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Abstract

The effective mass meg of the nonrelativistic quantum electrodynamics with spin 1/2
is investigated. Let meg/m = 1+ a1(A/m)e? +az(A/m)e* + O(e8), where m denotes the
bare mass. ai(A/m) ~ log(A/m) as A — oo is well known. Also as(A/m) ~ \/A/m is
established for a spinless case. It is shown that as(A/m) ~ (A/m)? in the case including
spin 1/2.

1 Introduction

1.1 Quantum electrodynamics

In this review we study an translation-invariant Hamiltonian minimally coupled to a quantized
radiation field in the nonrelativistic quantum electrodynamics. Before going to discuss our
problem, we informally derive our Hamiltonian from physical point of view. The conventional

quantum electrodynamics is investigated through the Lagrangian density:

Lawn(x) = Bx) 70 — m)p(x) — 4 Fyu () (%) — ()7 () Au(x),

where x = (zg,z) € R x R?, v#, u = 0,1,2, 3, denotes 4 x 4 gamma matrices, 1 the spinor
given by ¢ = (Yo, V1, Vo, v3) T and ¢ = (Yo, ¥y, o, ¥3)7°, A, (x) aradiation field with F,, :=
OuA, —0,A,, and m, e are the mass and the charge of an electron, respectively. The effective
mass Mmeg is given through two point function fR4(\I/,T[w(x)@(O)]\IJ)ei(“Opofz'p)da: and the
effective charge through the two point function [g4(¥,T[A,(x)A, (0)] W)@ P° == P) 4z where
U denotes a ground state of the Hamiltonian derived from Lqgp and 71" the time ordered
product. In the perturbative quantum electrodynamics, Feynman diagrammatically, the e?
and e* terms of the effective mass is computed from the self-energy of electron, e.g.,

M%m&@%

Figure 1: Electron self-energy
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and the effective charge from the self-energy of photon, e.g.,
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Figure 2: Photon self-energy

One can interpret the photon self-energy diagram as the emission of the pairs of virtual
electrons and positrons. All these argument is successive from the physical point of view, but
perturbative and implicit divergences are included.

1.2 Informal derivation of nonrelativistic quantum electrodynamics

In this note we want to discuss the quantum electrodynamics nonperturbatically, but we
assume that (1) an electron is in low energy, (2) we take the Coulomb gauge, (3)
we introduce a form factor ¢ of an electron.

(1) implies that no emission of pairs of virtual electrons and positrons, i.e., there is no

- /\‘, q
loop W\‘(\v’/\m such as in Fig.2, then in our model the effective charge equals to the bare charge
and the number of electrons is fixed. From (2) the theory is not relatively covariant. From
(3) it follows that the density of the electron charge is smoothly localised around the position
of the electron and the ultraviolet divergence does not exist. Taking into account of (1)-(3),
we modify the quantum electrodynamics as follows. Let E(t,r) and B(t,x), (t,z) € R x R?,
be an electric field and a magnetic field respectively, and ¢(¢) the position of an electron at

time t € R. The Maxwell equation with form factor ¢ is given by

B = —-VxE,
V-B = 0,
E = VxB-—ep(-—q(t)q(t),
V-E = ep(-—q(t)).
Here X = dX/dt. Let (J(t,z), p(t,z)) = (ep(x—q(t))d(t), ep(z—q(t))). Then the Lagrangian
density of the nonrelativistic quantum electrodynamics under consideration is given by
1 . 1
Lxrqen(t7) = 5md(t)* + 5 (B(t2)° = B(t,2)?) + J(t,2) - Alt, 2) = p(t, 2)o(t, @),

where A and ¢ are a vector potential and a scalar potential related to £ and B such as
E=-A-V¢, B=VxA.

Let Lnrqep = [ £LxrQED(t, z)dzx. Then the conjugate momenta are given

p(t) = aLl\I@P;QED =mq(t) + e/A(t, z)o(x —q(t))dz, (t,z) = (m\;zgm) = A(t, z).



Then the Hamiltonian is given through the Legendre transformation as

HxrqeD = p(t) - (t) + /A(t, x)II(t, x)dr — LNrQED

= 1 (p(t) - e/A(t,x)go(x - q(t))da:)2 +Vi(g) + % / {A(t, z)? 4 (V x A(t,x))2} dz

2m

where V' is a smeared external potential given by

v(q y')
dydy'.
/ 47T|y yl

In the next subsection we quantize Hyrqep with spin 1/2 and total momentum p € R3,

which is denoted by H(p) and is called the Pauli-Fierz Hamiltonian, in the rigorous way from
mathematical point of view.

1.3 Non-relativistic quantum electrodynamics

Let F be the boson Fock space given by F = @ [ @TLA(R3x{1, 2})}, where ®7 denotes

the n-fold symmetric tensor product with ®%L2 (R3 x{1,2}) = C. The Fock vacuum Q € F
is defined by Q = {1,0,0,..}. Let a(f) be the creation operator and a*(f) the annihilation
operator on F defined by

(@ (/)" = Vi + 1S, (f @ ¥™),  fe LAR? x {1,2}),

and a(f) = [a*(f)]*, where S,, denotes the symmetrizer. The scalar product on K is denoted
by (f,g)x which is linear in g and anti-linear in f. a and a* satisfy canonical commutation
relations:

[a(f), a"(9)] = (F.9)r2moxqron,  [alf),alg)] =0, la*(f),a"(9)] = 0.

