Double zeta values and modular forms *

Masanobu Kaneko (Kyushu University)

The double zeta value is defined by the convergent series
1
C(hik) = Y —
mi1>mo>0

where ky and ko are positive integers with k; > 1. This is a special case (“depth 27)
of the multiple zeta value, which is defined by

1
C(k17k27"‘7kn) = Z k1 ko

e omkn
my>ma >« >mp >0 my My ey,

and was studied already back in 18th century by Euler. For the multiple zeta value
C(ky, ko, ..., ky), the number ky + ko + - - - + k,, is called weight, and n depth. Hence,
for the double zeta value (k1 k2), the weight is k; + ko and the depth is 2. For some

technical reason, we shall look at the modified double zeta values ((ky, k2) defined
by
((kr, ko) == (2mV/=1)" R (K ).

We are interested in the Q-vector space spanned by the double zeta values of
fixed weight.

Definition. For k > 3, define the Q-vector space DZy, by

k—1

D2 =Y Qi k —1).
=2

Some ten years ago, Don Zagier conjectured

Conjecture (Zagier). For k > 3, we have

1
dimgDZ, = {%} ~ 1 — dime Sy(SLs(Z)
% — 1 —dimc Sk(SL2(Z)) if k is even,
%1 if k is odd.
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Here, Sk(SL2(Z)) is the C-vector space of cusp forms of weight k for the modular
group SLy(Z).

In the following, we shall sketch a proof of the inequality

kol
dimg D2, < {%} — 11— dime Sy(SLs(Z),

by studying the “double Fisenstein series.” This inequality was proved by Zagier
himself and Goncharov in different methods. The stress here is the new approach
using the double Eisenstein series. Note that the proof of the converse inequality
“>”_ which together would establish the validity of the conjecture, seems to be out of
reach. (Recall that we do not know for instance if dimg <QE(2, 4) + QC(3, 3)) > 1,

nor any single example with dimg DZ, > 1.)

Definition. For 7 € § := upper half-plane, an element A\ = mt +n € Z7 + 7 is
positive, denoted by \ > 0, if either m > 0 orm =0, n > 0. For \, u € Z1 + Z, we
write A > p if A —p > 0.

We define the Eisenstein series Gi(7) for k > 3 and the double Eisenstein series
kal(T) for k > 3, [ > 2 by

and

1
(;kJ(T) = EE: XE;E.

A>p>0
AN MWELTHZ

If & = 2, the series defining Gy (7) is not absolutely convergent and we define
Ga(T) by

Gatr) = () + 13 o

m=1neZ
As for Gy (7), the situation is more subtle unless £ > 3,1 > 2. We shall define
G(7) in the non-absolutely convergent case by the g-series given below.
Put Gi(1) = (2rv/—1)"*Gy(7) and ék,l(T) = (2m/=1)7F Gy (7). We give
Fourier expansions of Gj,(7) and Gy, (7).
The expansion of ék(T) is standard and is given by

-~ ~ 1) &
Gr(r) = (k) + ﬁ ; ok_1(n)q",

where ¢(k) = (2mv/=1)7%¢(k), op_1(n) = Yy, d*"', ¢ = €™, Note that the
series has rational coefficients except the constant term for odd k, which is pure



. . —1)k [e'e) n -~ -~
imaginary. Put g, = % > ok—1(n)g" so that Gy(1) = ¢(k) + g.
Proposition 1. Let k> 3 and 1 < < k—2. A Fourier series ofék,m-(T) is given
by

ékfi,i@—) = Z(k —1,1) + Z(Z) Jk—i

+ (-1)%{(‘2:3 + (=1)F (k j_;i 1)}5(]’) 9k~

Jj=2

_1k kzlmu 1 i—1 _nv
’ (2'—1)5(/{12—1 2 (Z“ ><§5i,1+21} q )

m>n>0 \u>0 v>0

(We set C(1) = 0. The right-hand side is the definition of Gy_ii(7) unless k > 5 and
i>2)

We note that the series belongs to \/—1kR—|—qQ[[q]] ++v/—1¢R[[g]]. Later we shall
consider the “imaginary part” of G_;;(7) when k is even, which is a rational linear
combination of ¢ ( J)gk—; for odd j.

