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1 Feynman-Kac type formula

This is a continuation of [Hir97, Hir05]. In this article we are concerned with a
Feynman-Kac type formula in quantum field theory. In particular we investigate the
so called Pauli-Fierz Hamiltonian Hpp with spin 1/2 in nonrelativistic QED. Since the

model includes spin, we need the 3 + 1 dimensional Levy process,

(ft)tzo = (Bt, Nt)tzO»

to construct the Feynman-Kac type formula, where B; denotes the 3 dimensional Brow-
nian motion and /N; a Poisson process taking dichotomic values. Then the Levy process
& takes values in R? x Zy, where Zy denotes the additive group with degree two. The
Pauli-Fierz Hamiltonian [Hir04, Spo04] describes a minimal interaction between non-
relativistic electrons and a quantized radiation field in the Coulomb gauge. Specifically
we impose an ultraviolet cutoff on it. The field quanta of the quantized radiation field
are massless bosons referred to as photons. While electrons are assumed to be in low
energy and treated as quantum mechanical particles. Then the number of electrons
are conserved, and for simplicity it is assumed to be one in this paper. The quantized

radiation field is described by an infinite dimensional Gaussian random process

(Al (.jtf))fELQ(R3),tER-
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Then combining the Levy process § and the Gaussian random process Ay, (j.f), we
construct the Feynman-Kac type formula. In the spinless case the functional integral
representation of the heat semigroup is established by [Hir97] and in the translation

invariant case by [Hir06]. Here we extend them to the Hamiltonian including spin 1/2.

2 Definition of the model

2.1 Fundamental facts

Let us begin with defining the Pauli-Fierz Hamiltonian as a self-adjoint operator on
some Hilbert space. Let hyy, := L?*(R*x{—1, 1}) denote the Hilbert space of one-particle
states of photons, where R® x {—1,1} 3 (k,j) is the momentum and the polarization
of photon, respectively. The Boson Fock space, Fy,, over hyy, is defined by
F, =P l@ hph] ;
n=0 Lsym

where @y, denotes n-fold symmetric tensor product with ®2ym hpn = C. Fy is the
Hilbert space with the scalar product (¥, @)z = 302 (U™, &™)y, . Let us define
the free Hamiltonian H,.q on JFy,, which is given as the infinitesimal generator of a one-
parameter unitary group. This unitary group is provided through second quantization
and the second quantization through the functor I'. The set of contraction operators

from X to Y is denoted by C(X — Y'). We define the functor T,
I':C(L*(R%) — L*(R*)) — C(F, — F),

by I(T) :=@;2 0T ®---®@T, where T ® --- ® T is the identity operator. Particulary
n 0

for the self-adjoint operator h on hyy, I'(e™), t € R, is the strongly continuous one-

parameter unitary group on Fy,. Then there exists the unique self-adjoint operator
d'(h) such that

F(eith) _ ) e R,

dl'(h) is called the second quantization of h. Now we define H,.q. Let w, be the
multiplication operator on hyy, defined by wy, : f —— wy(k)f(k,5) = |k|f(k,j). Then
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H,aq := dl'(wp) and the spectrum of H,aq is [0, 00) with the simple eigenvalue {0}. Of

“Hlad can be also expressed as e~Hrad = T'(e7%v). Next we define

course the semigroup e
the annihilation operator and the creation operator on Fi,. With each f € hpy, one
associates the creation operator af(f) defined by (af(f)¥)™ = /nS,(f@¥~V) where
S, is the symmetrizer. The domain of af(f) is maximally defined. The annihilation
operator a(f) is defined to be the adjoint of af(f): a(f) = (a'(f))*. We symbolically
write as a*(f) = Y ,_u1 [ f(k,j)a*(k, j)dk. The operators a'(f) and a(f) obey the

canonical commutation relations;

Let us define a quantized radiation field. Since the radiation field is quantized in the
Coulomb gauge, polarization vectors are introduced. Let e(k,+1) and e(k,—1) be
polarization vectors, i.e., e(k, —1),e(k,+1), k/|k|, k # 0, form the right-handed system
in R® with e(k,—1) x e(k,+1) = k/|kl|, e(k,j) - e(k,j') = ;7 and e(k,j) - k/|k| = 0.
Thus the quantized radiation field with ultraviolet cutoff ¢ is defined by

¢(k) at(k, f)e=* + ¢(—k) a(k, 7)et®)dk.

1 .
Ap () = \/ﬁjgl/eu(lﬂ,J)(m wy (k)

Here ¢ denotes the Fourier transform of ¢, and ¢/\/w, € L*(R?) is assumed. By
k-e(k,j) = 0, the Coulomb gauge condition, Zizl[ﬁ%,A%(x)] = 0, is obeyed. We
assume that (k) = ¢(—k) = ¢(k). Then Ay ,(x) is symmetric. The states of one
electron coupled to the quantized radiation field are vectors of the composition of
L3(R3; C?) and Fi:

H:= L*(R};C*) @ F.

