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Branching random walk
-

-

§::
nn.dk?nxlassumebinarssolTni=zns.rE..F..FE...E.* .

= sum of ancestral displacements Xu = 5

For now assume displacements are HD with common law Mi later we will weaken this
.



Br¥ng random watt Tt
T

Generation n : Tn ( assume binary so ltnl-24.TL To A
/ Position of node v : Xv = sum of ancestral displacement :

• • • • • F "

Xu -

- 5

For now assume displacements are HD with common law µ ; later we will weaken this
.

Minimum position in generation n : Mn :
-

- min ( Xv ,
re Tn )

Fairly generic fact : F CE IR st
.
ri ! Mn c Hammersley

Kingman 1970 's/

and moreover E Mn = ( I -1041 ) Cn Biggins

proof idea a) lower bound .

• Let ( Di ,
is ) be HD - M ,

let Sn =D
,
t - - - + Dn .

• For KC IED
, ,

P ( Snf xn ) - ex PC - Choi 'll - fck ) n ) ; fcx , large dev
. rate function

.

• Take c so that fcc ) = log (2) ; then floc ) > 2 for * c
.

• Then V-xsc.IE#Evc-Tn:Xvexn3--2npfSnsxn)s2ne-
" " " " " " ' n

= Ole - on)
• Now use Borel - Cartelli

. [ some 8=864 > OJI
'



tranchirgradomwalk xcv.jo ,

Let ① i. is ) be " D - M ,
let Sn=D,t . - - + Dn .

. - j

For HIED
, ,
pfsnexnf-expc-atoan.fr ) n ) ;

¥€
µ

fix , large dev
. rate function

,
fcc ) - log 2 . ⑧%

,

b) upper bound : fix I > c. then 3- KEN sit ! ¥
. ¥

,

?k

= 2K e-
( Hoch )fk7k • - ihr

le ;÷÷÷÷ :
" ' '

n
. HQ-ci.in

.

Define are normalized BRW

T
' "

- { vet : -Vjsk , X* ,
ok } IE # T

' "
> 1

.

(

T
" " '={ VEII .

" , + i-Vjelik.ci#Ik1X*j,-Xacv.ikfctk }

Then ( T " ? ist ) is a supercritical branching process

(

and on the event survives }
,

have Lineup n'
' Mns Ct .

Isolpflninsauprimnsct } > IP survives }= :p so
.



Branching random walk b) upper bound : fix Esc
,

then I KE IN sit
.

Generation itassumebinayso IT
.
1=24

/

E # { VE Tt : Vjs k , Xxcyjfctk } > 1

liiiiitiiii .is?iiii
generation . n

. fitting :
" II?? :* ie # t

"
"

.

Fairly generic fact : 3- Ce Rst
.
it
'

- Mn c T
" " '

= { VET, * , µ : V-jelik.ci + Dk )
,

X
* j ,

- Xxv
, i
ctk }

/

and moreover E Mn = ( t to " ') on

Then ( Tci ? is , ) is a supercritical branching process
Fairly generic proof of a. s .

com
.

i a) lower bound :

/ V-c.sc
,
E # { ve Tn : Xue en } -

- O ( e - on )
,

some Ice ) > o / and on the event {T survives }
,

have him
,
sgp n'

' Mns Ct .

Then use Borel - Cartelli
.

So lpflninsyp n'
' Mn Ect } > IP { T survives }= :p so

.

-

Now amplify : fix m large ,
consider all subtrees rooted at VE Tm

For any UE Tm
, by the branching property ,

⑥
{ fission - ' Mii 's Ct } > puts Tm

Tm in (Xv - Xu : v c- Tmm ,
x ( v ,

m ) -

- U }

iii.÷: ÷: :* . .
> I - ( t - pic

-' D
' " '

Nii '

13 I - ( I - pay )2m



trashing random watt

Generation n : Tn
( Position of node v : Xv
Minimum position in generation n : Mn

Fairly generic fact : F c e IR st
.
ri ! Mn c

/

and more over E Mn = ( I too ) c n

f

Remade : In fair ge

,

ne reality
,
c is also the

expectation threshold in that

Ling ri
'

log E # Eve Tn : Xp xn } is f? 8; I ? E
< o

,
x s c



finding near - minimal states
Hereafter assume Gaussian displacements : ⇒

| 3- b. Boost .
PHA - X parental > g) s be

-
B ? -

µ

for all nodes V
.

