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Homogeneous Open Convex Cones

V. a real vector space with inner product
V' D ): a regular open convex cone

e G(O):={g€ GL(V); g(Q) = Q}: linear automorphism group of €2
a Lie group as a closed subgroup of GL(V)

& G(Q) 7> Q) is transitive

o ()is

Example: V = Sym(r,R) D Q := Sym(r,R)":

GL(r,R)™Q by GL(r,R)xQ>(g,x)— gx'qg €

This is a selfdual homogeneous open convex cone (symmetric cone).

Q) is L st Q={yeV; (z|y)>0 (Vze\{o})}
)

(the RHS is the dual cone taken relative to ( | >



Symmetric Cones & Euclidean Jordan Algebras
() = V: algebraic str. in the ambient VS (= tangent space at a ref. pt.)

List of Irreducible Symmetric Cones:

Q= Sym(r,R)"* C V =Sym(r,R), AoB:=+(AB+ BA)
Q) = Herm(r,C)™" C V = Herm(r, C)

Q) = Herm(r, H)™ C V = Herm(r, H)

() = Herm(3,0)"" C V = Herm(3, O)

(2 =A, CV =R" (n-dimensional Lorentz cone)

Non-Selfdual Homogeneous Open Convex Cones: Vinberg cone (1960)

T1 To T4 1 >0
V=<xz= |29 235 0 C T1,..., x5 € R Y DD =K xeV; $1$3—ZC3>0
ry 0 xj x1x5—$i>0

the lowest-dimensional homogeneous non-selfdual open convex cone
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Classification of Irreducible Homogeneous Convex Cones (dim < 10)
(Kaneyuki—Tsuji, 1974)

There are 135 (up to linear isom.) in which 12 are selfdual.
R-o, A, C R" (Lorentz cones with dim = 3,4, ..., 10),
Sym(3,R)*" (6-dim), Herm(3,C)*" (9-dim), Sym(4,R)*" (10-dim)

By Vinberg's theory (1963)

Homogeneous Open Convex Cones &2 Clans with unit element
() = V: algebraic str. in the ambient VS (= tangent space at a ref. pt.)

e The Case of Symmetric Cones: G((2) is reductive.

JA str. of V: V =T,(Q2) = p of the Cartan decomposition g(§2) =€+ p
(The product is commutative.)

e The Case of General Homogeneous Convex Cones:
simply transitive action of lwasawa subgroup of G(£?)
Clan str. of V: V = T,(§2) = lwasawa subalgebra a + n of g({)

(The product is non-commutative, in general.)
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(2: homogeneous open convex cone, G(€): linear automorphism group of €,
H': Iwasawa subgroup of G(2).
H is a split solvable Lie group, acting simply transitively on ().

a function f on €2, is (w.rt. H)

JELN Iy: 1-dim. rep. of S's.t. f(gx) = x(g9)f(x) (forallg e H, z € Q).

Theorem [Ishi 2001].
IA1, ..., A, (r = rank(Q)): relat. inv. irred. polynomial functions on V' s.t

any relat. inv. polynomial function P(x) on V is written as
P(x) = cAy(x)™ - Ap(z)™ (¢ = const., (my,...,m,) € Z%,).

Theorem [Ishi-N., 2008].

W: the complexification of the Clan V,

R(w): the right multiplication operator by w in W

—> irreducible factors of det R(w) are just Aj(w), ..., A (w).




6

Example: Q = Sym(r,R)*" C V = Sym(r, R)

Ay

Ay

A,

det

e Product in V as a clan: xAy = 2y + y'(x), where for x = (z;;) € Sym(r,R),

we put x =

In this case we have det R(y) = Aj(y) - - -

[

\

1

2

T11

1
5122

7

.27]'7;

)

(2 < 7).

Thus x =z + ().



The case of general irreducible symmetric cone () C V

o Ay(y) is the k-th Jordan algebra principal minor.

e ) > X — Xe € Vis a linear isomorphism (e is the unit element of V).

e The inverse map isdenotedas V 3 v+— X, €bh. Thus X,e=vforanyv € V.
(This is related to the linear isomorphism g4, —q;)2 = Vij (i > j)).

e Euclidean Jordan algebra V' is now a clan by the product zAy = X,y = R(y)x.

o det R(y) = Ay(y)" - A, 1(1)"A(y)|, where d = common dim. of V;; (i < 7):
d =1 for Sym(r,R), d = dimg K for Herm(r, K) (K = C, H, O),
r=2d=n-—2forQ=A, (n=3).