We write as Z /aﬁ(k:,j)f(k,j)dk for af(f) with a formal kernel af(k,5). Let T be a self-
j=1,2

adjoint operator on L?(R?). We define I'(e®)a*(f1)--- a*(fu)Q = a* (™ f1) - - - a* (" £,)Q

Thus I'(e**T") turns out to be a strongly continuous one-parameter unitary group in ¢, which

implies that there exists a self-adjoint operator dI'(T') on F such that I'(e?") = ™) for

t € R. We define a Hilbert space H by # = C? ® F. The Pauli-Fierz Hamiltonian with total

momentum p = (p1, p2, p3) € R? is given by a symmetric operator on H:
1| ’
p) =5 Y 04 ® (pu— Pry—eAp,) o +1® Hy,
pn=1

where m > 0 and e € R denote the mass and the charge of an electron, respectively,

o = (01,02,03) the 2 x 2 Pauli-matrices given by o1 = ( (1] (1) ), oy = (Z) BZ ,

3



1 0
0 -1
radiation field Ag,# are given by

o3 = , and the free Hamiltonian H¢, the momentum operator P and quantum

f=dl(w), P, = dF(k )s
1
W= u(k,g)(a*(k, j) +a(k,j))dk, p=1,2,3.
WJ;Z \/— )(a (7))
Here e(k, j), j = 1,2, denotes polarization vectors such that |e(k,j)| =1, e(k,1)-e(k,2) =0,
k-e(k,j) = 0 and e(k,1) x e(k,2) = k/|k|. We omit the tensor notation ® in what follows.

Then 1
H(p) = —(p— Pt — eAy)? + Hy — — 0B, R3
() 2m(p t —eAp)” + Hp 5, 0Bs PER’,

where B@u denotes the quantum magnetic field given by
i o(k)
V2 A ek

Note that [Aswasﬁy] = 0 for p,v = 1,2,3. The spectrum of H(p) is stuided in e.g., [1, 2]
and see references in [5].

(k x e(k, j))u(a™(k, j) — a(k, j))dk.

2 Mass renormalization

2.1 Main theorems

Let

1
T(e,p) = 5( — P —eAy,)* + Hy — *UBgom p € R?,
where
0, |k| < k/m,
(k) = @(mk) = ¢ 1/v/(27)%, k/m < [k] < A/m, (1)
0, |k| > A/m.

It is established in [4] that T}, (e, p) is self-adjoint on D(P?)N D(Hy) for arbitrary A > 0,m >
0,p € R3, e € R. Since Ap =mAg,, Bo = mBg, , He = mH; and P; = mFP;, where X =Y
denotes the unitary equivalence, we have H(p) = mT,,(e, (|p|/m)n.), where n, = (0,0,1).
Let : X : be the Wick product of X. We define

H(e,e) =Ty (e,en,):, €€R.

Set E(e,e) = info(H(e,€)). It is established in [5] that there exist constants eg > 0 and
€0 > 0 such that for (e,e) € D, = {(e,e) € R?||e| < eq,|e| < €}, (1) the dimension of
Ker(H (e, €) — E(e,€)) is two, (2) E(e,€) is an analytic function of €2 and €? on D, (3) there
exists a strongly analytic ground state of H(e,€). The effective mass meg is defined by

= (962E(e, €)[e=0-

Meff



From this it immediately follows that effective mass meg is an analytic function of e? on
{e € R?||e| < ex} with some e, > 0. Set

o0

m/Meg = Z an(A/m)e®".
n=0
The effective mass is investigated in e.g., [3, 5, 6, 8]. It is known and easily derived that

A 8 1 A/m 1 J A/m 72 J
ar( /m)—%M<L/m — ’"*/n/m )

Our next issue is to study as(A/m).

as(A/m)
Wmp =T

Theorem 2.1 There exist positive constants ca < ¢y such that —cp < hm

2.2 Expansions

We set A= Agp,, and B = By, ,. Let us define H, E/ and ¢g by

SONL (P'n v

o2 X en
HEH(@,O):HO—i—eHI—i—EHH, E = E(e,0) Z E(n Vg = pg(e,0) = Z_:ﬁ

1
where Hy = Hy + Pf i = Y + 7Y, BV = AP, BH® = —50B, and Hy = AA:=
ATAT + 24T A + A A~ . Here we put

5 e(k, j)a* (k, j)dk, A== \}%:m/ ’Z((’Z))e(k,j)a(k,j)dk.
We can see that E) = E(2,41) =0, n=0,1,2,3,..., and
%E(z) = (¢(0), H H? )@(1)) —(®(0)5 <—JQB> Ijllo (—UB> ©0))n # 0. (2)

Note that E(s) ~ (A/m)? as A — co. Moreover

Yoy = (é) ® 1,

1 oB
Ya = _Fo ( 2) P(0)s
Vo) = }}O(_HII)SO(O) + 213[0(Pf'14)hl[0 (—UQB> ©(0)
202w (7))o
YE) = —?)El[o(—HH)El[0 (_(;2B> ®(0) 3H (P A);O(—Hn)sﬁ(o)
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1 1 1 cB
—(P-A P A E—
+6H0(f )Ho( : )Ho( 2)¢(0)

1 1 oB\ 1 ocB E()
6, A {( 2) o (—2) - (—2)}%

1 oB\ 1 1 oB\ 1 1 oB
w7 e + o (-7) 7 e g () 2o

DD %D D

Although formula

m g zi: Pf + €A)M‘Pg7 (H )_I(Pf —+ eA)M‘tOg)H (3)

Meff (‘Pga Wg)

is well known, it is not useful for our task, since expansion of (H — E)_1 in e leads us