Write 02 for offspring variance
.

/

How can one find nodes VE Tn with Xu son ?
- z µ

Bootstrap the law of large numbers :
i

• Given e > 0
,
fix K - KK) large enough V

(⇒ µthat EM
,
@ + e) K -

• Let valet have minimal position among depth - K nodes :

÷÷÷÷ : lies : position

X - X = Mini
- D

Vlj ) Uj - i ) K

"

K - level greedy search
"



finding near - minimal states
Hereafter assume Gaussian displacements :

⇒

| 3b.Bsost.PH/r-Xparen+a,lsy)ebe-B5
,

"¥¥µ
for all nodes V

.

Write 02 for offspring variance
.

/

How can one find nodes VEI with Xv ' Cn ?
,

,
- 2K

Bootstrap the law of large numbers :
i

• Given e > 0
,
fix K - KK) large enough V

(⇒ µthat EM
,
@ + e) K -

• Let valet , have minimal position among depth - K nodes :

k
Xun

,

= Mk Var Xvcnlk , E n - 2 o ?
I

.

its :i : Position P

:& .si?:..t:n::::;n:.;:.ents .

X - X = M
" " " " and

Vlj ) Uj - i ) K
Var Xva , =Varmin{ Xv : vet }

• Then Ellyn ,H=Yk EXUM ' Kt E) n
s Var Xv

K

Ft2tX'
'

kjeakvehlorndsdunean
.

K 02=2
"

- Ko ?

with probability ( t - out ) as n→a . minimal nodes with high prob .

"



finding near - minimal states
Hereafter assume Gaussian displacements :

⇒

| 3b.Bsost.PH/r-Xparen+a,lsy)ebe-B5
,

"¥¥µ
for all nodes V

.

Write 02 for offspring variance
.

/

How can one find nodes VEI with Xv ' Cn ?
,

,
- 2K

Bootstrap the law of large numbers :
i

• Given e > 0
,
fix K - KK) large enough V

(⇒ µthat EM
,
@ + e) K -

• Let valet , have minimal position among depth - K nodes :

k
Xue

,

= Mk Var Xvcnlk , E n - 2 o ?
I

lies : Position P

;÷::÷÷÷÷ :* : opens .

X - X = M
" " " " and

Vlj ) Uj - i ) K
Var Xva , =Varmin{ Xv : vet }

• Then Ellyn ,H=Yk EXUM ' Kt E) n
s Var Xv

K

Ft2tX K 02=2
"

- Ko ?
0%

with probability ( t - out ) as n→a .

-# node value queries - 2K - NK = Oeln ) : linear - time algorithm .



Pe mantle ( 2009 ) Ber ( p ) steps , p > E . Mnn_ → c -
- Ccp )

- x

write plot ,
K ) : =P ( I ve Tt i V-j.sk , Xacyjgf ( Ctd ) n)

theorem ( penname zoo , fi , s > ,
.

por any algorithm ,

,⇒÷t

for all n soft large ,
all e s off

.

small with e ⇒ has . the

probability of finding a node V C- Tn with Xue ( at e) n
d

by using at most Cs - Dn
⇒

'

p ( se ,

queries ,
is 01£ )

Note Writing k then p ( se ,
=P ( F vet : V-j.sk , Xxv, j ) f Ck t Sk " 3)

Corollary ( Gan tert , Hu ,
Shi 2011 ) For n

- % e al
, prob . of finding

l l

ve Tn with Xue k - ie ) n in n - exp ( Oke )
"
) steps is O #

.

Remarks
• For e > o small

,
fixed

,
Pe mantle proves that an

"

iterated depth-first search "

finds ve Tn with Xu ' k + e) n in n - exp ( 0K¥)
" )) with high prob .

• Say a search algorithm does not jump if its set of queried
vertices is always connected .

Conj (Pe mantle 2009 ) for any ke IN ,
no alg .

finds a path with 3k zeroes in shorter

average time than the best alg .
which does not jump .



Algorithmically finding extreme values : NB : Natural to identify
some examples . Tn with the hypercube { - I

,
13
"

.

Branching random walk .

-

can find re Tn with Xi - at e) Mn in 0dm time
.

Random energy model ( REM ) (Xv
,

res - i. BY l ID N Con ) .
Then

- Mn .

- = min ( Xv , VES - I
, B

"

) = - ( It open ) FE n

- To find Xv with 11h13 Cn requires exp (E - n ) queries .