The boxed formula is nice in view of dim V' =7+ 2. r(r — 1), because

deg(Al(y)d- > Ar_l(y)dAr(y)) =d(l+-+r—-1))+r=r+<.r(r—1).

Why do | become interested in these things? ......



Proposition. w € Sym(r, C).

Ag(w)
Ak_l(w)
where we understand Ap(w) = 1.

Rew >0 — Re > ()

This follows from the following two lemmas.

0

t

Then we have w = na'n with n =

w)

Each a; (k=1,...,7) is given by a; = A (w)

Lemma 1. Suppose w € Sym(r,C) and Ag(w) # 0 for k = 1,.

Lemma 2. Let n,a be as above. Then

Re(nam) >0 = Rea, >0 (k=1,...

7).




Generalization to Irreducible Symmetric Cones

€2: an irreducible symmetric cone (rk(§2) = r) C V: a Euclidean JA
Ay, ..., A, JA principal minors (basic relative invariants).

Theorem [Ishi-N. 2008]. Suppose w € W := V. Then

Ak(w)

we NQ+1V = Re
Ak_l(w)

>0 (k=1,...,7).




10

Further Generalization to Homogeneous Open Convex Cones?

€2 lrreducible homogeneous open convex cone (rank(€2) =r) C V: a clan
A1, ..., A, basic relative invariants

Problem. w e Q+1:V = Re
Ak_1<w>

>0 (k=1,...,71)7

Immediately seen that

if one observes for w € ) N {diagonal type}, we must have the gap between
deg Ap(w) and deg Aj_1(w) equal to 1.

diagonal type elements:

JE,, ..., E. € Q: complete orthogonal system of primitive idempotents
(the sum is equal to the unit element)
diagonal type elements = c1Ey + -+ -+ ¢, B, (¢ > 0for Ve =1,...,7)
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Ak_1<’w)

Problem. w € Q +iV = Re >0 (k=1,...,7)7

Answer to the problem:

(1) For non-selfdual irred. homog. open convex cones, the answer is in general No.

(2) If the answer is always No, then one is happy ( = obtains a symmetry
characterization). But this is not the case.

(3) In dim < 10, there are 123 non-selfdual irred. homog. open convex cones

up to linear isomorphisms). But the only one such gives the answer Yes.
It is of 8-dimension.

(4) In the following, we give such cone (non-selfdual irred. homog. open convex
cone that gives an affirmative answer to the problem) with any rank (> 3).
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I,,,: m X m unit matrix
IR column vectors of size r X m.

V= {x: (fo?]my) . xg € Sym(r,R), y € R™, ZER}.

Note V' C Sym(rm + 1,R).
When m = r = 2, x is the following 5 X 5 matrix:
(3711 0 zo1 O yn\

0 z11 0 221 Ypo
r= |2 0 229 0 ¥y (in this case dim V' = 8).

0 o1 0 22 Yoo
Y11 Y12 Yo1r Y22 Z}

e For open convex cone (), we take the set of positive definite ones in V':
Q={reV;z>0} (rank(2) =7+ 1).

m=2r=2:
(m=1= Q=Sym™ " (r+1,R), r=1= Q=A,.)
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Homogeneity of ()

A {a:<ao®fm 0 ) ~ag = diaglay, ..., a,] with })

0 ‘ar—l—l "a;>0,...,a, >0and a,41 >0
N =dp= (10 ® I, ‘ 0\  mng is strictly lower triangular in GL(r,R),
= — t€ ‘1 ) 5 c R )

Wehave H =Nx A~ Q by HxQO> (h,x)— ha'he

This action is simply transitive. In fact, given x € (), the equation z =
na'n = na'’*I.,.1a"*('m) (a € A, n € N) has unique solution: For a;, we have

A
k() (k=1,2,...,r+ 1), with Ag(x) = 1, where

N
{Ak(x) = AV(zg)  (k=1,...,1),

ay

Arq(x) = zdet(xg) — 'y(“ay @ I,)y.
“T': the cofactor matrix of T". Thus T(“T") = (“T")T = (det T)I.
e We note deg Ay(x) =k (k=1,2,...,r+1).
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To understand A, ((x)

For each z = (xo?]my> eV, we set
Yy |z
x o o o x/r
L= Lyl * Tpr yr ’ 0= <ZEZ])7 Y= y ) y] = R
tyl tyr < g

r r
Since A, 1 (z) = zdet(xo) — > > (“w0)ij Y, - Y, we have A, (x) = det Uz

i=1 j=1
Here we compute det % as if it were an ordinary determinant, and the product of
4y, and y; should be interpreted as the inner product y, - y,.

o Aiy(x),..., A (x),Ar11(x) are basic relative invariants.



or(z) (k=1,...,7rm+ 1): the k-th principal minor of x = (azo (? Ly ) cV.