(
to a complicated operator domain argument. Then, instead of (3), it is established in [6]
(

that ¢, = s—0pg(e,€)/0efc=o satisfies that (P; + eA)spy € D( E)™1) with ¢} =
(H — E)"Y(P; + eA)3p, and
P+ eA)sp,’
Meft (¢gs Pe)H
Using (4) in [5] it is proven that the effective mass is expanded as
m 2 2
=1—Z¢1(A 2 _Za(A 4 6
T 1 Sa(A/m)e - Sa(A/m)et + O(), (5)
or )
e 2 2 2
Meft _ 1 4 gcl(A/m)e2 + (302(A/m) + (3> cl(A/m)2> et + 0(ef), (6)
where
3 ~
c1(A/m) = Y (Y, Holl )y
p=1
3 ~ ~ ~
ea(A/m) = 30 { (W H W) — (B, HoWh ) (1), (1)) + 2R(TE, HI W)y,
pn=1
+(Wh, HoWh )y + 2R(WG, HoWl)n ). (7)
Here 1 1
\I,/;i = (n _ 1)'Aug0('n—1) + mpfugo(n)v n = ]-a 25 37 H = 1) 2)37

and H()_Hl, H1 Hy + Hs, H2 H, + Hs; + Hg + H7 + Hg, where we put

1 1 1 / oB\ 1
H =— Hy=——(P:A Hy = —— (=22} —
'“ g, P Ho(f )HO 3 H0< 2)H0’



11 1 1 1 1
H=-—(—-Hn)—, Hs;=—FA)—F4)—
4 2HO( II)H07 5 Ho(f )Ho(f )Ho’
1 ocB\ 1 1 1 1 ocB\ 1
H=—|—]—FA—, H;i=H¢"=—PF-A—|——F]—
o= (%) A H= = @A (<)
1 {< O‘B) 1 ( O'B) ( E(g))} 1
Hi=—<—) — [— ——=) =
Hy 2 ) Hy 2 2 Hy
From above expressions of ¢(1), ¢(2), ¢(3), it follows that for p=1,2,3,
6 16
Ul = ol + of \II’SEZCI)f, \Ilg‘EZQJf,
where
o = Af ot —Lp, Ltopt o —La, Lopt
1= @(0) 275 quOU $(0) 375 1MF0<17 P(0) )
_ + A+ _ +
Y = I2Pfu1014 Al ©(0) Py = —% f”{ﬁ)(Pf.A)HoUB ©(0)
_ + to _ A+
DL = — A ( A)—JB“LQD(O) o =-A,—0oB" JB+g0(0)
1 Ho, 4y Ho 1
. + _ + 4+
+ _ + +
oY, = PfulH (PflA) A (P A)FOJB o) Pz = 4Pf“hlf (Pf ?HOUB 1HOUB ©(0)
A+ -
oy = 4113fMH0103 01A AT p() Py = 4Pf“HoaBHo (Pf'A)FOO'B ©(0)
_ - +
(blfG —gprFOO'BFOO'B 7OO'B SO(O)

Substituting Hi, ..., Hg and &/, ..., &4, into (7), we see that

2 8 2 2 2
ea(A/m) = z{ SO H S B (>0 S B
pn=1 i=1 {=4 i=1 =1 =1
2

6 6 6 16 2
(S8, (Ha 4 Hy) S 0+ (3 08 Hy 3" 0y +(3 0, 1y 3 @m} R
1=3 =1 1=3 1=3 =7 =1

From (8) it follows that ca(A/m) is decomposed into 76 terms. Fortunately it is, however,
enough to consider terms containing even number of o B’s, since the terms with odd number
of o B vanishes by a symmetry. See Fig. 3-7.



No. Term oB | P yin Order

(1) | =(@F, Hi®))(py,p)u | 0 | 0 | 1 [ [log(A/m)]?

(2) | = (@5, Hi®)(p(1), (1)) m 3 | log(A/m))?

Figure 3: (37, ®f, H1 371 ' )n
No. Term oB | P Hin Order
B) | @5 H@5) [ 2 [ 0] 3 [logd/m)
(@) | @ el [ 2 [ 2] 4 | logd/m)P
(5) | @5 oty [ 2 [ 2] 4 | logd/m)P
© [@nmel) [0 [2] 3] +/im
(7) | (@, H1®) | 2 | 2| 4 —VA/m
&) | (@, H1®E) | 2 | 2| 4 —VA/m
O [@Lmel [ 2 [1]5 | +/im
(10) | (@, 7o) | 4 | 2| 5 | [log(A/m)
Figure 4: (30, @ H; 329, df)y

No. Term oB | P H%) Order
(D) [ (@5 H@p) [ 0 [0 2 [llog(h/m)P
(12) [ (@ H@y) [ 2 | 2| 4 [ [log(A/m)P
(13) | (@), H5®) | 0 [ 2| 3 | log(A/m)
(14) | (@5, H;0%) | 2 | 4 | 5 | llog(A/m)P?
(15) | (@5, He®¥) | 2 | 2 | 4 | [log(A/m)P?
(16) | (@}, He®) | 2 | 2 | 4 | [log(A/m)P?
(7) | (@5, 708 | 2 | 2| 4 | [log(A/m)
(18) | (@, H,0%) | 2 | 2| 4 | [log(A/m)
(19) [ @ H:8%) [ 2 [0 ] 3 | [log(d/m)
(20) | (@5, Hs®%) | 4 | 2 | 5 | flog(A/m)P

Figure 5: (32, Pt Y He i ;' )n




No. Term oB | P H%) Order
21) | (@4 Ha®y) | 0 | 2| 3 | log(A/m)
22) [ (@, mael) [ 2 [ 2] 4 | [log(a/m)2
23) [ (@4 ol | 2 [ 2] 4 [ fog(a/m)?
(24) | (@5, H2®h) | 2 [ 4| 5 | VA/m
25) | (@4, Hs®) | 2 [ 0| 4 | [log(A/m)]?
26) | (@ Hs@) | 2 | 2 | 4 | [log(A/m))?
(27) [ (@4, Hs®h) | 2 [ 2|4 | VA/m
(28) | (@4, Hs®) | 4 [ 2| 5 —A/m
Figure 6: (X0_4 @, (Ho + H3)(Xi_; ©))u
No. Term oB | P H%) Order
29) | @&, met)y | o [ o] 2 | [oga/m)?
(30) | (@, Hi®) | 2 | 0 [ 3 | [log(A/m)]?
(31) ((I)naHl ) 0 2 3 =0
(32) [@f mep) [ 2 [2[4] =0
(33) | (@F, H1<I>“) 2 [2]4 =0
34) | @4, m@8) | 2 | 2] 4 | fog(a/m))?
(35) | (@, chp”) 2 |24 | VA/m
(36) | (Phy, Hi®h) | 2 | 4 | 5 | [log(A/m)]?
37) | (@4, H1<I>2) 2 | 2| 4 |[log(A/m)]
(38) (‘I)mv qu)z) 4 2 5 —(A/m)2