To define the quantized radiation field on H, we identify H with the set of C* ® Fy-
valued L? function on R3. Then Ag, is given by (Ay,F)(z) = Ap u(z)F(x). Now we

are in the position to define the Pauli-Fierz Hamiltonian, which is given by

2
1 3
Hpp = 3 (Z o;(—iV;®1— eA@j)) +V®1+1® Hpg, (2.1)
j=1
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where e € R is a coupling constant, V' denotes an external potential and o, j = 1,2, 3,

are the usual 2 x 2 Pauli matrices given by
101 R (' 11 0
0'1.—10, JQ.—Z. 0l 03.—0_1.
Using the formula * 0,0, = 8, +13>0_, €70, we can rewite (2.1) as
1, 9 e
Hpp = §<_ZV —eAy)  +V + Hpaa — 3 231 0;Bs;,
]:
where we omit ® for notational convenience and Bs(x) = rot, As(z). Explicitly

B%(Q?) = \_/% > /(k X e(k,7))u( (k) )aT<k7j>eik-z _ o(=k)

a(k, §)e™*)dk.
j=+1 wp (K wp (k)

The fundamental assumption to guarantee the self-adjointness of Hpr is as follows.

Assumption 2.1 (1) \/op@, p/wy, € LA(R3) and ¢(k) = ¢(—k) = ¢(k). (2) V is
relatively bounded with respect to (—1/2)A with a relative bound strictly smaller than

one.

Under Assumption 2.1, it is established in [HirOOb, Hir02] that Hpp is self-adjoint on
D(—A) N D(Hy.q) and bounded from below. Moreover it is essentially self-adjoint on
any core of —(1/2)A +V + H..q.

2.2 Symmetry and polarization

In this subsection we discuss the symmetry of Hpp. See [Hir06] for detail. When the
form factor ¢ and the external potential V' are translation invariant, i.e., (Rk) = ¢(k)

and V(Rx) = V() for arbitrary R € O(3), then Hpy has the symmetry:
SU(2) @ Oparticle(3) @ Ofera(3) @ helicity,

where SU(2) and Oparticie(3) come from spin and the angular momentum of the par-
ticle, respectively, Ogeq(3) and helicity from the angular momentum and the helic-

ity of photons, respectively. Let R € SO(3) and k = k/|k|. Two orthogonal bases

1 123 _ 4

€*¥7 is the antisymmetric tensor with ¢
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e(Rk,1),e(Rk,—1), Rk and Re(k,1), Re(k,—1), Rk in R? at k satisfy

e(Rk, 1) cosfly —sinfly 07 [ Re(k,1)
e(Rk,—1)| = |sinfls cosfly 0| |Re(k, —1)|, (2.2)
Rk 0 0 15 Rk

where 13 denotes the 3 x 3 unit matrix and 6 := 0(R, k) := arccos(Re(k,1) - e(Rk, 1))
Let R = R(¢,n) € SO(3) be the rotation around n € S? := {k € R®||k| = 1} by angle
¢ € R and detR = 1. Also, let ¢, := k x (—=iVy) = (L1, lka, lx3) be the triplet of

angular momentum operators in L?(R3). Then (2.2) is rewritten as

i0(RE)X _ign-Ly, e(k, 1) _ R0 e(k,1)
T e L(/f,—m =10 B |e(k-1)| (2:3)
10 =13 . .
where X = —i 1 ol To discuss the symmetry of Hpp, we introduce coherent
3

polarization vectors in some direction. We have Assumption (P) as follows.
(P) There exists (n,w) € S* X Z such that polarization vectors e(-,1) and e(-, —1)
satisfy for arbitrary R = R(n, ¢) € SO(3) and k # n,

e(Rk,1) | _ |cos(¢w)ls —sin(pw)ls| |R 0| | e(k,1) (2.4)
e(Rk,—1) sin(pw)ly  cos(pw)ls| |0 R| |e(k,—1) '

or for each un=1,2,3,

] = ey o] (e e e

By assuming (P), we have by (2.5),

: -~ eu(k,1) (Re(k, 1))
X _I_ . E H ) — ’ K s 26
ool + i} [ ] < [T
where X = —i [(1] B ol : R? — R2. Here is an example for polarization vectors satisfying

Assumption (P).

Example 2.2 Letn € S3, and e(k, —1) := kxn/sin6 and e(k, +1) == (k/|k|) xe(k, 1),
where 6 = arccos(/% -n). Then, since R = R(n, ¢) satisfies that Rn = n and Ru x Rv =
R(u x v), e(k,j) obeys (2.4) with (n,0) € S? X Z.
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Assume (P) with some (n,w) € S? x Z. We define S; := dl'(wX) and L := dL'(¢},).