- Perhaps surprising that (
small ) correlations of BRW change

algorithmic complexity so greatly ( relative to REM )

Random signed sum G- ( G . . - →
Gn ) HD Nco . D; for off -1,13

"

let HCot-E.mil Gilo ,
G)

By querying on .
- -

, on ) and¥
- → on ,

- Oi , Oi , . . . .

.
On )

can determine sign ( Gi ) ; so 2n queries
suffice to find o minimizing H Co )

.



Algorithmically finding extreme values :

some examples . J = ( Jij ,

Ki
, je n ) 11 D N ton )

Sherrington - Kirkpatrick : H ( o ) = Lo , Jo ) =

.

Jijocilocj )

Mn -

- min ( Xo ,
GE E - i. Bn )

Theorem ( Montanari 2018 ) conditional on the truth of the SK

replica overlap conjecture ,
for all e so

,

with high probability

can find oE{ - I
,
I }
" with Hk ) -

- Clt e) Mn in 0dm ) running time
.

Spherical SK Mn -

- min ( H co ) , GEIR ? lol - n
" )

This is just min . eigenvalue of Js can be efficiently computed .

Spherical p - spin F- (Ji
. . . . ,ip
:( in

. . . .

.
ip ) E 1.2 . . . . .n3P) l ID NO , Ipt )

H =€÷p⇒Ji. . . . .

. ijociio - - - ooh
-

p
) Mn as in

UNKNOWN WHAT

CAN BE ACHIEVED
ALGORITHMICALLY



CREMand-yjte.mg?montinuous random energy model ( CRE M )

CRE MCA
,
n)

/

A : Cumulative dist
.
f ' of a finite measure on

[0,1 ) ; so Alo ) -

- O , All ) C- ( o ,
a )

.

n : number of levels
.

/

Gaussian process ( Xv
,
vet ) indexed by

IT Tutu - - - utn

Displacement laws :

If VEI , then Xv - X parents is
/

Nco ,
n (Alka ) - Al ' D)

.

Displacements mutually independent
.

Idea : along any root - to - leaf path ,
observe

an inhomogeneous Brownian motion whose/

infinitesimal variance at time a zn is A' CH
.



CREMandit-minimaiEX-amplesst.am

dard (binary ) Gaussian BRW
.

3 - o

Z
O* * 1¥ : In

E # fu c- Tn : Xv E - xn ) = 2
"

exp f- In )
/ n

- ' Mn f. 2 log 2)
"
Z



( REM and its minima : Examples
#

I T

standard binary ) Gaussian BRW
.

Z

Aar . ÷:& . "

E # fvetn .

- Xv ' - xn ) - 2
"

exp f- In )
n

- ' Mn - ( 2 log 2)
"
Z

.

#

Spiced - a
G-

aussian BRW

3

Zc a - -

Aca -

- tag
.
Ziggo . "

a z f
-

E # fvetn .

- Xue - xn ) - 2
" expfa.TL )

/ n
- ' Mn - la -210g 2K

'
o

-



CREMandit-sminimaiEX-ampesspee.cl - a Gaussian BRW

standard (binary ) Gaussian BRW
.

Z
a

A =
,
} s . .

AH ÷¥ :& . "
if

⇐ * i.e
. . mnn⇒tauos

N' Mn -1210g 2)
"
Z

#

Two - speed convex Gaussian BRW

Z ' 3- .
• - IE # { vetnixacyn ,zftE9¥n ,

Aer . E' if xixa.n.i.tt#s.ssFn3
3 Z j

-

la 52nkexptk.gr/.2N2expf2loz92n )
First-half S1
E # {

VETryzixvf-xn-zf-2nkexpfzI.cn/zD=2nkexpf-z-n)n-'Mn-sfEES' In -2/2%3)' In

Second-half = - ( 3.21092)
's

42 Y
E # fvetn :X

.

- Xacv.nu
,
' -9142 e×Pt¥n )

/ same as if AG4=3x on b. D



CREMandit-sminimaiEX-ampesspee.cl - a Gaussian BRW

standard (binary ) Gaussian BRW
.

Z

a-3.ae#zE
.

A' * k¥1:& "
if

⇐ * .

