Binding through coupling to a radiation field*
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1 Introduction
1.1 Definition

This is a joint work with H. Spohn! . We consider a system of one
electron interacting with a quantized radiation field. In particular we
investigate the so called Pauli-Fierz [13] model? . Although the Pauli-
Fierz model is a nonrelativistic model, it correctly describes the inter-
action between low energy electrons and photons in a sense. Actually
the Lamb shift and gyromagnetic ratio shift were described by using the
Pauli-Fierz model. See [2, 14, 12].

In this paper we take the dipole approximation for simplicity. Moreover
we suppose that the electron is spinless, moves in the d-dimensional
space, and has the d — 1 transverse degrees of freedom. Throughout this

paper we assume
d> 3.

The Hamiltonian of the system is of the form

1
H(a):m(p®1—a1®A)2+V®1+1®Hf (1.1)
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2 See [10] for recent advances of the Pauli-Fierz model.

1



acting on the Hilbert space
H = L*(rY) @ Feur.

Here Fgy denotes the Boson Fock space over W := @91 L2(r?)
Fem = Splo [@FW],

where ®7W denotes the n-fold symmetric tensor product of W with
QYW := c. m is the bare mass of the electron and « a coupling constant.
We adopt the unit # = 1 = ¢. Then a ~ V137. p = —iV is the
momentum operator canonically conjugate to the position operator x in
L*(r?), and V = V(x) an external potential for which precise conditions
will be specified below. The smeared radiation field is defined by

d-1 1

— k) o pk)
A '_H\F/ {WWH (2m)dw (k) (k)}ddk’

and the free Hamiltonian by

d—1
Hy =Y [w(k)al(k)a’ (k)dk,
r=1
where the dispersion relation is given by
w(k) = |k|.

a'"(k) and a"(k) denote the annihilation and creation operators, respec-
tively. They satisfy the canonical commutation relations,

[a” (k), ™ (K')] = 6,56(k — k), [a’(k),a* (k)] = [a""(k), a"*(k")] = 0.
The vectors, e"(k) = (e} (k),---,el(k)), r =1,...,d — 1, denote polariza-
tion vectors satisfying

e'(k)-e’(k) =105, k-e"(k)=0.

Finally ¢ denotes a form factor serving as an ultraviolet cutoff. We
assume that

o/vw e LR, (1.2)
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and

p(k) = @(=F). (1.3)

is a well defined symmetric operator in

(1.2) and (1.3) ensure that H(«
‘H. It is known that
Spec(Hs) = [0, 00)

and
Specp(Hf) = {0}.
The multiplicity of {0} is one, and

HQ =0,

where Q. =1®0H 0@ --- is the Fock vacuum in Fgy.

1.2 Problems

Suppose that V' is relatively bounded with respect to —A with a suf-
ficiently small relative bound. Then it is proven [8] that H(«) is self-
adjoint on D(A ® I) N D(I ® H¢) and bounded from below for arbitrary
couplings. Moreover by investigating the integral kernel of e (@) ¢ > 0,
the uniqueness of the ground state, if it exists, is established in [6]° .

In the case when ——A + V has the positive spectral gap,

inf Specess(—%A + V) — inf Spec(—%A +V) >0,

the existence of the ground state of the full Pauli-Fierz Hamiltonian is
established in [3, 5, 9, 4]. In particular, Bach, Frohlich and Sigal [3]
proved it under no assumption of infrared cutoff condition* but suffi-
ciently weak couplings. For arbitrary couplings, it is established in [4]
due to Griesemer, Lieb and Loss.

3 For the full Pauli-Fierz Hamiltonian, self-adjointness and the uniqueness of the ground state are
established in [8] and [6], respectively.

* The condition [p, [¢(k)|?/w(k)?dk < oo is called the infrared cutoff condition. In the case of d = 3
this condition implies 0 = $(0) = (27)~%/2 [ ¢(z)dz, i.e., physically the electron charge turns out to
be zero!



The main purpose of this paper is to prove the existence of the ground
state of H(«) under no assumption of the positive spectral gap. In the
zero spectral gap case, —ﬁAJrV may have no ground state. That is, we
show that strong couplings produce the ground state. The physical rea-
soning behind such a result is as follows. As the electron binds photons
it acquires the effective mass

m — m + dm(a?)

which is increasing in |a|. Roughly speaking H(«) may be replaced by

1

H () ~ = om(ad)

A4V, (1.4)

and, for the sufficiently large |al, the right hand side of (1.4) may have
ground states. Needless to say (1.4) has no sharp mathematical meaning,

we show, however, the associated phenomena in this paper.

O 1: H(0)

This paper is organized as follows. In Section 2 we prove the binding.
In Section 3 we give some examples of the external potentials. Finally

in Section 4 we give some remarks.

2 Binding

We suppose the following assumptions on V.
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0 2: H(a)

(1) [V f|l < all]Af|| + b f]| for f € D(A) with sufficiently small a > 0,
and positive b > 0.

(2) V e Ct(r?) and 9,V € L*®?), p=1,...,d.

(3) There exist pg > 1 and ¢ > 0 such that for all n > g

1
inf Spec(—%A +nV) < —ro,

and
(§ w\ T *A + K/ prmy o0 ).
Sp Cebb( 2m 77 ) [07 )

It is of interest to investigate sufficiently shallow external potentials.
Since d > 3, for such a shallow V/, —ﬁA -+ V may have no ground state.
If —ﬁA + V has no ground state, then the decoupled Hamiltonian

1
H(a:O):<—2mA+V>®]+I®Hf

also has no ground state.
For later use we define the dilatation unitary of L?(r?) by

D(r)f(k) := k"2 f(k/K),

where k > 0 denotes the scaling parameter. The scaled Hamiltonian is
defined by
H(a, k)
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= 12D (k)" {;n(p @I—al® A2+ 1@ H+ ;V(x//-i) & 1} D()

1

:%(p@)]—ﬁ&]@A)2—I—V®I+/€2]®Hf-

We suppose the following technical assumptions on .