Figure 7: (21127 oL H, Y L)




2.3 Feynman diagrams

ktp k
k p ¢
¥ 11

@  Pa P,
spin polarization propagators
spin = 0BT = o (k,j) = o-(k x e(k, j)),
polarization = A, = e, (k, j),
1 1 1 1 1
propagator(l) = > o)’ propagator(2) Hy ~ wlk) k22 B,
tor(3) = - : =7
ropagator(3) = — = =7
propag Hy w(k1)+w(k2)+|k:1+k:2|2/2 Ey’
1 1
propagator(4) = (FO)2 = (m)2

(k
(P-AT) = k-e(p, ), Pru = by
Figure 8: Items of diagrams

The 38 terms in Fig. 3-7 can be represented by Feynman diagrams. The items of diagrams
are in Fig. 8.

Example 2.2 We compute (9%, H1®5) as an example. Since

(DL, H®E) = (PfHH (P fﬁ)—aBJr O

s L A+)FUB+ )

Pfu iir

its diagram is given as in Fig. 9.

!
o o
& I
69 B2 ‘
& & ik? K, H T
& &
(=) o)

Figure 9: (®f, H1®Y)
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Then

1 A3k d3k
((I)gv qu)g) = z D4(27T)16W1522
X<0’1 1 (k?l 62) 1 (k‘l —+ k‘g)u (k?l + kz) 1 <(/€1 + kz)'egial + (k‘l + kg)'61102)>
FE E5 E12 E12 E Es
dgk‘ldgkig |k‘1 + k‘2|2 <0101>(k1 '62)(1431'62) <010'2>(/{71 '62)(1432'61)

)

~ JpA@r)Swiws B3, ( E? E1Fs
Here and in what follows we set e; = e(k1,j), ea = e(ka,j’), o1 = o(k1,7), o2 = o(ka,j’) and
(X)) denotes the expectation value of X : (X) = ((é) , X <(1)>)C2

The diagrams consists of three kinds of diagrams; AA type, Ao type and oo type. In

particular AA type corresponds to the spinless model discussed in [6].

G Q4 ¢«

¥

(@4, H1®") = O(\/A/m) (@, Hy®) = O([log(A/m)*) (@Y, H5®!) = O(log A/m)
X 2 X 2
H
b
u # It
(B4, Hadt) = O(log A/m) (®F, H12Y) = O([log(A/m)]?) (@}, H1®]) =0

Figure 10: AA type Feynman diagrams
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k

(D, H19%) =

siw“;%

1R %? LHRY

O([log(A/m)]?) (8%, H®%) = O([log(A/m)]2) (@4, H1®E) = O([log(A/m)]?)

ARCI

ot

a

(DL, H\®E) = O(/Am) (9, HydY) = O([log(A/m)]2)  (®5: Hs®h) = O([log(A/m)]?)

i

=
iﬁ\qH\Nmf\

(Cbga H7(I)!1L) =

[

:

O([log(A/m)?) (@Y, Hy®h) = O([log(A/m)]?) i ” ”
(@, Hy®Y) = O([log(A/m)]?)

Q
=
b

i A

s b0

&

o o o

Figure 11: Ao type Feynman diagrams
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%,

-
>
=

qQ

q
X.‘:Q

e
M
Na Q

(D4, Ha®t) = O([log(A/m)]2) (B, Hodh) = O([log(A/m)]?)  (®5: Ha®3) = O(/A/m

AL
= q

i
SRR

k

(D4, Ha®¥) = O([log(A/m)]2)  (BE, H3d!) = O([log(A/m)]?) (¥4, Ha®3) = O(/A/m)

(@f, H1 @) = O([log(A/m)]?) (@4, Hy 1) = 0 (@15, H19Y) =0

Figure 12: Ao type Feynman diagrams
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k

a

S

(‘I’g, Hl@g) -

o

((I)/f4> qu)g) =

I

;

I3

S

((I)‘;,HGCI)‘f) =

&

I

O([log(A/m)]?)

O([log(A/m)]?)

Q

]

O([log(A/m)]?)

(CI’TOle‘I’g) =

((I)gv chI)Z)

e

&

a

<

(‘blﬂ HG(I)S) =

O(vA/m)

(v/A/m)

O([log(A/m)]

®—®

o

(OF H DY) =

> {

(P4, H1DM) =

Figure 13: Ao type Feynman diagrams
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o

O([log(A/m)]?)

O(vA/m)

o

O([log(A/m)]?)



£
x

qQ

a g

(f, H12f) = O([log(A/m)]?)

E {i

(q)/;, Hl@g) =

=

((I)gv HSCI)'S) =

o

O([log(A/m)]?)

Q

=
Q

o
— X
o

W

(4

Figure 14: oo type Feynman diagrams

2.4 Proof of Theorem 2.1

L
%’

(@%‘7 H3(I)g) =

g

O([log(A/m)]?)

=)

We shall prove Theorem 2.1. Note that the following formulas are useful.

