ξ (σ)eiβϕ( f )φg) = lim
T→∞

(
ΦT

∥ΦT ∥
,ξ (σ)eiβϕ( f ) ΦT

∥ΦT ∥
).

(φg,ξ (σ)eiβϕ( f )φg) = lim
T→∞

e−
β2
4 ∥ f∥2EµT

[
ξ (X0)eiβ

∫ T
−T (e

−|s|ω ĥ, f̂ )Xsds
]
.
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Expectations (φg ,Oφg)

.
Polynomial

..

.

(φg,ξ (σ)ϕ( f )nφg) =

inEµ∞

[
ξ (X0)hn

(
−iK( f )
∥ f∥2−1/2

)]
(∥ f∥2−1/2)n.

hn(x) = (−1)nex2/2 dn

dxn e−x2/2: Hermite polynomial of order n.

.
Schwartz test function..

.

(φg,ξ (σ)F(ϕ( f ))φg) = Eµ∞ [ξ (X0)G(K( f ))].

F ∈ S , G = F̌ ∗ ǧ and g(β ) = e−β 2∥ f∥2/4.

Proof: Since F(ϕ( f )) = 1√
2π

∫ ∞
−∞ F̌(β )eiβϕ( f )dβ , we have

(φg,ξ (σ)F(ϕ( f ))φg)=
1√
2π

∫ ∞

−∞
F̌(β )e−

β2
4 ∥ f∥2

Eµ∞

[
ξ (X0)eiβK( f )

]
dβ .

Fumio Hiroshima
Spin-boson model through a Gibbs measure on cádlág paths
16



Expectations (φg ,Oφg)

.
Polynomial

..

.

(φg,ξ (σ)ϕ( f )nφg) =

inEµ∞

[
ξ (X0)hn

(
−iK( f )
∥ f∥2−1/2

)]
(∥ f∥2−1/2)n.

hn(x) = (−1)nex2/2 dn

dxn e−x2/2: Hermite polynomial of order n.

.
Schwartz test function..

.

(φg,ξ (σ)F(ϕ( f ))φg) = Eµ∞ [ξ (X0)G(K( f ))].
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Expectations (φg ,Oφg)

.. Exponential moments of the field operator

.
Exponential moment

..

.

φg ∈ D(eβϕ( f ))

(φg,eβϕ( f )φg) = e
β2
4 ∥ f∥2

Eµ∞

[
eβK( f )

]
(φg,σeβϕ( f )φg) = e

β2
4 ∥ f∥2

Eµ∞

[
X0eβK( f )

]
.

Proof: Analytic continuation: β → iβ . □
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Expectations (φg ,Oφg)

.. Gaussian decay of the field operator

.
Gaussian moment..

.
(φg,e−βϕ( f )2φg) =

1√
1+β∥ f∥2

Eµ∞

[
e
− βK2( f )

1+β∥ f∥2

]
for β > 0.

Proof:

(φg,e−(β 2/2)ϕ( f )2
φg) =

1√
2π

∫
R

e−k2/2(φg,eiβϕ( f )kφg)dk

=
1√

1+β 2∥ f∥2/2
Eµ∞

[
e
− β2K2( f )/2

1+β2∥ f∥2/2

]
.

Replacing β 2/2 by β completes the proof of the lemma. □
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Expectations (φg ,Oφg)

.
Gaussian decay

..

.

Let −∞ < β < 1/∥ f∥2.

φg ∈ D(e(β/2)ϕ( f )2
)

∥e(β/2)ϕ( f )2
φg∥2 =

1√
1−β∥ f∥2

Eµ∞

[
e

βK2( f )
1−β∥ f∥2

]
.

lim
β↑1/∥ f∥2

∥e(β/2)ϕ( f )2
φg∥= ∞.
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Expectations (φg ,Oφg)

.. Expectations of number of bosons

(
ΦT

∥ΦT ∥
,ξ (σ)e−βN ΦT

∥ΦT ∥
) =EµT

[
ξ (X0)e−α2(1−e−β )

∫ 0
−T dt

∫ T
0 W (Xt ,Xs,t−s)ds

]
.

Super-exponential decay ρ = 1l
..

.

(φg,ξ (σ)e−βNφg) = Eµ∞

[
ξ (X0)e−α2(1−e−β )W∞

]
,

W∞ =
∫ 0

−∞
dt
∫ ∞

0
W (Xt ,Xs, t − s)ds.

φg ∈ D(eβN) for all β ∈ C
(φg,eβNφg) = Eµ∞

[
e−α2(1−eβ )W∞

]
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Van Hove representation

.. Van Hove representation

The van Hove Hamiltonian HvH(ĝ) = Hf +ϕb(ĝ).
Ground state φvH(ĝ)

H ∼=
[

Hf +αϕb(ĥ) −ε
−ε Hf −αϕb(ĥ)

]
H with ε = 0 is the direct sum of van Hove Hamiltonians:

H ∼=
[

Hf +αϕb(ĥ) 0
0 Hf −αϕb(ĥ)

]
(φg,eiβϕ( f )φg)H =

1
2 ∑

σ=±
(φvH(σα ĥ),eiβϕb( f̂ )φvH(σα ĥ))F

.
Van Hove representation

..

.
(φg,eiβϕ( f )φg) = Eµ∞

[
(φvH(χ),eiβϕb( f̂ )φvH(χ))

]
.

χ = α
2 ω(k)ĥ(k)

∫ ∞
−∞ e−|s|ω(k)Xsds.

HvH(χ) random van Hove Hamiltonian.
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Van Hove representation

.. Concluding remarks

.
Summary

..

.

HSB → Gibbs measure µ∞

µ∞=local weak convergence of µT .
(φg,Oφg) = Eµ∞[ fO] =⇒ φg ∈ D(eβϕ( f )2

), φg ∈ D(eβN)

Van Hove representation
New application →

√
−∆+m2 +V +Hf +αϕb(ĥ)
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Van Hove representation

Thank you !
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