Here X := —i ? _(1) : L2(R®) @ L*(R3) — L2(R?) @ L?(R®). St is called the helicity
of the field and L¢ the angular momentum of the field. Define J; := n - Ly + S;. Then

we have for translation invariant f,

¢ g fe-ika [ ((U)b 0t b (f K rnti) ik [eu(l) ])

eu(—1)
= af(fe Bk l(f%(“z ] ZRM e iR Lj((_li)]) (2.7)

u

where R = R(¢,n). Let J, :=n-{, + %n - 0 be the angular momentum plus spin for
the particle, and define
Jtotal = Jp ® 1 + 1 ® Jf.

Lemma 2.3 Assume (P) and that ¢ and V are translation invariant. Then for arbi-
trary ¢ € R,

el(b]total HPFef'L(z)Jtotal — HPF .

Proof: By €'/t = ¢i¢Si¢ionle (2.6) and (2.7), we see that (R = R(n, ¢))

ez:d)Jerade_id)Jf‘ - Hrad7 e%(bePfue_i(éJf = (RPf)IM
ez"ﬁ‘]fA%(:c)e_“z’Jf‘: (RAs(R7'x)),, e“9leg et = (Rx),,
ezqﬁn-ﬂz (_Z'vm)'ue—qurufz _ (R(_Zvl))l“ qun (1/2)00. e—zdm (1/2)0 (RO')

Then we complete the proof. qed

Note that o(n - (€; 4+ (1/2)0)) = Z1/2, o(n- L) = Z and o(S;) = Z. Then o(Jiotal) =

Z1/2 and we have the theorem below.

Theorem 2.4 We assume the same assumptions as in Lemma 2.53. Then H and Hpg
are decomposed as H = @.cy,,, H(2) and Hpp = @.cy,,, Hpr(2). Here H(z) is the
subspace spanned by eigenvectors of Jiowa with eigenvalue z € Zij and Hpp(z) =

Hpp ().
Proof: This follows from Lemma 2.3 and the fact that o(Jiotal) = Z1 /2. qed

Next we consider incoherent polarization vectors. However we can show that the

Pauli-Fierz Hamiltonians with different polarization vectors are isomorphic with each
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others. We will see it below. Let e(1),e(—1) and n(1),7(—1) be polarization vectors.
The Pauli-Fierz Hamiltonian with polarization vector e(1),e(—1) (resp. n(1),n(—1))
is denoted by Hpp, (resp. Hpp,).

Lemma 2.5 Hpp, and Hpr, are isomorphic.

Proof: We learned it from [Sas06]. Since both polarization vectors form orthogonal

base on the plan perpendicular to the vector k, there exists 6;, such that

e e et e B e B o

cosf, —sinb, ] f _ f(k)
sinf,  cos QJ. Define R : hyn — hpn by R L}] (k) = Ry L](k) and

U : F, — Fy by the second quantization of R, i.e., U := I'(R). Then U is the unitary
on Fi,. Note that R [ m(l)f] = [fe#(l) ] which implies that UHPFnU_l = Hpp,.

where R, =

nu(_l)f feu(_l)

Hence the lemma follows. qed
Combining Lemma 2.5 and Theorem 2.4, we have the corollary below.

Corollary 2.6 Suppose that ¢ and V' are translation invariant. Then Hpg with arbi-
Hpg(z), where Hpp(2) is defined in

trary polarization vectors is isomorphic to €@

Theorem 2.4.

Z2€Ly /2

2.3 O-representations and dichotomic variables

To construct the functional integral representation, we have to take Q-representation of
Hpr instead of the Fock representation. To introduce QO-representation, we define a bi-
linear form and construct the Gaussian random process with mean zero and covariance

given by this bilinear form. Let us define the field operator A, ( f ) by
AP = 25 3 [ el DTN E.J) + F(—Ratk, )k

and 3 x 3 matrix D(k), k # 0, by D(k) = (6 — kuku/|k[*)1<ur<3. Note that
S j—s1eu(k,j)eu(k, j) = D,y (k). Then the bilinear form g : @°L*(R?) x @*L*(R?) — C
is given by

QO(f, g) = Z (Au(fu>Qb7Ay(gV)Qb)fb -

p,r=1

[, F(k) - D)3 (k)
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Just as the Euclidean free field is exhibited as a kind of path integrals over the free
Minkowski field in constructive quantum field theory [Sim74, Theorem II1.6], we intro-
duce an additional bilinear form ¢; to define an additional Gaussian random process.