(1) @(k) = &

(2) w?¢ € L*(R?) for n = —5,—4,—-3,-2,—1,0,1,2.

k|).

(3) [@(y/3)]s /2 € LE([0,00),ds), 0 < € < 1, and is Lipschitz contin-
uous of order strictly less than one.
(4) lpw! 72|l < 00 and [|gw! =Dl < co.
(5) ¢(k) # 0 for all k #£ 0.
5

Thus (1)—(5) ensure the following lemmas® .

Lemma 2.1 There exist the unitary operator U(k) such that

U(k) H(o, k)U (k) = Hog + 5% Hy + k%a’g + 6V,

where ]
Hyg = — A+V,
2meﬁ’
2 o (d—T1Y . 2
meff:meff(a ) =m+ « T HQO/WH )
and
i1 ele/E + )P
T e mt (Dl VPP
Moreover

SV =6V(a,r) =Ur) T VeNHUK) -VeI.

5 See [1, 11] for details.



Lemma 2.2 We have

D) ey 1y < sv < 2@

p (He+ 1)

in the sense of form, where D(«) is a real number satisfying

| 1|im D(«a) = 0.
Let
d R _
Qleritical - — m(,uo - 1) ﬁ“‘ﬂ/wu 1'
We see

1
Meft 2m m

Then, in the case of || > quitical, it follows that
m

inf V(z) < inf Spec(Heg) < —19—.
* Metf

In particular the ground states of Hq.g exist.

Theorem 2.3 Let kK = 1. There exists o, > Qeitica Such that for all
la| > «, the ground state of H(«) exists and it is unique.

Proof: Let N be the number operator in Fgy and 0 < v. By a mo-
mentum lattice approximation we see that H(«) 4+ vN has the normal-
ized ground state ®,. Let E; denote the spectral projection of H.g to
I C r and Pq the projection to 2. Let P = E_ _rym/my) @ Po and
Y. := inf Spec(Heg). Then we can see that

C(lele)*  D(w)/2
(B D20 21 <m> ST D(a)/2 2D

with some constant €. Note that

: ol
lim ———— =0
o =0 Mg (?)



and
lim ¥ = inf V(z).

|| =0
Thus for sufficiently large || the right hand side of (2.1) is strictly
positive. Take a subsequence v/ such that &, — ® as v — 0 weakly.
Since P is a finite rank operator, P®, strongly converges to P® and

ale\*  D(a)/2
(&, P2) 21~ (mﬂ) "SI D)2

holds. In particular ® # 0. Hence ® is the ground state. O

By the assumptions H.g has ground states for |a| > agitical. We have
to make sure that H(«) has the same properties.

Theorem 2.4 We suppose that k is sufficiently large. Set Vi(x) =
k 2V (x/K). Then the ground state of

1
H,{(oz):%(p®]—al®A)2+VH®I+I®Hf

exists for all |a| > Quitical and it is unique.

Proof: We have

1 _
H.(a) = ?D(/{)H(oz, k)D(k)™.
Thus it is enough to prove the existence of the ground states of H(«, k).
From the momentum lattice approximation we see that H(«a, k) + vN

has the ground state ®,. Moreover we have the inequality

(®,, PB,) > 1 — ,36 (n(jl:f)z - /j? (\z’li(og(/j)p) '

Then the theorem follows in the same way as in Theorem 2.3. O



3 Example
Suppose that
V(x) <0.
Let
N(V) =aq [, |mV ()| de,
where a4 is a universal constant. The following is known as the Lieb-
Thirring equality
1
N(V) = #{the nonnegative eigenvalues of — 2—A + V1.
m
Suppose that
N(V) < 1.
Then H(0) has no ground state, H(«) for sufficiently large ||, however,
has the ground state and it is unique by Theorem 2.3.

Remark 3.1 If —ﬁA + V' has the ground state with a positive spectral
gap, then H(«) has the ground state for arbitrary o € R.

4 Concluding remarks

(1) The full Pauli-Fierz Hamiltonian is defined by

1
H(oz):%(p@)f—ozA)Q—l—V@I—I—I@Hf.

Here under the identification ‘H = fﬂgﬁ Femdx

A, = /ﬂj A, (z)dx,



For the full Pauli-Fierz Hamiltonian, it seems to be unknown the

binding.

(2) For « such that 0 < |a| < qitical, 10 existence of the ground state

is not known.

g 3: HNelson(O)

O 4: HNelson(a)

(3) The Nelson Hamiltonian with two charged particles is defined by
1
HNelson(Oé) = <_2771A + V) KI1I+1® Hy+ Oéqb

acting on

H = L’ x r?) @ F,
where F denotes the Boson Fock space over L*(r?). The free Hamil-
tonian is defined by

Hy = [w(k)al(k)a(k)dk
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and the scalar field by

o=, o),

2 1 .. - X .
z) =3 —= [ M=k)e ™ al (k) + Ak)e™ ™ a(k)dE.
o(x) ;ﬂ/m (k) + A(k)e™ a (k)
Roughly speaking Hyeison () may be replaced by

1
HNelson(&) ~ _%A +V+ ‘/effa

2 Y12
1.2y @ A(k) —ik(z'—2?)
Veg (™, 27) = 5 Rdiw(k:)e dk.
Then we can also prove the binding of the Nelson Hamiltonian under

certain conditions. We omit details.
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