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� INTRODUCTION

Asymptotic behaviors of scaling Hamiltonians which describe interactions of particles and

quantized �elds are considered� In a mathematical formulation� interaction Hamiltonians of

the particles and the quantized �elds are described by the theory of self�adjoint operators

acting in the tensor product of two Hilbert spaces over the complex �eld C � Let H� and H�

be two Hilbert spaces� We de�ne a self�adjoint operator H acting in the tensor product of

H� and H�� H � H� �H�� by

H � H� � I � �Hint � I �H��

Here H� and H� are self�adjoint operators in H� and H�� respectively� Hint is a symmetric

operator in H and � � R is a coupling constant� Then� for the given self�adjoint operator

H� we de�ne ���coupling Hamiltonian� H���	
� by

H���	 � H� � I � ��Hint � ��I �H�� � � �� ��� �	

Introducing a renormalization E���	 which goes to in�nity or minus in�nity as � � � in

some sense� we want to investigate the following asymptotic behaviors

s� lim
���

e�it�H�����E����	 � U
�
e�itHeff �P

�
U
��� t � R � ��� �	
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�



�

Here Heff is a self�adjoint operator in H�� which is called �e�ective Hamiltonian�� U is a

unitary operator inH and P a projection operator onto a one�dimensional subspace inH�� It

seems to be useful to readers to collect some background ingredient� Motivation of this paper

is ��	 and �
	� In ��	� in order to give an interpretation of a physical phenomenon �Lamb

shift� without formal perturbation theory� A�Arai elaborates a scaling limit of the Pauli�

Fierz model� The scaling limit corresponds to the case � � � in ����� In �
	� E�B�Davies

studies a scaling limit of the Nelson model to derive a Schr�odinger Hamiltonian �e�ective

Hamiltonian with a scalar potential� The scaling limit corresponds to the case � � � in

����� In this paper� we deal with the Nelson model ���
���������	� the Pauli�Fierz model

�������������	 and the spin�boson model ��	� Thus considering scaling limits as in ���� for

these models is an extension of those considered in �����
�������	� We organize this paper

as follows� In section �� we overview an abstract theory of a scaling limit of self�adjoint

operators� In section 
�� and �� we study the Nelson model� the Pauli�Fierz model and the

spin�boson model�respectively� In section �� we give some remarks�

� FUNDAMENTAL FACTS

��� An abstract Boson Fock space

In this subsection we de�ne an abstract Boson Fock space and basic notations� For a sepa�

rable Hilbert space H over C � we denote the scalar product by � f� g �H and the associated

norm by jjf jjH� where the scalar product is linear in g and antilinear in f � For the tempered

distributions f and g� the notation �f denotes the complex conjugate of f � and �f �resp��g the

Fourier transform of f �resp�the inverse Fourier transform of g� We denote the domain of

an operator A by D�A� The Boson Fock space over the Hilbert space H is de�ned by

FH �
�M
n��

��n
sH	 �

where �n
sH� n � �� denotes the n�fold symmetric tensor product of H� and ��

sH � C � De�ne

�H � f�� �� �� ��g� Let the annihilation and creation operators in the Boson Fock space

denoted by aH�f� f � H and a
y
H�g� g � H� respectively� It is well known that

F�H � L
n
a
y
H�f����a

y
H�fn���jfj � H� j � �� ���� n� n � �

o



�

is dense in FH� where L denotes the linear hull of the vectors in f���g� The annihilation and

the creation operators in the Boson Fock space satisfy the following canonical commutation

relations on F�H �

�aH�f�� a
y
H�g�� � � 	f� g �H�

�a�H�f�� a
�
H�g�� � 
�

where a�H means aH or ayH� Let h be a self�adjoint operator in H� De�ne dH�h� by

dH�h�� � 
�

dH�h�a
y
H�f�����a

y
H�fn��H �

nX
j��

a
y
H�f�����a

y
H�hfj����a

y
H�fn��H� fj � D�h��

Then dH�h� is essentially self�adjoint� Let us use the same notation as dH�h� for its