The bilinear form ¢, : ®*L*(R3T) x @3 L*(R*T) — C is given by

1 - .
@(F,G) == [ F(k ko) - D(k)G(k, ko)dkdk.

2 Jr3+1
From now on f3 stands for 0 or 1. Let S5 := @3S, (R**7), where S,(R*™) denotes the

set of real-valued Schwartz test functions. Define

Cs(f) :==exp(—qs(f. ), [ € S

It is immediate to check that (1) 327, Ziz;Cp(fi — f;) > 0 for 2, € C, i =1,...,n, (2)
Cjs(g) is strongly continuous in g, (3) C3(0) = 1. Let (¢, f)s denote the pairing between
Qp 1= Sr’ﬂ and S,5. By the Bochner-Minlos theorem there exists a probability space
(Qs, Ba,, 1) such that Bg, is the smallest o-field generated by {(¢, f)s, f € Sis} and

(¢, f)s is the Gaussian random variable with mean zero and the covariance given by

/Q ¢ ONodpg(¢) = eI fe S,y (2.8)
B

For a general f = fre + ifm € ®*’S(R3**?), we set (¢, g == (@, fre)s + (&, fim)s-
Since S(R**P) is dense in L?(R3*#) and

o, 19 P15l dizs(8) < 1 Wi

by (2.8), we can define (¢, f)s for f € &3L*(R3*F) by a limiting argument.

So we define the multiplication operator Ag(f) labeled by f € @&3L*(R3*F) in
L*(Qp) by (As(f)F) () := (&, [)sF () for ¢ € Qz. We denote the identity functions
in L?(Qp) by 1o, and the function Ag(f)1g, by Ag(f) unless confusion may arise. It

is known that L?*(Qg) is divided in the infinite direct sum as

L*(Qp) = é}Li(Qﬁ),

where L2(Qg) = LH.{:Ag(f1) - - Ag(fo):|f; € ®3L2(R3HF), 5 =1,2,...,n}, n > 1, with
L3(Qp) = {alg,|a € €} and :X: denotes the Wick product. Next let us define the
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second quantization I'gg on O-representation, which is also the functor
Lgg : C(LP(R*7) — L(R**)) — C(L*(Qp) :— L*(Qp))
defined by

Pog (TN, =10, Lo (T):As(f1) - Ap(fu): = Ap(Th) - Ag (T fn):-

Simply we write as I's for T'33. For each self-adjoint operator h in L*(R3T7), T'5(e'h)
is the one parameter unitary group. Then [g(e'") = eds(h) ¢ ¢ R, for the unique
self-adjoint operator dl'5(h) in L?*(Qg). Thus we can see that Fy,, Au(f) and dI'(h)
are isomorphic to L2(Qy), Ao(®>_,0,,f) and dly(h), respectively, where h = FhF~!
and F denotes the Fourier transform on L?*(R3). This isomorphism maps Hpp to the
self-adjoint operator on L*(R? C?) ® L*(Qp). We will see it bellow. Let A := (¢/+/wy,)Y
and Ao, (A(- — ) := A(®2_,0,A(- — x)). Then we have H = L*(R*; C?) ® L*(Qy)
and
1

HPF = §<—Zv — 6./40) +V + dFo(wb —Zv Z O']BQJ
A 2 . € Bz Boy — 1By,
= 2( iV —eAy)” +V +dly(wp(—iV)) 3 |Byy + iBoy Byy|” (2.9)

In this representation A% and By  are transformed to the multiplication operator
Ao, and By, respectively. From now on we write the right-hand side of (2.9) (resp.
dlo(w(—1V)) as Hpp (resp. H,,q) without confusion may arises. Preserving the discrete
structure of spin components as discrete random variables, we introduce dichotomic
variable o with values in the additive group Zy = {—1,1}. Then the Hamiltonian under

consideration is the self-adjoint operator on the Hilbert space
H = L*(R® % Zy) @ L*(Qy)
defined by
1 . A
(HpeF)(0) = {2(—2'V — eA0)? +V + Hyg — ;(,—303} F(o)— osls Bonit-=)Boz)] fr(_ )
(2.10)
In the last term we take logz = log|z| +iargz, 0 < argz < 27. The right-hand

side of (2.10) is our main object, i.e., we want to construct the functional integral

representation of semigroup generated by this.
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3 Functional integral representation of e /’PF

3.1 Levy processes

Let us begin with defining notation on the wiener measure and the Brownian motion.
Let (Bt)i>0 = (Bit)i>01<i<3 be the three dimensional Brownian motion on (W, By, P*)
with the natural filtration F; = o(By, s < t), t > 0, where W = C([0,00); R?) and P®
denotes the wiener measure such that P*(By = z) = 1. lLe., B;s(w) = w;(t) for
w = (wy, wy, wsz) € W.