Lemma 2.3 It follows that

(k
(k1-e2)(e2

%(0’10’2) (61 kg)(kl €9

€i-ej =

€2)
)(k2 e1)
e1)(e1-k2)
)
)

<Uz g;

2, i=1,2,
14 (ky-ko)?,
ko 2(1 — (ki -k2)?),

— (k1 k2)(1 = (k1-k2)?),

2|ki%, i=1,2,

ey [2|fea| 2 (k1 o) — 1),

15
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R(oroa)(er-ea) = 2lku|lka|(k1-ka), (15)
(g1090201) = 4|k1|?|kal?, (16)
R(o1020109) = —2|k1|?[ka|?(1 = (k1-k2)?). (17)
Proof: Note that

. . Kk . . va
eu(k,j)ev(k,j) = (0w — Vl:??)’ (kxe(k, j))uev(kj) = =" ko,  Ropoy) = .
Here €*57 denotes the antisymmetric tensor with €22 = 41. In what follows, the summation

over repeated index is understood. We see that
(1) ei'ei:ey(kiaj)eﬂ(kivj):27 i:1a27

(2) (e1-e2)(e1-e2) = eu(k1, j)eu(ka, ' )ew (K1, j)ew(k2, 5')

k1pky kaykoy (k1 -k2)? IRy
= (O — a2 ) (O — a2 )=B-1-1+ W) =1+ (ki-k2)",

(3) (kQ'el)(k2'€1) == k2uep,(k17j)k2ueu(kl7j) = k?uk2y(6uu -

(4) (ki-e2)(ez-e1)(er-ka) = kopen(ky, j)ex(kr, j)ex(k, i) ke, (k2, j')

k1ukin kaxkay AR
BNy (5 — 22Ny V(1 — (g F)?),
TE )1y (0 e ) (k1, k2)(1 = (k1-k2)”)

(5) R(or01) = Rlouon)(kixe(kr, J))u(kixe(ki, )y = 0w (kixe(k, 7)) u(kixe(k1, 5))v
= (kixe(k1, 5))pu(kixe(k1, ) = k1P (le(k1, D) + |e(k1,2) %) = 2[ka|?,
(6) R(oroz)(e1-k2)(ki-e2) = R(oyoy) (kixe(ki, 1)) u(koxe(ka, 57))vealkr, 5)kaaes (b2, 5k
= (kixe(k1, 7)) (kaxe(ka, ') pea(ki, j)kaaep(k2, i) k1p
= (=" k1)) (=" kys)kaakig = —|ky X kof? = —|k1|*|k2*(1 — (k1 -k2)?),
(7) R(o1o2)(e1-e2) = 3%<U;L‘7V>(klxe(k?lvj))u(kéx‘?(k%JJ))V‘Ea(k’l’j)ea(k‘2v]’/)
= (=" Phig) (=€ Thyy) = 2(k1-k2),
(8) (o1020201) = <0’10y0’y01>(l€2><€(k‘2,j,))u(kgxe(kj,j/))y
= (0101) (kaxe(kz, ")) (kaxe(ka, 5))
= [(kaxe(ka, 1)) P (kixe(kr, 3)) [P = 2|k1[*2|ka|? = 4]k1 |*[ka/?,
(9) R(or090102) = —(010202071) + 2(k1><e(k1,j))u(kgxe(kg,j/))“%<0102>
= —d[k1[*|ka]? + 2(kixe(ky, ) (kaxe(ka, ') p(kixe(ky, §))w (kaxe(ka, 5'))o

k1K1, ko koy
= Al PRl + 200, — S8, - 22

= —d|k12k2]* + 2\k1 |2 k22 (1 + (k1 -k2)?) = —2[k |2 k2| (1 — (K1 k2)?).

= k2u(5u/\ -

g

Using the diagrams presented in Fig.10-14 and (9)-(17), we can easily expressed 38 terms

as integrals on

D = {(k1,k2) € R®* x R3|k/m < k1 < A/m,rx/m < ky < A/m}.
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Note that imaginary part of (c,0) does not contribute integrals. We show the results:

1.
I K + 1 1 +
(@, H1®7) (1), (1) = (A O AMW(O))(*GB P(0)s FOUB ®(0))
1 Blid®ky 1 1 16 erl >
— g90
4 Jpa(2m)Swiws By Eo By + 1202
1 [ Pkid’ky 4]k
4 D4(27r)6W1WQ E1E22
2.
(<I>‘2‘,H1<I>“)( ©a) 90(1))
1 1 1
4(Pf;LH oB* O PfﬂH oB <P(o))(*UB+ ©(0)> FOUB+90(O))
1 dBkydke 11 1 1 1, 4
e - - - - = k
= 1A owrwn By By By By By 1 (1000202
1 BPrd®ky Ak kol
4 JpA(2m)Swiwe  EPE3
3.
<I>“H<I>“—1A+IB+ 1A+1B+
( 3,411 3)—1( “FOU 80(0)’F0 ”FOU SD(O))
1 Bliddky 1 1 1 1
=1 Dmafm“@@xel el)E + (o201)(e1- eg)El)
1 PldPke 11 Afksf? +2|k1||k2|(z%1-z%2))
4 D4(27T)6W1WQ E2E12 EQ E1
4.
¥ H DK P, Pi- AN —oB* L Af L BT
(@5, Hi1®3) = 4( qu(f )Ho 20 A 70 ®(0))
1 Bhd3ke 1 1 1 1
=)/ = - . . — 4 (ko ki -
1 )oi@r 5w B3, B ((k2-e1) (ke 61)(0202>E2 + (ka-e1) (k1 6’2)<0’201>E1)
1 EladPke 11 20ko)* (1 — (k1-k2)?) N —|k1|2|k2|2(1—(z%1-/%2)2))
4 D4(27T)6UJ1(JJ2 E12 E2 E2 E1
5.

