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Let 1 < κ1 < κ2 + 2 and let D be a divisor of the discriminant dB of B. For (f, f ′) ∈
Sκ1(Γ0(D)) × Aκ2(B

×
A ), we let L(f, f ′) be their theta lift. For ξ ∈ B− \ {0}, we denote by

Xξ the set of Hecke characters of R×
+E×\A×

E with E = Q(ξ). For an automorphic form F
denote by F χ

ξ the Fourier coefficient of F indexed by ξ ∈ B− \ {0} and χ ∈ Xξ.

Theorem 1. Suppose that ξ ̸= 0 is “primitive” and χ is unramified at every finite prime
p|dB. Let f be a primitive form and f ′ be a Hecke eigenform with the same signature as f ,
and assume that the weight of χ is −κ1. Then we have
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= χp for p|dB ramified in E and if every p|D is ramified in E and some
sign condition of f and χ holds at such p,
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and C(f, f ′, ξ, χ) = 0 otherwise.

Notation

• w(E) := ♯{roots of unity in E}, h(E) := class number of E,
dE :=the discriminant of E, δ(D) :=the set of prime divisors of D,
ip(χ) :=the conductor of χ at p, A(χ) :=

∏
p<∞ pip(χ),

rp :=the ramification index of p for E/Q, µp := ordp(2ξ)2−ordp(dE)
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• g0,f = (g0,p)p<∞ ∈ GAf
is given by

g0,p :=

{
diag(pip(χ)−µp , p2(ip(χ)−µp), 1, pip(χ)−µp) (p ̸ |dB),

12 (p|dB).