In order to construct a Feynman-Kac type formula of e *PF in addition to the
Brownian motion, we need a Poisson point process. Here we explain minimum prop-
erties of Poisson point processes and counting measures we need. Let (S, S, P) be a
probability space with a right-continuous increasing family of sub o-fields (S;):>o. Let
Ep denote the expectation with respect to P. We fix a measurable space (M, Bpy)
and a stationary (S;)-Poisson point process p on M defined on (S, S, P) with intensity
A(t,U) := Ep[N,(t,U)] = tn(U) for some measure n on M with n(M) = 1, where N,
denotes the counting measure on ((0,00) x M, B(gs0) X B) defined by

N,(t,U) :==#{s € D(p)|s € (0,t],p(s) e U}, t>0, U € Bp,

where B o) is the Borel o-field on (0, 00). Hence Ep[N,(¢t,U) = N] = e AOA(H)N /N1
We set N; := Ny, (t, M) and dN; := [ Np(dtdm). Since #{s € D(p)|0 < s <t} is
finite, for each 7 € S, there exists N = N(7) € N, 0 < 81 = $1(7),...,sny = sn(7) < 't
such that
t+ N
| Fe NN = 3 F NG = S f (s Ny) = 3 (i) (BD)

s'€D(p) Jj=1 Jj=1
0<s'<t

Finally we note that the expectation of (3.1) is reduced to the Lebesgue integral:
t+ t t o 5"
Bel [ f(s, NJAN = Ep[ | (s, N)ds] = [ 3 f(s.m)2reds
n=0 :

Set (2, Bq, P3) == (W x S,By x §,P}, ® P) and w := wx 17 € W x S = Q. For
w=w X 7, we put By(w) := By(w) and p(s,w) := p(s,7). Let Qy = F, x &, t > 0.
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Let Zy be the additive group. We denote the sum in Z; by @gz,, i.e.,, 1 Bz, 1 = —1,
—16¢,,1 =1, —1&,, —1 = 1. Then the Zy-valued random process, o; : Zs X 2 — Zo,
is defined by

01 =0 @y, Ny = 0(—1)N’f, 0 € Zo.
So we constructed the (3 + 1)-dimensional Levy process
& = (B, Ni)
on (92, Bg, P%). We set for simplicity
ESO[f(£)] i= /Qf(a: 4 B.,o @y, N)dPS = /Qf(x + B, o(—1)™)dPY
and Y, [dx f(z,0) ==Y 5ez, Jps du f(x,0).

3.2 Functional integral representations

In addition to Assumption 2.1, we need specify the class of external potentials V. We

assume the assumption below:
t
Assumption 3.1 V satisfies that Vi := sup,cps E”[e” Jo V(Bs)ds] < 00.

The Kato class potentials satisfy Assumption 3.1 and, especially, the Coulomb potential
does. We study the self-adjoint operator H pro(¢) defined for each ¢ € Qy. Assume that
A € C°(R?) in a moment. Then Ay, (A(- — z),¢) = (&, BI_ 10w (- — x))o € C°(R2).
Define the multiplication operators Ay, (¢) and By, (¢), p=1,2,3, in L*(R?) by

A0,(0) = [ AguNC = 2),0)dw, Buy(6) = [ B\ — 2),0)da

and the Pauli operator on L?(R®xZ,) by

(Hpro(0)f)(2,0) == {;(—zv —eAo(9)? +V + Vy(z, a)} f(z,0) —eVo@=) f(z —0),

where we set

Vs(z,0) = —20303(@’ Wy(z,—0) := 1085[%(501(@ —10Boy(¢))]-
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Lemma 3.2 For each ¢ € Qy, ﬁppo(@ is self-adjoint on D(—A) and it follows that

(et er0@)g) (z,0) = E= e Jo VB Zog(€,)], where

- 3t t t+

%@z—Q:AAwM@J@¢M&$iA%wwm$+4 Wy(B,, —0,)dN,.
p=1

Proof: Since ﬁppo(gb) is a Pauli operator with the sufficiently smooth and compactly
supported vector potential Ay(¢), the lemma follows from [ALS83]. qed

Define [j[PFO = féBO HPFQ(¢)dMQ and
f{PF = [:IPFO + H.aq.

Here + denotes the quadratic form sum. The next lemma is the key lemma in this

note.
Lemma 3.3 Assume that A € C°(R3). Then (F, e Her Q) = (F, e tHrr ).

