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Classical cases

Relativistic Schrödinger Operator with spin 1/2

h =
√

(σ · (p−a))2 +m2−m+V

Pauli matrices

σ1 =

[
0 1
1 0

]
σ2 =

[
0 −i
i 0

]
σ3 =

[
1 0
0 −1

]
Feynman-Kac formula of (f ,e−thg) ?
ψ(u) =

√
2u+m2−m =⇒ h = ψ

(1
2(σ · (p−a))2

)
+V
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Classical cases

Bernstein functions and subordinators

Bernstein functions B

ψ ∈B
def⇐⇒


ψ(0) = 0
ψ ∈ C∞(R+)

(−1)nψ(n)(u)≤ 0 n = 1,2,3, ...

Examples ψ(u)

Fractional Schrödinger uα/2(0 < α ≤ 2)

Relativistic Schrödinger
√

2u+m2−m

S = the set of subordinators (1-dim Lévy process with
increasing paths)

(Tt)t≥0 ∈S ⇐⇒ ψ ∈B

e−tψ(u) = E[e−uTt ] =⇒ e−tψ(H) = E[e−TtH]
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Classical cases

Feynman-Kac Formula for ψ
(1

2(p−a)2)+V

Generalized Schrödinger operator

ψ

(
1
2
(p−a)2

)
+V

Feynman-Kac-Itô formula:
(f ,e−t( 1

2 (p−a)2+V)g) =
∫
dxEx

[
f (B0)g(Bt)e−i

∫ t
0 a(Bs)◦dBs−

∫ t
0 V(Bs)ds

]
De Angelis - Jona Lasinio - Sirgue83, H.-Ichinose-Lőrinczi08

a ∈ (L2
loc)

d, ∇ ·a ∈ L1
loc, V+ ∈ L1

loc, V− ≺ ψ(−∆) =⇒

(f ,e−t(ψ( 1
2 (p−a)2)+V)g)=

∫
dxEEx

[
f (B0)g(BTt)e

−i
∫ Tt

0 a(Bs)◦dBs−
∫ t

0 V(BTs )ds
]

(f ,e−tψ(H)g) = E
[
(f ,e−TtHg)

]
+ Trotter prod. formula
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Schrödinger operator with spin

Schrödinger operator with spin

Schrödinger operator with spin

HS(a) = 1
2(p−a)2− 1

2 σ ·b = H(a)− 1
2 σ ·b

HS(a)
[

f+
f−

]
= H(a)

[
f+
f−

]
− 1

2

[
b3 b1− ib2

b1 + ib2 b3

][
f+
f−

]
Z2 = {−1,+1}.

(x,θ) ∈ Rd×Z2

HS(a)f (x,θ) =
(

H(a)− 1
2

θb3

)
f (x,θ)− 1

2
(b1− iθb2)f (x,−θ)

L2(Rd;C2)→ L2(Rd×Z2;C), C2-valued=⇒C-valued
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Schrödinger operator with spin

Jump processes

Poisson process (Nt)t≥0: E[Nt = n] = e−ttn/n!∫ t+

0
f (s,Ns)dNs = ∑

0<r≤t,Nr 6=Nr+

f (r,Nr)

Semimartingale Ito formula
Potential V:
de−

∫ t
0 V(Bs)ds =−V(Bt)e−

∫ t
0 V(Bs)dsdt =⇒ V(x)← Potential

Z2-valued stochastic proc. θs = (−1)Ns

de
∫ t+

0 W(Bs,−θs)dNs =−
(

1− eW(Bt,−θt)
)

e
∫ t+

0 W(Bs,−θs)dNsdNt

=⇒ 1− eW(x,−θ)← potential for spin!

Off diagonal part=⇒

−1
2
(b1−θb2) = 1− exp

(
log
(

1
2
(b1−θb2)

))
−1
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Schrödinger operator with spin

Path integration

De Angelis-J.Lasinio-Sirugue (J.Phys.83), H.-Lörinczi (JFA08)

Suppose that a ∈ (L2
loc)

3, b3 ∈ L1
loc, ∇ ·a ∈ L1

loc, 0≤ V ∈ L1
loc, and∫ t

0
ds
∫

ps(x− y)
∣∣∣∣log

1
2

√
b1(y)2 +b2(y)2

∣∣∣∣dy < ∞.

=⇒

(f ,e−tHS(a)g) = e+t
∑

α=±1

∫
dxExEα

[
f (B0,θ0)g(Bt,θt)eSp+Sσ

]

Sp =−
∫ t

0
V(Bs)ds− i

∫ t

0
a(Bs)◦dBs

Sσ =
1
2

∫ t

0
θsb3(Bs)ds+

∫ t+

0
log

1
2
(b1(Bs)− iθs−b2(Bs))dNs
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Pauli-Fierz model

Pauli-Fierz model

Fock space L2(Q,µ)
Total Hilbert space L2(Rd)⊗L2(Q,µ)

Quantized Radiation Field: Gaussian r.v. A (f ), f ∈ L2

Eµ [Aα(f ) ·Aβ (g)] =
∫

δ
⊥
αβ

(k)
1

2|k|
f̂ (k)ĝ(k)dk

δ⊥
αβ

(k) = δαβ − kαkβ/|k|2

LH{: ∏
n
j=1 A](fj) :} is dense.