self�adjoint extension�

��� An abstract theory of a scaling limit

We overview an abstract theory of a scaling limit of self�adjoint operators acting in a tensor

product Hilbert space established in ��� with a little modi�cation� Let K be a Hilbert space

and put X � H � K� Suppose that an operator� A �resp�B�� is a nonnegative self�adjoint

operator in H �resp�K� and KerB � fkGjk � C � jjGjjX � �g� Set the projection operator

onto KerB by PB� We suppose that a family of self�adjoint operators� fC�g���� in X admits

the following conditions�

��� For any � � 
� there exists �� so that� for all � � ��� D�C�� � D�A� I ��I �B� with

jjC��jjX � � jj�A� I � �I � B��jj� b��� jj�jjX �� � D�A� I� �D�I � B��

where b��� � 
 is a constant independent of � � ���

��� There exists a symmetric operator C in X so that D�C� � D�A� � KerB and� for

z � C n R �

s� lim
���

C��A� I � �I �B � z��� � C
n
�A� z��� � PB

o
�
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We de�ne an operator EG�C� with the domain D�EG�C�� � D�A� by

hf� EG�C�giH � hf �G�C�g �G�i
X
� f � H� g � D�A��

We call EG�C� �the partial expectation of C with respect to G�� Set

Keff � A� EG�C��

The following proposition is fundamental in this paper�

Proposition ��� ����Theorem ����� Let operators A�B�C�� and C be as above� Then

��� For 	 � 	�� K� � A � I � 	I � B � C� is self�adjoint on D�A � I� �D�I � B� and

uniformly bounded from below� Moreover EG�C� is in�nitesimally small with respect

to A� i�e�� Keff is self�adjoint on D�A��

��� For z � C n R

s� lim
���

�K� � z��� � �Keff � z��� � PB� �
� ��

Finally we note a fundamental fact�

Proposition ��� Let K� and Keff satisfy ������ Then

s� lim
���

e�itK� � e�itK� � PB�

Proof� See ��Theorem 
�
� �

By Proposition 
�
 it is enough to show strong resolvent limits of ��coupling Hamiltonian

to investigate ���
��

� THE NELSON MODEL

��� The Nelson model

In this section we consider the Nelson Hamiltonian with an ultraviolet cut�o� function ��

and with a �nite number of nonrelativistic particles� Fix the number of the nonrelativistic

particles N � For the mathematical generality suppose that the dimension of the space in



�

which the nonrelativistic particles move is d � �� �This assumption remains throughout this

paper�� We use the following identi�cation

FN � L��R dN ��FL��Rd�
�� L��R dN �FL��Rd���

For notational simplicity� we write the annihilation or creation operators by a��f� instead of

a
�

L��Rd��f� in sections 	 and �� We de�ne a time
zero scalar �eld �� �f� by

�� �f� �
�p
�

���ay
�

�fp
�

�
 a

�� �fp
�

�A
�	
 �

Here � � ��k� �
p
k�  ��� � � �� In this section we require that � is a real valued even

function� ��k� � ���k�� with
��

�
p
�
�
��

�
�

��p
�
� L��Rd�� �	� ��

For each x � �x�� ���� xN � � R
dN � xj � R

d � j � �� ���� N � we set

e���x� � �q
����d

NX
j��

���k�e�ikx
j

�

We de�ne

HI���� � �
�
������

�
�

For the multiplication operator � in L��Rd� with the maximal domain� we set d�L��Rd���� �
Hb� De�ne an operator in FN by

H
�
N������ � �

�

�m
�N � I � �gHI����  ��I �Hb� � � � ���

where g � R is a coupling constant� m 	 � a mass of the nonrelativistic particles� �N

the Laplacian in L��R dN � and � 	 � a scaling parameter� Moreover we put a decoupled

Hamiltonian H��N��� by

H
�
N��� � �

�

�m
�N � I  ��I �Hb�

We de�ne a class of the set of multiplication operators in L��R dN �� A multiplication operator

V is in a class�M��N�� if and only if V is in�nitesimally small with respect to ��N �



�

Proposition ��� ����� For � � � and V � M��N�� H�
N������ � V � I is self�adjoint on

D�H�
N���� and bounded from below� Moreover it is essentially self�adjoint on any core for

H
�
N����

In the case of � � �	 following proposition is well known


Proposition ��� �������� � �� Let V � M��N�� Then

s� lim
���

e�it�H
�

N
�������V�I� � e�it��

�

�m
�N�V�g

�V ����� � PN �

Here PN is the projection operator onto the subspace in F � spanned by the vector �L��Rd��

��� The case of � � �

Put C�� �R dN � ��F�
L��Rd� � F�N 	 where �� denotes the algebraic tensor product
 We perform a

unitary transformation

U�g� � exp

�
� gp

�

��
�ay

�
������
�
p
�

�
� a

�
� ������
�
p
�

�
A
�	


�
A

with the following result

Proposition ��� The unitary operator U�����g� maps F�N into D�H�
N�������� with

U�����g����H�
N������ � V � I�U�����g�

�
�

�m

NX
j��

�
pj � I � g�����j

�	
� g	�	��V ����� I � ��I �Hb � V � I� ��
 ��

on F�N � where pj � ��i �

�x
j
�

� �����i �

�x
j

d

�� �j � ��
�
��j����

�
� ���� �

�
��jd���

�
�� j � �� ���� N � and

��j��x� � ��j��x� k� �
�q
����d

���k�e�ikx
j

k�

��k�
� � � �� ���� d�

V ���� � V ���� x� � � �

�����d



NX
j��

��e�ikx
j

�



	

L��Rd�

�

Moreover� for su�ciently large � � �� the right hand side �R�H�S�� of ����� is self�adjoint

on D�H�
N���� and the equation ����� can be extended to the equation on D�H�

N�����



�

Proposition ��� implies that the following equation holds� for V � M��N� and su�ciently

large � � �	

U�����g���
�
H

�
N�
����� g�����V �
��� I � V � I

�
U�����g�

�


�m

NX
j��

�
pj � I � g�����j

��
� V � I � ��I �Hb� ��� ��

In this subsection we set � � � Then we de�ne a symmetric operator Q�
��� which is

independent of �� by

R�H�S� of����� � H
�
N��� �Q�
���

Lemma ��� Let V � M��N�� Then� for any � � �� there exists �� and b��� � � so that�

for all � � ��� D�Q�
��� � D�H�
N���� with

jjQ�
���jj
FN
� �

������H�
N����

������
FN

� b��� jj�jj
FN

�� � D�HF �� ��� ��

Moreover D�Q�
��� � D���N� b�KerHb with� for z � C n ������

s� lim
���

Q�
��
�
H

�
N���� z

���
� Q�
��

��
�



�m
�N � z

���
� PN

�
� ��� ��

Proof� The proof of ����� follows from fundamental estimates with respect to a� and Hb�

By ������ for any � � �� taking su�ciently large � � �� we see that�����
�����Q�
��

��
H

�
N���� z

���
�
�
�



�m
�N � z

���
� PN

�
�

�����
�����
FN

� �

�����
�����H�

N���

��
H

�
N���� z

���
�
�
�



�m
�N � z

���
� PN

�
�

�����
�����
FN

�b���

�����
�����
��

H
�
N���� z

���
�
�
�



�m
�N � z

���
� PN

�
�

�����
�����
FN

�

Taking ��� on the both sides above� we have

lim
���

�����
�����Q�
��

��
H

�
N���� z

���
�
�
�



�m
�N � z

���
� PN

�
�

�����
�����
FN

� � jj�I � I � I � PN� �jjFN �

Since � � � is arbitrary� ����� follows� �



�

Theorem ��� �� � �� Let V �M��N� and z � C n R � Put �� � ���k� � jkj and

����� �
�

�����d

�����
����� �����
p
�

�����
�����
�

L��Rd�

�

Then

s� lim
���

�
H

�
N������� g�����V ����� I � V � I � z

���

� U�g�
��
� �

�m
	N � g�N����� � V � z

���
� PN

�
U�g���� �
� ��

Proof� From �
�
� it follows that

�
H

�
N������� g�����V ����� I � V � I � z

���
� U�����g�

�
H

�
N��� �Q����� z

��� U�����g����

By the fact that U�����g� is independent of � it is enough to show that

s� lim
���

�
H

�
N��� �Q����� z

���
�
�
� �

�m
	N � g�N����� � V � z

���
� PN �

Since the partial expectation of Q���� with respect to �L��Rd� is

E�
L��Rd�

�Q����� � g�
NX
j��

�X
���

�

�

�����
����� ��

j
����p
�

�����
�����
�

L��Rd�

� V

� g�N����� � V�

it follows �
��� from Lemma 
�� and Proposition ��� with the following correspondence �

A � � �

�m
	N � B � Hb� C� � C � Q����� G � �L��Rd��

�

��� The case of � � � � �� � � �

First we study the case of � � � � �� We put the R�H�S� of �
�
� by

R�H�S�of �
�
� � H
�
N ��� �Q�������� �
� ��



�

Similar to ����� and ������ one can see that� for V � M��N� and any � � �� there exists 	�

and b��� � � so that� for all 	 � 	�� D�Q��
��	�� � D�H�
N �	�� with������Q��
��	��

������
FN

� �
������H�

N �	��
������
FN

� b��� jj�jj
FN

�� � D�H�
N�	��� ��� �

Moreover D�Q��
��	�� � D���N� b�KerHb and� for z � C n R �

s� lim
���

Q��
��	�
�
H

�
N �	�� z

���
�

�
V

�
�

�

�m
�N � z

����
� PN � ��� ��

Note that� for � � ��

s� lim
���

U
�

g

	���

�
� I� ��� ���

Hence we prove the following theorem

Theorem ��� �� � � � � � Let V �M��N�� z � C n R � Then

s� lim
���

�
H

�
N�
��	�� g�	���V �
��� I � V � I � z

���
�

�
�

�

�m
�N � V � z

���
� PN �

Proof� Since the partial expectation of V � I with respect to �L��Rd� is E�
L��Rd�

�V � I� � V �

from ����� ������ ������ and Proposition ���� theorem follows with the following correspon�

dence�

A � �
�

�m
�N � B � Hb� C� � Q��
��	�� C � V � I G � �L��Rd��

�

Secondly we study the case of � � �� In this case� note that we do not need to subtract

the renormalization 	���V �
��� I� Put the R�H�S� of ����� by

R�H�S�of ����� � H
�
N �	� �Q��
��	��

By the same argument as that of the case of � � � � � with Q��	� 
�� replaced by Q��	� 
���

one can easily prove the following theorem�

Theorem ��� �� � �� Let V �M��N� and z � C n R � Then

s� lim
���

�
H

�
N�
��	� � V � I � z

���
�

�
�

�

�m
�N � V � z

���
� PN �



��

� THE PAULI�FIERZ MODEL

��� The Pauli�Fierz model

In this section� we study the Pauli�Fierz model in quantum electrodynamics with the dipole

approximation� Let

W � L��Rd�� ���� L��Rd�� �z �
d��

�

For ��� ���� f��z�
the r�th

���� �� � W� we set a�W��� ���� f��z�
the r�th

���� �� � a��r��f�� We write

a
��r�
W �g� �

Z
a
��r�
W �k�g�k�dk� r � �� ���� d� ��

Let er � R d � R
d � r � �� ���� d� �� be measurable functions so that

���er�k� � k � �� r � �� ���� d� �� �	�er�k� � es�k� � �rs�

We denote the ��th component of er by er�� � � �� ���� d� The quantized smeared radiation


eld A�� �f� x� with f in the Coulomb gauge� and the conjugate momentum ��� �f� x�� � �

�� ���� d� x � R
d � are de
ned by

A�� �f� x� �
�p
	

d��X
r��

Z ���
��a

y�r�
W �k�

er��k�
�f�k�e�ikxq
��k�

� a
�r�
W �k�

er��k�
�f�k�eikxq
��k�

���
�	 dk�

��� �f� x� �
ip
	

d��X
r��

Z 

a
y�r�
W �k�

q
��k�er��k�

�f�k�e�ikx � a
�r�
W �k�

q
��k�er��k�

�f�k�eikx
�
dk�

Here g�k� � g��k�� We de
ne the free Hamiltonian in FW by

d�W�� � ���� �� �z �
d��

� � HEM �

We require that �� satis
es ����� and � is real�valued rotation invariant function throughout

this section� Then the Pauli�Fierz Hamiltonian with the ultraviolet cut�o� function �� and

with N �nonrelativistic particles is de
ned as an operator acting in

LN � L��R dN �� FW �� L��RdN �FW��



��

by

�

�m

NX
j��

�
pj � I � eA���� ��

�
�

� I �HEM � ��� ��

where e � R is a coupling constant and A���� �� � �A����� ��� ���� Ad���� ���� Introducing the

polarization vector er	 which corresponds to taking the Coulomb gauge	 we see that	 on a

suitable dense domain	


pj � I� A���� ��� � ��

Then formally we may rewrite ����� by

�
�

�m
N � I �

e

m

NX
j��

dX
���

�pj� � I�A����� �� �
e�N

�m
A����� �� � I �HEM �

Here	 for simplicity	 we introduce the following assumptions to the Pauli�Fierz Hamiltonian�

��� The self�interaction term A����� �� is neglected�

��� We introduce the dipole approximation	i�e�	A���� x� is replaced by A���� ���

Then	 putting A���� �� � I � A����	 our Hamiltonian is as follows�

H
�
EM ������ � �

�

�m
N � I � �eHEM

I ���� � ��I �HEM �

where

HEM
I ���� �

�

m

NX
j��

dX
���

pj� � A������

Put

H
�
EM ��� � �

�

�m
N � I � ��I �HEM �

Theorem ��� ����� Let V �M��N�� Then the operator H
�
EM ������� V � I is self�adjoint

on D�H�
EM ���� and bounded from below� Moreover it is essentially self�adjoint on any core

for H
�
EM ����



��

We de�ne a unitary operator by

S�e� � exp

�
��ie

�
� NX
j��

dX
���

�

m
pj� � ��

�
��

��

��
A
�
A �

where we put ����� f� � I � ���f�	

Lemma ��� ����� Let V � M��N�� Then the unitary operator S�e� maps D�H�
EM ����
��

onto itself with

S�
���e����H�
EM ����
� � V � I�S�
���e�

� �

�
�

�m
� 
��� e�

�M

�
�N � I � 
�I �HEM � V�����
��

�	 ��

where

�

�M
�
d� �

d

�
�

m

�� �����
����� ���
�����
�����
�

L��Rd�

� V�����
� � S�
���e����V � I�S�
���e��

To obtain the scaling limit of the case of � � �� we need to �x a dN � dN �matrix T so that

T

�
BBBBBB�

� � ��� �

� � ��� �
			

			 �
			

� � ��� �

�
CCCCCCA
T�� �

�
BBBBBB�

N � ��� �

� � ��� �
			

			 �
			

� � ��� �

�
CCCCCCA
�

Then� for a multiplication operator V in L��R dN �� we put

V
��
eff�x� � ���CN�����

�
d
�

Z
Rd
dyV

�
T���y� �Tx��� ���� �Tx�N �

	
e
�
j�Tx���yj

�

�CN ���� �

where

CN���� �
d� �

�d

�
e

m

�� Z
RdN

dk
j���k�j�

��k��
�

and �Tx�j � R
d � j � �� ���� N� denotes the j�th element of Tx � R

dN 	 In the case of � � ��

the following proposition is well known	

Proposition ��� ���	
	��	� � �� Let V �M��N� with

jV j��eff�x� ��� a�e�x � R
dN � jV j��eff � L�

loc�R
dN ��



��

Then � �

�m
�N � V

��
eff is self�adjoint on D���N � with� for z � C n R �

s� lim
���

�
H
�
EM ������ � V � I � ���� e�

�M
�N � I � z

���

	 S�e�

��
�

�

�m
�N � V

��
eff � z

���
� PEM

�
S�e����

where PEM is the projection operator onto the subspace fk
W jk � C g � FW �

��� The case of � � �

Put

g
H
�
EM��� 	 �

�
�

�m
�

e�

�M

�
�N � I � ��I �HEM �

Lemma ��� Let V � M��N�� Then� for any � � �� there exists �� and b��� � � so that�

for all � � ��� D �V� ������� � D�
g
H
�
EM ���� with

jjV� ���� �jjLN � �

�������� gH�
EM ����

��������
LN

� b��� jj�jj
LN

�� � D�
g
H
�
EM ����� �� ��

Moreover� for z � C n ������

s� lim
���

V�������
� g
H
�
EM ���� z

���
	

��V �
�

�
�

�m
�

e�

�M

�
�N � z

���	
� PEM � �� �

Proof� Since V is in�nitesimally small with respect to ��N and ��N commutes S�e�� one

can derive ����� Put
� g
H
�
EM ���� z

���
	 K��

�
�
�

�

�m
� e�

�M

�
�N � z

���
� PEM 	 K� and

S�����e� 	 S�� Note that� for � � ��

s� lim
���

S
�
����e

�
	 I�

By ����� for any � � �� taking su�ciently large � � �� we have

jjV�������K��� �V � I�K��jj

� � jj��N�K� �K���jjLN � � jj��N�S�K� �K���jjLN

�b��� jj�K� �K���jjLN � b��� jj�S�K� �K���jjLN �
�������S��

�
� I��V � I�K��

������
LN

�

Taking ��� on the both sides above� we have

lim
���

jjV�������K��� �V � I�K��jjLN � � jj�I � I � I � PEM��jj
LN

�

Since � � � is arbitrary� ��� follows� �



��

Theorem ��� �� � �� Let V �M��N�� Then� for z � C n R �

s� lim
���

�
H
�
EM������ � V � I � z

o��
�

�
�

�
�

�m
�

e�

�M

�
	N � V � z

���
� PEM �

��
 ��

Proof� By virtue of ��
��� we see that� for z � C n R �

�
H
�
EM ������ � V � I � z

���
� S

�
����e

� � g
H
�
EM��� � V�������� z

���
S
�
����e

���
�

and the partial expectation of V � I with respect to W is E�W �V � I� � V 
 Hence� it

follows ��
�� from Lemma �
� and Proposition �
� with the following correspondence�

A � �

�
�

�m
�

e�

�M

�
	N � B � HEM � C��� � V�������� C � V � I�G � W �

�

��� The case of � � � � �� � � �

For the case of � � � � �� by ��
��� we should subtract the term ����� e�

�M
	N � I from the

original Hamiltonian H�
EM������� and for the case of � � �� we do not need any renormal�

ization
 Hence�the similar argument of the cases of � � � and � � � gives an asymptotic

behaviors of H�
EM������
 See Fig
 �
�


� THE SPIN�BOSON MODEL

��� The spin�boson model

In this section we study the spin�boson model
 The total Hamiltonian of the spin�boson

model is de�ned as an operator acting in the Hilbert space

LSB � C
� � FL��Rd� �� FL��Rd� �FL��Rd��

by

H
�
SB����� � ��� � ��� �

�
ay���� � a���

�
� ��I �HSB�



��

Here HSB � d�L��Rd����� � � �� � � L��R d� and

�� �

�
� � �

� �

�
A � �� �

�
� � �

� ��

�
A �

In what follows� we assume that

��
�p
�
�
�

�
� L��R d��

Theorem ��� ����� The operator HSB����� is self�adjoint on D�I � HSB� and bounded

from below� Moreover essentially self�adjoint on any core for I �HSB�

We de	ne a unitary operator by

T��� �

�
� e�fay� ��

� ��a� �� �g �

� e�fay� ��
� ��a� �� �g

�
A �

�
� T���� �

� T����

�
A �

In the case of � � �� following proposition is well known


Proposition ��� ������ � �� Let F ��� �
D
�L��Rd�� T�����L��Rd�

E
F
L��Rd�

and z � C nR � Then

s� lim
���

�
H

�
SB������ ����ESB � z

���
� T���

n
��F ����� � z��� � PSB

o
T������

Here PSB is the projection operator onto fk�jk � C g � FL��Rd� and ESB � �
���
��� �p