Proof: Let L%, (Qp) denote the finite particle subspace of L?(Qp). Define the dense
subspace Hg := Ce°(R3 x Zy)® L2 (Qp), where @ denotes the algebraic tensor product.
It is seen that ﬁpF = Hpp on 7:(0, which implies that f]pp = Hpr as a self-adjoint

operator, since Hy is a core of Hpp. Hence the lemma follows. qed

By Lemma 3.3 it is enough to construct a functional integral representation of
(F,e e Q) instead of (F,e #*r@). By the Trotter-Kato product formula for the
quadratic form sum [KM78], we have (F, e ¥ Q) = lim,,_oo (F, (¢~ /W Hproe—(t/m Hraa)n 3y,
To compute its right-hand side, we factorize e ¢ as usual. Let j; : L?(R3) —

L3(R*™), t > 0, be defined by

— - efitko wb(k:) R
9”%$”"¢%Jwammu%vﬂm’(h“>€WXR'

Thus j; is a reality-preserving operator and j/j, = e #=slo(=iV) 5 ¢+ ¢ R, follows.
Define J; : L?(Qy) — L*(Q1) by J; := Doi(js). Hence JiJ, = e~lt=slfa follows on
L*(Qp). We denote the LP-norm on (Qg,ug) by || - |l,- As is explained previously,
Ls(T) for || T|| < 1 is a contraction operator on L?*(Qg). It has also a particularly

strong property, so-called hypercontractivity. From this the lemma below is proved in

[HLO7].
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Lemma 3.4 Let ® € L'(Qy) and F,G € L*(Q;). Then, for a # b, (J,F)®(J,G) €
LY(Q)) and

N EY (O dps < @[] Pl Gl (32)
Let Ej,4 be the projection to the range of J;, t € [a, b].

Lemma 3.5 Assume that A € CP(R?). Let 0 < 0 < s <t, F € &py and G € Ey.
Then

(P gm0 ;G) = Y [dwerole b VOO [ )X BGE ] (3.3

Here X,(0,t) is defined by

0.0 = —ie X [ AU~ BBy = [[(=5)o Bl — Bo)is
+ [T IBE Bl — Bo) — iouByGAC — BO)Ne. (34

Now we define the L2(R**!)-valued stochastic integral f[j j,\(- — B,)dB,, s by a limiting
procedure. Let x,(s) be the step function on the interval [0, ¢] given by

" t]—l
=2

J=1

X(t(— 1)/ntj/n]( ) (35)

Define the sequence of the L?*(R3™!)-valued random variable &* : Q — L*(R3*1) by

€8 = J§ jxn(sA(- — Bs)dB,,s. Since this sequence is Cauchy, we define
/]s — dBuS:—s—hmf w=123,

and set
t t
/0 AO,u(js)\<' - Bs))dB,u,s = AO;L(/O jS)\( - BS)dB#,S)'

The next theorem is the main results of our investigation.
Theorem 3.6 [t follows that

(F,e e @) = / doEnefe VP o, Al F(&)e W IGE)].  (3.6)
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Here the exponent X (0,t) is given by
St . t e .
X(0,0) = ~ie S [ AL~ BB~ [ (-5)0BiGAC - B)ds
pn=1

+/0t+ log[g(l?n(js)\(- — By)) — i0sBi5(jsA(- — Bs)))]dNs.

Proof: We outline the proof. See [HLO7] for detail. In a moment we assume that
O/ /wp € C°(R?). We can see that E*7[e” Jo VB X 00 G(¢,)] € H for G € H. Then
we define Sy 5 : H— H by

(S1sG) (@, 0) 1= E=7[e Jo VEIIX00 G g,

Here X,(0,t) is defined in (3.4). By making use of Markov properties of both B, and
N, we can see that

t+t/

(Sp5S1sG)(x,0) = E™[e” IN V(Bl)dle)zsl(O,t,)+Xs(t/,t+t/)G(£t+t/)]' (3.7)

Let By = JiJi and [[}_; T; := Ty'Ty---T,, up to the order. Then using the identity
HPF = ﬁpp, we have
(F, e*tHPFG> — (F, e*t(HPFO‘i’Hrad)G)
= lim (F, (6_(t/")gPF06_(t/”)H‘ad)”G)

n—1 -
= nll—%lo(‘]OF’ H th/ne—(t/n)HPFO J;t/n> JtG)
=0

n—oo

n—1
= lim (JyF, H Ejt/nSt/n,jEjt/n) J:G)
§=0

n—1
= lim (J()F, H St/n,tj/n) JtG)

n—oo .
Jj=0

n—oo Ql

= lim Z/dw E*7[e” Jo V(B dpy JoF(fo)‘?X"(o’t)JtG(ftﬂ,

where we used the formula J*J, = e~[=5!fxd in the third line, Lemma 3.5 in the forth
line, the Markov property of Ey.; in the fifth line, and (3.7) in the sixth line. Here we