Free field Hamiltonian

dΓ(
√
−∆)1l = 0

dΓ(
√
−∆) :

n

∏
j=1

A](fj) :=
n

∑
j=1

: A](f1) · · ·A](
√
−∆fj) · · ·A](fn) :
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Pauli-Fierz model

Pauli-Fierz model

UV cutoff

ϕ̂(k) =
{

(2π)−d/2 |k| ≤ Λ

0 |k| ≥ Λ
=⇒A (x) = A (ϕ(·− x))

Coulomb gauge ∇ ·A (x) = 0

Pauli-Fierz model

H =
1

2m
(p⊗1l−A (x))2 +V⊗1l+1l⊗dΓ(

√
−∆)

=⇒ 1
2m (p−A (x))2 +V +dΓ(

√
−∆)
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Pauli-Fierz model

Spectrum of h⊗1l+1l⊗dΓ(
√
−∆)+αHint

Sp(h) = {Ej}, Sp(dΓ(
√
−∆)) = [0,∞)

(α = 0) Embedded eigenvalues

(α 6= 0) Resonances and ground state

Nelson model{
flat space =⇒ Spohn (99), Betz-H.-Lőrinczi-Minlos-Spohn(01), LMS(02)
manifold =⇒ Gérard-H.-Panatti-Suzuki (09,10a,10b)
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Pauli-Fierz model

Feynman-Kac formula for H

Euclidean Gaussian r.p. on (QE,µE): (At(f ))t∈R,

E
[
Aα,s(f ) ·Aβ ,t(g)

]
=
∫

δ
⊥
αβ

(k)f̂ (k)ĝ(k)
e−|s−t||k|

2|k|
dk

Isometries ∃Jt : L2(Q)→ L2(QE) s.t. J∗t Js = e−|t−s|dΓ(
√
−∆)

Set F0 = J0F and Gt = JtG.

Fröhlich-Park 80, Fefferman-Fröhlich-Graf 97, H.97

(F,e−tHG)=
∫

dxExEµE

[
F0(B0)Gt(Bt)eS

]
S =−

∫ t

0
V(Bs)ds− i

∫ t

0
As(ϕ(·−Bs)) ·dBs
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Relativistic PF model

Relativistic PF model

Relativistic PF model

HR =
√

(p⊗1l−A (x))2 +m2−m+V⊗1l+1l⊗dΓ(
√
−∆)

Theorem 1. Feynman-Kac formula for HR [H.09]

(F,e−tHRG) =
∫

dxEExEµE

[
F0(B0)Gt(BTt)e

S
]

S =−
∫ t

0
V(BTs)ds− i

∫ Tt

0
AT−1s(ϕ(·−Bs)) ·dBs

Similar form to Pauli-Fierz model!

Fumio Hiroshima
Feynman-Kac type formula with Cadlag path and generalized Schroedinger operator with Spin
13



Relativistic PF model

Main theorem

Existence of ground state is known [Konenberg, Matte,
Stockmeyer,09] [H.-Sasaki,09].

Theorem 2.
(Ess.self-adjointness) HR is ess. self-adjoint on
∩µD(pµ ⊗1l)∩D(1l⊗dΓ(

√
−∆)).

(Exp.decay of GS) ‖ϕg(x)‖L2(Q) ≤ C1e−C2|x| (m > 0)
(Energy comparison ineq.)
infSp(

√
p2 +m2−m+V)≤ infSp(HR)

(Uniqueness of GS) GS of HR is unique
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Relativistic PF model

Outline of proof

(Ess.s.a.) For Q = pµ or dΓ(
√
−∆),

|(QF,e−tHRG)| ≤ ‖F‖‖QG‖=⇒ e−tHRD(Q)⊂ D(Q)

(Exp.decay) ϕg(x) = etEe−tHRϕg(x) = etEEx
[
J∗0eSJtϕg

]
(Energy ineq.) Diamagnetic inequality.

|(F,e−tHRG)| ≤ (|F|,e−t(
√

p2+m2−m+V+dΓ(
√
−∆))|G|)

(Uniqueness) It follows from Perron-Frobenius Thm. by

(F,e−i π

2 Ne−tHRei π

2 NG) =
∫

dxEExEµE

[
F0(B0)Gt(BTt)e

Ŝ
]
,

where Ŝ =−
∫ t

0 V(BTs)ds− i
∫ Tt

0 ΠT−1s(ϕ(·−Bs)) ·dBs. Πs is
the canonical conjugate of As and e−iΠs(F) is shift.
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Translation invariant PF model

Translation invariant PF model (V = 0)

Translation invariant PF model

HR(P) =
√

(P−dΓ(−i∇)−A (0))2 +m2−m+dΓ(
√
−∆), P ∈ Rd

[HR,pµ ⊗1l+1l⊗dΓ(−i∇)µ ] = 0

=⇒


HR =

∫ ⊕
Rd HR(P)dP

L2(R3)⊗L2(Q) =
∫ ⊕
Rd L2(Q)dx

HR(P) is defined on L2(Q).
P = 0 =⇒∃GS, P 6= 0 =⇒6 ∃GS (Open problem)
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Translation invariant PF model

Main themreom

Theorem 3. Feynman-Kac formula for HR(P), [H.JFA07,09]

(Φ,e−tHR(P)Ψ) = E0EEµE

[
eiP·BTt Φ0eSe−iP·dΓ(−i∇)

Ψt

]
E(P) = infSp(HR(P))

Theorem 4.
E(0)≤ E(P)

e−i(π/2)Ne−tHR(0)ei(π/2)N is positivity improving, and GS of
HR(0) is unique.
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