(P4, H1®F) = (25, H1 P)
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1 1

(@, H19%) =16,(3.32)] = (Pf#H0 (AT AN 0 (0)» T PfHH (A+A+)(p(0))

1 Bk 1
T4 p4(2m)Swiws E3, k1 + ka|*(e1-€2) (e1-€2 + e2-e1)

1 APl d3ky 1 S
— e ki + kol?2(1 + (ky-k
1 p4(2m)bwiws E3, [k + Ral*2(1 + (kr-k2)")

+ + + A+
(g, H1 DY) = 8(Pqu oB FUB PO PquO(A A7)
1 dgkld?’kg 1 <0102>€1 €9 <0201>€2-61
= —_ k1 +k
8 Jpa(27)bwiwy B3, b+ ol B E )
1 [ Bkddke 1 1 1

22|y || Koo | ey k‘z)( +*)

2 ki +k
8 Jpa(2m)Swiws E3, [fr + ks By

((I)47H1(I)H) ((I)gaqu)él)

+ o + +
(<I>’5‘,H1<I>g) 4(PfMH (Pf ‘A )FO'B ©(0)> o PfMHO (Pf A )—JB gp(o))

1 [ &Bkdke 1 5 1 1
= Z Dm@@’kl + k2’ (kg'el)((k2'€1)<0'20'2>E72 + (k1'€2)<0'20'1>E1)
_ 1 &Rk L |2(2!k2!4(1—</%1~l%2)2)+—!k1|2\k2\2<1—<k1-k2)2))

4 D4(27T)6LUILU2 E%Q E2 ! 2 E2 E1

1 1 1 1
oF H ®H) = P;,—ocBt—oB™" —P;,—0Bt—oB™"
( 6411 6) 82 16( fMHOO- H(] @(O)?HO quOO- H() 80(0))
1 Bhid3ke 1 ) 1 1

=7 DmE—gE—]k’l + ko (<02010102>§2 + <02010201>E—1)

1 [ &Pkd’ky i—]k k| (4\/‘?1\2’7@’2 + =2k |k [* (1 — (7%1-1%2)2))
16 D4(27r)6w1w2 E3 E2 E1

_1 _
(Y, Hy®F) = [6,(3.34)] = —(A, FOA,JI (0)5 Ay *A,AD( )
o / d3]{71d3k2 11 (
- D4(27T)6(,U1WQ E1 E2

Phid3ky 1 1 L
= — . ———— .
/D4(27T)6(,U1(,U2 E1 EQ( + (kl k2) )

e1-e2)(e1-e2)

18



12.

13.

14.

15.

16.

1 1 1
to + A+ + +
(¢§,H4<I>§‘) 8(PfMFaB L0 7 (A AT +24TA  + A7 A )HOPfMFOaB
_ 1 _ .
(A PfMFO'B ()7Al/ FOPfMFOO'B ()0(0))
1 d3k1d3k2 1111
T4 D4(27T)6w1w2E71E71E72§2<0201>(k1'k2)(61'62)
1 Blad®hy 20k Pk (b k)
4 Jpa(2m)bwiwe E2E3
o' Hsd*) = [6, (3.36)] = (A 1PA+1PA+1AJr
(7, Hs®7) = [6, (3.36)] = ( ,ﬁP(oyFO( t )Ho(f )Ho LP©)
d3kd3ky 1 1 1 1
= k k- ceg)— + (k-
= Jpa(@n)ownws By EQ( 2-€1)((k2-€1)(e2 62)E2 + (k1-e2)(er- 62)E1)

Bhyd3ky 11 20ke|2(1 — (ky-ko)? )+ —(k1-ko)(1 — (k1-k2)?)

©(0))

- D4(27T)6(,U1WQ E12 E2 E2 E1 )
of H5®h L P A L P L BT Pr-A P BT
(@3, H5 @) = 4(H (Pt ) T ®(0), Pr- ) quU ©(0))
1 Phid?hy 1 1 ) 1 1
_ L[ Ll LL 2kal’1 = (ka-ke)?) | (ka-k) (IR lRo(1 = (Ra-R2)?)
4 Jp4(2m)Swiwy By E3 E? E?
(O, Hgd) = — (-2 0B Py~ aB o), (B AN A+ o)
29 1 4 HO HO HHO (0)7 ( )
1 [ &Bkd®ky 1 1 1 1 11
= ek kg —— 4 (k- —
"1 ) pi(@n )b By EQ( 2-e1)((k2 62)<0102>E2 5 + (k1 62)<0201>E1 E1)
1 BladPke 11 kP22 — (k1-k2)?)
4 D4(27T>6W1WQ E12 E2 E%
1
(@, He®h) = —Z(O'B'i' A+(p(0) (Pf A )HOPfMFOO'B"’ )
1 [ Bkid3ky 1 1 1 1 1
= 1 i@ e, By By Ez((kQ 61)(k2'€2)<0201>E72 + (k2 61)(k2'€1)<0202>E1)

1 BPladky 1 1 2 ko| (1 — (k1-k2)?)
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17.

1
PfﬂfUBJrSD(o)’ UBJFFOA:ISO(O))

1.1
Pr- A1) — T

(@}, ) = — (5 (

Hy

1 dBkdke 1 1 11 11

= -_— k ko- —_— k ky- —
1 pd(27)wrws Ery E2(( 2-e1) (k2 62)<U102>E z, + (k1-e2)(k1 62)(0101>E1 El)

1 [ BkdPke 1 1 20k |41 — (ky-k2)?)

4 D4(27T)6(/.)1(/.)2 E12 E2 E%

18.
O H DY) = 1B+1PA+ A+ P 1B+
(@1, Hy 2)——1(0 Fo( - ) w PO g o ®(0))
1 Brddke 1 1 1 1 1
= 71 i@ owrws By Es B <0201>((k2'€1)(k2'€2)§2 + (k1-e2)(k2- 61)E1)
1 BPladhy 1 1 — |1 2|k |2(1 — (k1 -k2)?)