set

Xn(07 t) = XLTL(t) + X2,n<t) + X3,n<t>,



The Pauli-Fierz model with spin 1/2 15

where
Xinlt) = —ieAi(@e [ duoAC = BB,
t
Xoa(t) = — B, 0,)d
Q,n() ~/Ovn(8)( 5708) S,
Xgnlt) = /tW (Bs, —0,)dN,
3,n - 0 n(s)\Ps; s s
and
Vilw,0) i= =5oBig(IA( = 1)), (3.8)
e . . .
Wiz, —o) := log[5 (Bui(JA( = 2)) = ioBis(jsA(- — 2)))]. (3.9)
We have

b / dz E™ / dyeJo VB JF (60)| | HG (&) [ X — X0
= Q1

1/2
< vMuGHﬂEx’”[(Z [P, o) 30 - eX“)H%) | (3.10)
We show that the right-hand side above goes to zero as n — oo. For each w € 2, there

exists N = N(w) € N such that
2
Xn(0,t)]]2 € 2 A 2 €\onN AN2N
3000 < exp (G2 [ 16PIHIGE ) (5P MR o= o)

Then E*[C(-)}/?] < oo follows. Similarly |eX®|; < C'(w) and E*?[C"(-)/?] < oo
follows for some C’(w). Note that C and C” are independent of (z,0) € R® x Z; and
n. Thus by (3.10) and the dominated convergence theorem, it is enough to show that
for almost every w € Q, eXn() — X as n — oo in L'(Q;). We have

X (0) _

X(O,t) Xl’n(t) Xg,n(t) ngn(t) o €X1(t)€X27n(t)€X37n(t)

€ = € (& e

=I
+ 6X1 (t)QXQ’n(t)€X3’n(t) _ €X1 (t) €X2(t)€X3’n(t)

—II
+ X1 X2 e Xan(t) _ o X1(8) o Xa(t) o Xs(t) (3.11)

=T11
We estimate I, IT and III. We have

[Tl < [l — eXr@]fyfleXanDeXanO],, (3.12)
L]y < [le™2n® — X2, [|eXon O]y, (3.13)

Iy < e ]|eX2 @ — X, (3.14)
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and that there exists N = N(w) such that

eX2n O Xom @2 < A2 IV (@ /2)4N (2N )1|| /|| B[, (3.15)
le¥> O3 < (e/2)*M NY|ly/[k]]*", (3.16)
|eXen®|2 < e/ DPENVIFEI, (3.17)

From (3.12)-(3.17) and the dominated convergence theorem, it is enough to show that
|eXin® — eXi®) ||, — 0 as n — oo for j = 1,2, 3 for almost every w € €.

First we estimate 1. Let o, = @2:1 Ot {jxn(s))\(- — By) — jsA(- — BS)} dB,. Then
we have (eX12(®) X1(t)), = exp (—%ql(gn, gn)). Since

xr,o 3
E"[q1 (0n, 0n)] < 5

w7 [ {2INE — 2RO — By), e hoO—knr( — Bk ds] — 0

as n — 0. This implies that there exists a subsequence n’ such that for almost every
w € Q, lim,_oo(eX1® X1®), = 1 and then [eX1® — X1®|, — 0. We reset n/
as n. Then lim, . ||I|[; = 0 follows from (3.12). Second we estimate II. A direct

computation yields that
e O

t t /‘k ,
~ exp ((;2 [as [‘aso.o | dk'ii(;‘) kBB (| 2 4 ko) l><n<s>—><n<s>lwb<k>>
e ),

t t sk 2 . ’
s dS/O'SOSI / dk ‘90< )| e—zk(BS—BS/)(|k1 |2 + |k2|2)€—\s—s |wp, (k)
0 wy (k)

— < ds/ ds'osoy /dk’(p e~ BB (11112 4 | ks|?)

x( *\s s'lwn (k) 4 p=ls=xn(sNlwn(k) 4 o \s —xn(8)lwn(k) 4 e*‘Xn(S)*Xn(Sl)Wb(k)))

= e (51 [ [[ s [AREG R i e

= [le®=3
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as n — 00. Then lim,, . ||II]]s = 0 follows from (3.13). Finally we estimate III. For
the notational convenience, we set By, (jiA(- — Bs)) := Bi,(l,s). For each w € 2 we

have

n

o) =TT T 5Bttt - D/n) ~io(-1" Bt - 1)/n.5)
i= s€D(p)
t(j—1)/n<s<tj/n
For sufficiently large n, the number of s;’s contained in the interval (t(j — 1)/n,tj/n]
is at most one. Then assume that n is sufficiently large and we denote the interval
containing s; by (n(s;),n(s;) +t/n], j =1,..., N. Hence

exp(Xsn(t)lo, = []