!÷÷÷ii :*
. nmn⇒axoe

n' Mn -121092 )
"

IE # { vc.T.nixacv.nn.is -21219¥'re ,÷ - 3

Two - speed concave Gaussian
-

BRW
. Xr-Xacu.n.ms - 1¥49 n }

Z

- Aca -_{¥÷E÷§Y ,

' I' kxpt-2-sn.znnexpciog.nl
z S1

Z 1

But n
- ' Mn -4 - ( 3.210927

,

because
E # { vetryzixvs - XI }

" z x IE # { VET.nixacv.nn.is - 2¥59 n }
=2expt¥n )

aznke.pl - 2103-924=2
- " "

i

E # { vet :X
.

- Xan ,%,←yI } the needed trajectories

" 2"ZexpfE )
do not exist

.

2in
/ In fact

,

here n "Mn→( Ftl )log2 .



( REM and its minima : Examples Speed - a Gaussian BRW
#

T T

standard (binary ) Gaussian BRW
. za a

z
s . .

Atef z'qq.is
•

A Z

A- (2) =
z zE( 0,1 ) -K! ! !

µ

⇐ *

go.tn/re-xn3-2nexPtaETn,e*guc.,n..,y,.,.ngazne.ppqn
,

/

mmna.y.ya.zg.gg#n-'Mn-%f2log2)k
# Two - speed convex Gaussian BRW

.

Two - speed concave Gaussian BRW
z z . -

3- • -

z Z
Z c - z

" *E÷÷÷¥÷: if
" " E :÷÷÷÷ :

3 Z -1
,

-

'

¥÷:÷÷÷:÷÷÷÷÷÷÷:i÷÷ :* .

¥¥i÷÷¥÷÷÷÷÷i:i÷÷:i÷ .

E # { vc-T.ixacv.nn.it#s97th,Xv-Xacv.nms-f192J'
'
n }

E # { vetnixacv ,mzft⇐s9¥n , Xr - Xacu.n.ms
- 21¥93)'

'
n }

'

2nexpt-2-5.sn - toss 're ) 1

But n
- ' Mn -4 - ( 3.21092K

,

because

= Znexpl -

'
re - 21592-4=1

E # { vein :X .am#s-2fEog7kn1=2Mexpl-2'5InK2-
" "

i

n "Mn→fEog¥n - 212¥73)÷n= - ( 3021092)
"

the needed trajectories do not exist .HFffmI¥%7Dlog



CREM.Themini-mumpositionpropos.TT#onfBovier-kunkovaiMallein

; LAB - Maillard )

Suppose A is absolutely continuous wrt Lebesgue

measure
,
and has a Riemann - integrable derivative a

.

Let An be the concave hull of A
,

let a be the
n

A
left - derivative of A-

.

-

Then ri
'

Mn to
"

acts dt = : - c ✓

moreover
.

⇐ sup " iii.
"

ii.
"

÷÷: : : :: "
.

I

tThe supremum is attained via the f "

Vma ×
: Co

. D → IR with

Vma
, ( s ) = acs ) - ( Iff}, )

"

? -

N
-

B
.

: The value c only depends on A through An ; but

/ the trajectory Vma , followed to reach - c n within IT

depends sensitively on A
.



CREManditsminimai-The-algorithmicba-ier.IT( Malkin ) : The natural - speed path for A ( Recall A
'

- a )
is the function 2-( t ) -

- 2- act ) = 14219252 acts 'd t



CREManditsminimai-The-algorithmicba-ier.IT( Malkin ) : The natural - speed path for A ( Recall A
'

= a )
is the function 2-( t ) -

- Z alt ) = 142 log 252 act Edt

Idea : Recall that along any root - to - leaf path ,
we observe an inhomogeneous

Brownian motion whose infinitesimal variance at time a tn is Alt )
.

More precisely : if ve Tm then Xv - X parents is Nco ,
n (Alam ) - A D

.

If mxtn then step variance is n (Atm ) - Al = act )
.

Let k be fixed
, large .

For re Tm
,

we Tm
+ k with acw.ms =V

,

then Xw - Xv - N ( o , ka ( t ) )
,
so

wc-Tm-ikiacw.ms =v
,
X w

- Xv f - CK 352k IP ( Nco , Ka Ctl ) s - c K )E # {
* It , )=

exp ( K log 2 -
= I when a = ( 2 log 2)

k alt ) k

so for k large the K - level greedy search from before will

typically make a path vi. . . . .vn with Hun ) x - n 7- Alt ) .