19.
@“H@“—g—l BT — A+ L BT — A+
(7, Hy®y) = & = (0 7,20 0B g ©(0))
1 1 11
+ + +
—Z(UB @(O)aFOUB 80(0))(14“‘;0(0),F0F0
1 Bkid3ke 1 1 1 1
=1 DWE12 EQ((@ 62)<0101>E + (e2- 61)<0102>E1)
1 Bhid3k, 1 1 1
4 D4(27r)6w1w2 E1 EQEQ
1 [ Bkdky 1 4|k1|2+2yk1uk2\(1%1-12;2)) 1 [ Bkd3ky 1 14’k 2
" 4 Jpa(2m)Swiws By, E2 E\Fs 4 JpA(2m)Swiws By B2

A,u ()0(0))

—(o101) (€e2-€2)

20.

1 1
o + + +
((I)g,ng)g) = 63 = E(O’B 7Pf,u70'B (,0(0), FOO'B FPfMH O'B QO(O))

1 1 1 1 1
+ + +
16(03 80(0),*03 ®0)) (0B @(oyFOFOPfMFOPf“FOUB ®(0))

1 d3k1d3/~cg 1 1 11 11
[ kol —— ki-k
=16 Jpi(2r owren Eopy E2(<020’10102>| o L5, + (1~ 2)<02010’201>E1 El)

1 dBkydke 11111
16 D74(27)GWIW2E71E72E72E72E7|]€2| (o101)(0202)

1 Bhid3ks 1 1 (4|k:1| |]€2|4+(kl'kz)(—2’k1|2|k§2|2(1—(]2?1'];32)2)))
=16 JpA(2n)Swiwn Eyy E2Y B3 E?

1 Bkd3ky 11
16 Jp4(27)bwiwy By B2

Ak |* ko
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21.

22.

23.

24.

25.

(OF, Hy®h) = 4(Pm T (P - A+)—UB+

1 1
(®h, Ha®F) = [6,(3.33)] = §(Pqu0A+A+ ) T (Pf A+) A+<P(0))

1 PhdPky 11
~ 2 p4(27m)0wywo E12 E,
1 PhdPhe 101
T2 p4(27m)0wywo Eiszig

—(k2-e1)(ki-e2)((e1-e2) + (e2-€1))

(—2) (k1 -k2) (1 — (ky-k2)?)

(25, H2®Y) = —i(Pfu};)UB+fz)UB+@(o) (P A A+(p(0))
— i Dm]i2 ;2((1472 e1)(k1.62)(0102>;2 + (kl.QQ)(k2.61)<0201>;1)
= 1 Dm;( IARIZT (1—<%1-1%2>2>)(];+E12>
(D, Hy®h) = _1(A+LUB+@(O), (pf A )LpfuLan(O))
4> " Ho Hy " Hy
= le Dm E}12 E12 ((ka- 61)(k2-61)<0202)E12 + (k2'€1)(/€2‘€2)<0201>;1)

1 B3k 1

_ _dTmdR 20ka| (1 — (ky-k2)?)

4 Jpa(2m)Swiws By E3

7,08 o (Pf A+)H PfMH oB*p())

1 Blid3k, 1 1 1 1 1
"1 p4(27)8wiwq E2, Eo Es 5, Feer) (b + kQ)'k2((k2'el)<0202>§2 + (k1'62)<0’201>E1)
L Py 11 2kl eka)?) |l PR = Gk,
4 Jpa(2m)Bwiwy B2, B2 T By By

1
(@5, H3®Y) = (A+FUB+ (0)> FOUB+ A+<P(0))
1 Brd3ky 1 1 1 1
— —((o201)(e1-€2) = + (0101) (€2-€2) )

4 D4(27{')6W1WQ E12 EQ E2 E1
1 PkdPke 11 2[k||ko| (ko) 4\k:1\2

4 D4(27’[‘)6W1WQ E12 EQ( E2 E1

)
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26.

27.

28.

29.

30.

1 1 1
(25, Hy2) = (H“H'G?Aﬂif03+ <>E£“B+hhA+ #(0))
1 [ Bkddky, 1 1 . 1
"1 )pien)Swrws B2, Es —(k1-e2)({o102) (k2 e1)E2 + (o101) (k1 eg)El)
L Bk 11 PP - k) | 20 (k)

4 D4(27r)6w1w2 E12 E2 E2 E1

1
((I)Zv HB(I)'S) = —g

1 Phad’ke 1
= 78 a2 ey B2, 7200 (R k) S

1 Bhid3ks 1
= Y7 IR 4k: k ko) |k || ko | Ky - K
T A RO L CRD)

1 1
+ A+ N
(P AT A 00 UBH P08 e)

B, By —(e1-e2 +ez-e1)

1 1 1 1
+ + +
16(Pf“HoaB 7,78 0 g o By P, 7B e0)

1 Bkdky 1 1 1 1 1)

NG ki1 +k2)-k il
16 JpA(2m)Swiws B2, By EQ( 1+ k2)- 2(<U201‘71‘72>E2 + <U2U10201>E1

((I)G,H?)(I) )

1 BEd3ky 1 1 Ak Pkal? =20k [2ko)?(1 — (k1 -ko)2
1 ke 1L k) LA n k1| k2| “ (1 — (k1-k2)*)
16 ./ pa(27)6wyws B2, E2 Es By

1 1 1
(%, H1®Y) = [6,(3.31)] = — 2( AT AT (o),AIFOAISO(o))

1 A3k 3k
T2 /D4(27T)16Wlf}2(61 -ea)((e1-e2) + (e2-€1))

1 [ Bkddk 1

= B .
"3 Ao By B0 T 2)’)

of, H, ®Y
( 9,411 ) (HO HO

_ L Phd%, 11
4 D4(27r)6w1wQ E'12 E2
1 Brid3ke 1 .
B A =
4 D4(27T)6W1WQ E12E | lH 2‘( 1° 2)( 1 + )

—(e1-e2)((o102)
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31.