j=1

- H Bll S],S] io_(_l)NSij(Sjvsj))lQl

2(311(”(53‘), s;) —io(=1)" Bia(n(s;), ;) 1o,

—exp ([ 08I (BLGAC — BJ) — 0Bl = BN, ) 1o, = exp(Xa(t)1o,

strongly as n — oo, since n(s;) — s; as n — oo. Then lim,, ., [l — X3, =0
and lim,,_, ||I1I]| = 0 follows from (3.14). Combining these estimates we can conclude
(3.6). Finally we show (3.6) for ¢ such that \/w,$,$/v/w, € L*(R*) by a limiting

argument. qed

4 Concluding remarks

4.1 Breaking of degenerate ground states

It is established that Hpr has degenerate ground states for sufficiently small coupling
constants [HS01, Hir05]. Let us consider some toy model defined by Hpp with spin
interaction replaced by the Fermion harmonic oscillator:

1

1 1
=iV —eAg)> +V + Hpag + 56(03 +i0y) (03 — i0g) — 26 € € R.

H(e):2

=—¢€o
When € = 0, the ground state of H(0) is two fold degenerate for arbitrary values of
coupling constants. Nevertheless we will show that the ground state of H(e) for € # 0

is unique for arbitrary values of coupling constants.
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Corollary 4.1 Let § = e ""/2N_ Then 917§ is positivity improving for € > 0

and, in particular, the ground state of H(e), € # 0 is unique whenever it exists.

Proof: Note that H(e) and H(—¢) are isomorphic. Let € > 0. By a direct computation,

we have?

(F,071e 995 = / dapy e Jo V(B)s
X Y [(F(z,0), T,G(By,0)) coshet + (F(z,0), T,G(By, —0)) sinh et],

OEZ2

where A = eZizl Jy A1, (GsA(- = By))dB,,s and T; := J;0~'e~40.J,. Then for 0 <
F,G € L*(R* x Zy x Q) but F # 0 and G # 0, (F,07'e G) > 0, since T; is
positivity improving which is proven in [Hir00a]. Then e~ () is positivity improving.
The uniqueness of the ground state follows from the infinite dimensional version of

Perron Frobenius theorem. qed

4.2 Energy inequality

We can also derive some energy inequality from the functional integral representation
which is an extension of the so-called the diamgnetic inequality. Although A; and B,
are connected with rotA; = By, A, and B are regarded as independent operators.

The bottom of the spectrum of Hpr is denoted by
inf o(Hpr) = E(Ag, By, Bpy, Bysy)-

Then E(0,0,0,0) < E(A,0,0,0), is called diamagnetic inequality. We extend this

Bos \/Bo: + Bos '
1/ BO? + Bog —803

(F, eftH(e)G) _ Z/dm ]Ew)U[GNte_ fof' V(BS)dS(JOF(fO),eiiAJtG(gt))L

inequality. We define Hpy, by

(&
Hby = Hy + Hraa = 5

2 Assume that € # 0. Then
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Since the interaction term is infinitesimally small with respect to the decoupled Hamil-

tonian H, + Hy.q, Hpy is self-adjoint on D(—A) N D(H,aq) and bounded from below.

By Theorem 3.6 the functional integral representation of e *#er is as follows:

(Fye @) =3 / dw "2 le Jo VB /Q din JoF (&o)e™ 1V TG (&),
where
te )
Xu(t) = [ 5o.BisGA(- = B.))ds
t+
+/0 log B\/Bn(js)\(- " B))2 + Bra(oA\(- — B))?| dN..

Corollary 4.2 It follows that |(F,e "** Q)| < (|F|,e "%¢|G|) and

y '\ BO% + BO%) 07 803

E(0 )
max E(O, \/ Bog + BO%, 0, BOQ) < E(A(b 8017 8027 BO3)' (41)
E(0 )

Y, BO% + 60:237 07 801

Proof: Since Hpy is unitarily equivalent to Hpp with e replaced by —e, we may assume

that e > 0 without loss of generality. By the functional integral representation of

e PP we have
(R G| < 3 v fe BVEN [ (P& DAIGEN ],

where we used that |J;G| < Ji|G|, since J; is positivity preserving. Then the de-
sired inequality follows. From this, E(0,/Bo} + Bos, 0, Bos) < E(Ag, Boy, Bog, Bos) is
obtained. (4.1) follows from the symmetry. Then the corollary is complete. qed

4.3 Translation invariance

Let V = 0. Then Hpr is translation invariant and decomposed as Hpr = fﬂg Hpgp(P)dP
with respect to the spectrum of the total momentum. In the spinless case the functional

tHer(P) is constructed for each P € R® and some energy

integral representation of e~
inequality is shown in [Hir06]. When Hpp(P) includes spin, we can also construct it.
See [HLO7| for detail.
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