�

���
����
L��Rd�

�

��� the case of � � �

It is well known and easily checked that T������� maps D�I �HSB� onto itself with

T���������H�
SB���T�������

� �

�
� � T �

���
�����

T �
���

����� �

�
A� ��I �HSB � ����ESB� ��
 ��

Theorem ��	 �� � � Let z � C n R � Then

s� lim
���

�
H

�
SB������ z

���
� ���� � ESB � z��� � PSB� ��
 �



��

Proof� We see that� by ������

T
��
�
�����

�
�H�

SB������ z���T
�
�����

�

�

��
��

�
� 	 T �

�

�
�����

�

T �
�

�
�����

�
	

�
A
 ��I �HSB 
 ����ESB � z

�	



��

�

It is easily seen that s� lim���T

�
�����

�
� I and

s� lim
���

�

�
� 	 T �

�

�
�����

�

T �
�

�
�����

�
	

�
A�����ESB 
 ��I �HSB � z

�
��

�
h
��� �ESB � z���

i
� PSB�

Hence� with the following correspondence�

A � ESB� B � HSB� C��� � �

�
� 	 T �

�

�
�����

�

T �
�

�
�����

�
	

�
A � C � ���� G � �L��Rd��

one can easily check the conditions with respect to C��� and C in section � Since the partial

expectation of ��� � I with respect to � L��R d� is E�
L��Rd�

���� � I� � ���� we get ���� by

Proposition ��� �

��� The case of � � � � �� � � �

For the case of � � � � � by ������ we should subtract the term ����ESB from the original

Hamiltonian H
�
SB������ and for the case of � � � we do not need any renormalization�

Hence�the similar argument of the cases of � �  and � � � gives an asymptotic behaviors

of H�
SB������ See Fig ����

� CONCLUDING REMARKS

��� In section �� we studied the Pauli�Fierz model neglected the terms A����� ��� In ������ we

studied the Pauli�Fierz Hamiltonian with the terms A����� ��� By the same method developed

in ������ we can investigate the following scaling Hamiltonians�

�
�

m
�N � I � �eHEM

I ���� 
 �I �HEM 

e�N

m
A����� �� 
 V � I� ��� ��

�
�

m
�N � I � �eHEM

I ���� 
 ��I �HEM 
 �� e
�N

m
A����� �� 
 V � I� ��� �



��

Introducing di�erent renormalizations from those given in this paper� we can get e�ective

Hamiltonians of ����� and ������

��� In the case of 	 � � � �� we need delicate discussions of asymptotic behaviors of unitary

operators U�
���g�� S�
���e� and T�
����� as 
��� We omit the discussions�

E�ective Hamiltonian Unitary operator Renormalization

� � � �
�

�m
�N � V I �

� � � �
�

�m
�N � g�V ���� � V I �

	 � � � � �
�

�m
�N � V I g�
���V ����

� � 	 �
�

�m
�N � g�N����� � V U�g� g�
V ����

Fig ��	 �coupling Nelson model H�
N ����
�

E�ective Hamiltonian Unitary operator Renormalization

� � � �
�

�m
�N � V I �

� � � �

�
�

�m
� e�

�M

�
�N � V I �

	 � � � � �
�

�m
�N � V I �
��� e�

�M
�N

� � 	 �
�

�m
�N � V

��
eff S�e� �
 e�

�M
�N

Fig���� �coupling PauliFierz model H�
EM ����
�



��

E�ective Hamiltonian Unitary operator Renormalization

� � � ��� I �

� � � ��� � ESB I �

� � � � � ��� I ����ESB

� � � �F ����� T��� �ESB

Fig	
	� ��coupling spin�boson model H�
SB�����
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