( REM and its minima : The algorithmic barrier
-

-

Def ( Malkin ) : The natural - speed path for A

is the function 2-( t ) -
- 2- act ) = 14219252 acts 'd t

( LAB
,
Maillard )

If A abs
.

continuous
,
A

'

Riemann - integrable ,
then with Z *

= ZACH
,

we have :

1
.

For all x a Z*
,
there is a linear - time algorithm that finds ve Tn with

Xue - xn with high probability .

2. For all x > z*
,

there is D= HA ,
" ) > O St ' fo - n large ,

for any algorithm ,

the expected # of queries before finding a node VE Tn with Xue - xn

oooo

stochastically dominates a Geometric ( ex pl - In ) ) random variable
.

•

8-Proofidea :

" the * we , greedy search .

.

.

/

( for large K ) approximately

follows a natural - speed path . ¥



( REM and its minima : The algorithmic barrier
-

-

Def ( Malkin ) : The natural speed path for A

is the function 2-( t ) -
- 2- act ) = 142 log 252 act I'd t

( LAB
,
Maillard )

If A abs
.

continuous
,
A

'

Riemann - integrable ,
then with Z *

= ZACH
,

we have :

1
.

For all x s Z*
,
there is a linear - time algorithm that finds ve Tn with

Xue - xn with high probability .

2. For all x > z*
,

there is D= HA ,
" ) > 0 St ' fo - n large ,

for any algorithm ,

the expected # of queries before finding a node VE Tn with X re - xn

stochastically dominates a Geometric ( ex pl - Tn) ) random variable
.

Prooftdea :

1) In the inhomogeneous setting ,
the renormalization search follows the natural speed path .

2) For every node ve Tn with Xv f - xn
,
there is a linear - size subsection

of the ancestral trajectory of v along which the slope is unnatural

( greater in absolute value than the slope of the natural speed path) .



CREManditsminimai-The-algorithmicba-ierD.es
( Malkin ) : The natural speed path for A

is the function -241=-2 act ) = 142109252 act I'd tu × , z
*

= za ,

Prooftdea :

f
2) For every node ve Tn with Xv f - xn

,
there is a linear - size subsection

of the ancestral trajectory of v along which the slope is unnatural

( greater in absolute value than the slope of the natural speed path)

• For large M
. go

'

acts
's dt-e.ES?iannaltkdt=jEm4zlAtt-AlnID



CREManditsminimai-The-algorithmicba-ierD.es
( Malkin ) : The natural speed path for A

is the function -241=-214--142109252 act I'd
tu × , z

*
= za ,

Prooftdea :

/
2) For every node ve Tn with Xv f - xn

,
there is a linear - size subsection

of the ancestral trajectory of v along which the slope is unnatural

( greater in absolute value than the slope of the natural speed path)

• For large M
. go

'

actstzdt-e.ES?iinaltkdtn--eEm4zlAtt-AlnIDLemm-a2iV-
E
,
M F 830 sit . for n large ,

for any algorithm , # queries
before finding an spindle : HI FE→&,

M) - steep sub trajectory is hast Geom ( 8h ) . r

Pi% displacements in €TT§§
" tower of spindles " above v when v is -queried .

Gain independence ⇒ simplifies
analysis . M 2M



CREManditsminimai-The-algorithmicba-ierD.es
( Malkin ) : The natural speed path for A

is the function -241=-214--142109252 act I'd
tu × , z

*
= za ,

Prooftdea :

I
2) For every node ve Tn with Xu f - xn

,
there is a linear - size subsection

of the ancestral trajectory of v along which the slope is unnatural

( greater in absolute value than the slope of the natural speed path)

For large M
. joactstzdt = €

,
annaltidt I

,
( Atl -Al

Lemmy 2 : V E
,
M F 8 so sit . for n large ,

for any algorithm , # queries
before finding an spindle : ¥5 FE→&,

M) - steep sub trajectory is hast Geom (8 n ) . r

Patane: imtahee
,

branching property :=fff§
⇒ exponentially unlikely to find a steep segment -on any single query , even conditionally given past queries .



Open problems / research directions
.

• Extend approach to models with

less trivial geometry .

• Understand finer asymptotic s of query
complexity near the critical point 2- *

• Extend analysis to find computational
threshold for efficiently approximating
Gibbs measures in the CRE M .

° Find natural complexity - theoretic
assumptions under which this analysis
can be extended to prove

" hardness "

.



本⽇日はありがとうございました。 

\