1,1
(41, 11 ®Y) = [6,RHS 0f(3.30)] = —Z (- AT A7), (P-4 o P L At o)

1 Bl Pk 1 1 1

= e -k -k . 1) =0
2 p4(2m)0wiws E12 Ey By T, (e2-ke)(erka)(er-ex +ex-en)

32.

(O3, H1®Y) = (- A+)*UB+*UB+<P(0) *AJF $©)

Hy Hy
1 BrdPky 1 1 1 1 1

4 pA(27)Swiws By, Es Es 5 kQ)(k2'€1)(<0102>E2 + <0’20'1>§1

P,
4( fMI‘I
)_—0

33.

1 1
(P — B P,A+
1 f“H 7 Ho( f )HUU

_/dg’ﬁdg’wlll L 1
p4

1
(@45, H1®)) = BT o), FOAISO(O))

(e2-k2)((k2-e1)(o102) = + (k1-€2)(0101)—=

0
(27’(’)6(,01(,02 E12 E2 E2 EQ E1 )

34.

1 1
((I)gaHl(Dg) = _Z(F A+)7UB+(,0(0),A Pf 70‘B+ ( ))

Hy

(P
Ly Phidlhy L 1Ly )omon) e+ (huee)(oa01) o)
— —_— ——— — [ ‘€ 0909 ) — e 090
4 JpAR2m)Swiwy Fyy By By 2 /N2 TR AR AT By
1 [ BkdPke 1 1 20ko)? (1—(/2;1-/%2)2)+—ykly2|k2|2(1—(1%1.k2))

= "1 Joi@rune, By B3 7, B )

T

35.

1 . 11
S(Pf“H 2474 H0 7B g Mg, 7P o)

- = + —
4(A“HOO-B #(0)> A PfVHOPfI/

1 BrydPke 11 1 1

- -k 2 .
4 Jpa(27)Swiwy Eo By By Fy |ka|“(0201)(e2-€1)

1 Bkid3k, 1 1 .
= —_— —2|k1||k ki-k
4 D4(27T)6UJ10J2 E3 E ‘ 1” 2| ( 1 2)

((I)IfO’ Hl(bg)

FOJB 90(0))

36.
11

1 1 1
(Pf A+)—JB QD(O) (Pf ‘A )HOPfMFOPf“FOUB+SO(U))

1 [ Bkid3ke 1 11 1 5 1 1

= A e By, B By By " R (Brrenono g (e

L Ehdhy 11 2k (Rrke)?) | kPR~ (k)
4 Jpa(2m)Swiws By B3 E, E

)
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37.

1.1
(@Y, H1 DY) = g(ﬁoA+A+‘P(0)’UB+
1 Bryd3ky 1 1 1 1

= - T kol? . .
8 Jod@r 6w By Bs B> By 2 (2)(er-e2+e2-e1)

1 Bradhy 1 Ak |k (k- Fs)

1

1 1
P, —P;, —oB™T
H(] fp,HO quOO— 90(0))

~ 8 JpA(2r)Swiws By, E3
38.
((I)M H1®M):54:—i(LUB+LO'B+QO 0.3+in i]Df iUBJFQO )
16: ~41%2 16 Hy ~ Hp (0)> Hy ™, ", (©0)
1 Bkid3ky 1 1 1 1 1 1

= —— R e S ——— ) 1 2 L L
16 J/p4(2m)Swiws B,y Eo By E2| 2| (<<720102<71>E1 + <02010102>E2)

1 Bhd3ke 1 1
- &MY h2 |k2|2(

_— e 22k Pl = (Raka)?) Ak
16 Jp4(2m)Swiws Eyy E3

Ey Ey )

As is seen above, integrands in each terms are functions of |kil,|ka|, (k1 -k2). Changing
variables |ki|, |ka|, (k1-k2) to r1 > 0,79 > 0, X = cosf, 0 < § < m, respectively, it is seen that

A3k d3k JA
F(A/m) = /Dmf(\kl\a\kz\,(krkz))

271'2 1 A/m A/m
= (27T)6 -/_1 dX /K//m drl/H drz?"17”2f(7'17r2’X)

/m

We see that

dF(A/m)  2x* 1 AJm

- A aX A X A/m, X)]. 1

d(A/m) (271-)6( /m) /_ , /ﬁ i drr[f(A/m,r, X) + f(r,A/m, X)] (18)

To see the asymptotic behavior of F'(A/m), we estimate the right hand side of (18). Then
we can see that

A*}OOW , wu=123
where (7,7,k) # (1,8,1),(2,8,2),(16,1,2). In the case of (i,j,k) = (1,8,1),(2,8,2), each
term is divided into two integrals. Although each integral diverges as (A/m)? as A — oo,
cancelation happens. See Fig. 15 and 16.

Then the terms (7,7, k) = (1,8, 1), (2,8,2) diverge as [log(A/m)]?. Finally we can directly
see that the term (®/4, H;®4) diverges as (A/m)?. Then the proof is complete. O
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Remark 2.4 Informally we can see that the diagram * behaves as (A/m)?.
b i
-]
" aﬂ 0 v

Figure 15: (®, Hg®})
a a a
o a
— X
] # i ’

o T

=

q

Q

Q

Figure 16: (®, Hg®})

b i

o o

Figure 17: (®/, H1D%)

Terms (®%, Hy®"), (4, Hs®%) and (D4, H1 DY) include diagram ° . Although, as
is seen in Fig. 15, 16 and 17, (®Y, Hs®Y) and (P, Hs®Y) have counter terms, (¥, H1 )
does not.
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