Then we have

{?mwﬂ@ Al A () (0<k<r—1,1<j<m)
Orma1(x) = Ar(aj)m_lA/,‘H(x),
Hence

r€() < Aj(x)>0 forany j=1,...,7r+1.

e This description of {) in terms of basic relative invarinats is true in general,

(Ishi 2001)

Regarding Ax (k= 1,...,r 4+ 1) as polynomial functions on W := V¢ naturally,
we get

Ak(w)

Proposition. w € )+1:V = Re
Ak_l(w)

>0 (k=1,...,74+1).
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Non-selfdual Irreducible Homogeneous Convex Cones
linearly isomorphic to the dual cones

e () is selfdual <= JT" positive definite selfadjoint operator s.t. T'({2) = Q*
(0 ={yeV;(z|y)>0 forVzeQ\{0}})

e Even though there is no positive definite selfadjoint operator T' s.t. T'(Q2) = Q*,
we might find such 7" if we do not require the positive definiteness.

e If one accepts reducible ones, then )y & () just gives an example.
Thus the irreducibility counts for much here.

e The list in [Kaneyuki—Tsuji] of irreducible homogeneous open convex cones
(dim < 10) is described up to linear isomoprhisms. There is one non-selfdual
irreducible homogeneous convex cone (7-dimensional) identified with its dual
cone.

e In an exercise of Faraut—Koranyi's book, a hint is given to prove that the Vinberg
cone is never linerly isomorphic to its dual cone. Then the non-selfduality follows
from this immediately.
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e = O e R™, I,.1: (m+1)x (m+1) unit matrix
0
{o
Tl €' 71 €R, mm€eR, X €Sym(m,R)
V =<z = x' e X ; m—+1 / m " m
tg bl o £cR , © € R", 2" € R

We note V' C Sym(2m + 2,R), and take () .= {z € V' ; 2> 0}.

ry 0 2 &
B 10T 0 &
When m = 1, we have x = 20X

&1 & z" xo
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Homogeneity of ()

Rl

h;>0(j=1,2), A €eR™ A" € R™

h'le

'C
H acts on Q2 by H x Q > (h,
We have H = N x A with

i

0 0
H=<h:= H 0
h" h

’ ¢ € R 0 € GL(m,R)

x) — hx'h. The action is in fact simply transitive.

a1l,4110 O a; > 0 (] = 1,2),
A=<a:= 0 |AO0 | : AeGL(m,R)is a diagonal ;,
\ 0 0 as matrix with positive diagonals
( m+1 0 0 n',n" e R" v e R
N:=<¢n:= N 0] ; NeGL(m,R) is strictly
\ tv n/ 1 lower triangular

t,

In solving x = na'n

(x € §2: given) we obtain basic relative invariants as before.



19

$1[m+1 e twl
Basic relative invariants: For x = re | X x| eV
t£ tw// T9
Aqi(x) = a1,
Aj(x) = det| — (7=2,....,m+1)
T ’ Aj-1
T11 L1 37/1
X, = | Cow = | ert),
Tkl " Thk ),

L1 ‘! 51 T top!
Apso(x) =aidet [ & X x| — (]|€]° = &) det( )
x| X

(€= (&, &n)).
Note deg A, 10 = m + 3.
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Ll

5131]m+1 € X y1[m+1 ey n
Inner product in V: Forz = e | X 2|, y= y'e | Y 4
t€ tx// 9 t,r’ ty// y2
(z|y) =21 + tr(XY) + zoyp + 2(2" -y + 2" - y" + £ - m)
OV ={yeV; (x|y)>0 forVeeQ\{0}}
$2[m—|—1 e tiB”J f
Define a linear operator Ty on V by Thoz = | Jx"le| JXJ Jx' | (x €V),
t€ tw/J T
0 1

where J € Sym(m,R) is given by J = p
1 0

Theorem [Ishi-N. 2009].  Q* = Ty(£2).
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Conjecture. () with rank {2 = r is selfdual <

the degrees of basic relative invariants associated to () and €)* are both
1,2,...,r.