Proposition 2 (shuffle products). For k > 3 and 2 < i < k/2, we have the
following relations.

(i) Gi(7) Gois(7) = Gipi(T) + Gris(T) + Gi(7).

(i) Gi(r) Grs(r k;{(g:i) (kf;il)}éj,k_j(r).

J

Proof. Rather tedious computations involving binomial identities. The computation
only uses the g-expansions to avoid manipulation of conditionally convergent series.
O

Corollary. For k >3 and 2 <i < k/2, we have the “double shuffle relation”

3 { (Z - i) " <k: ]—;i 1) — 0~ 5’?-2‘4} Giey(T) — Gi(7) =

(0; ; = Kronecker’s delta).

k‘

I
)

J

Taking the constant term of the Fourier expansion of this expression, we obtain
the double shuffle relation of double zeta values. If we formally put ¢ = 1 in that
relation, the divergent terms cancel out (formally) and we obtain the “sum formula”

E
—

CUisk = 5) = k),

<.
[l
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which is thought of as an example of the “regularized double shuffle relations.” The
next proposition “lifts” the sum formula for double zeta values, but involves one
extra term of the derivative of the (single) Eisenstein series.

Proposition 3. For k > 3, we have

Sy > G _(7) ,_ d 1 d
;Gj,k—j(T):Gk(T)—ma ( :q@:%—ﬁE)'

Proof.  Also a quite complicated calculation using g¢-series. We need a formula
for the sum of powers of integers in terms of Bernoulli polynomials and the lemma
below. ]

Lemma. Let M and N be positive integers. We have the following equality of
disjoint unions of sets of integers.

M-1 M
[ {divisors of N(M — j) with > j} = [ [ {divisors of Nj with > j}.
j=0 J=1

In particular (N = 1),

M-—1
\J {divisors of M — j with > j} ={1,2,...,M}.

Jj=0

Combining Proposition 3 with a formula of Ramanujan, we obtain a refinement
of the sum formula.

Corollary.

- 1~
D Giri(7) 7Gr(7)
Jroda
Definition. For k > 3, put
k—1

D&, = Z QGixi(7).
=2



Assume k is even > 4 (odd weight case is treated similarly but less interesting
because of the absence of modular forms).

Proposition 4. We have
MZ(SLsy(Z)) ® QG _y(7) C DE,

where M2(SLy(Z)) is the Q-vector space of holomorphic modular forms of weight
k on SLy(Z) whose Fourier coefficients belong to Q.

Proof. We know D&, > ék, é;_Q,éi G (4 <i < k/2) by the shuffle products
(Proposition 2) and the sum formula (Proposition 3). In view of works of Rankin
and Eichler-Shimura (do we really need all this?), the space M2 (S Ly(Z)) is spanned

by G, and G; - G (4 <i < k/2), hence the result follows. O

Proposition 5. The space D&, is spanned by Giji(7) (k/2 +2 < i < k —1),
Gi(7), and G),_,(7). In particular, we have dimg D& < k/2.

Proof. The double shuffle relations (Corollary to Proposition 2) and the sum formula
(Proposition 3) give k/2 linear relations among Gy, Gj_o, Gi—i; (1 < i < k —2).
Looking at the coefficients, the proposition directly follows. 0

Now we consider two projections 71 : DE, — D2, and my : DE, — IDEy,
where, for f € D&, we define

m1(f) = constant term of the Fourier series of f,

mo(f) = imaginary part (times y/—1) of the Fourier series of f.

The space SDE;, is the “imaginary part” of DE, embedded into C[[q]] via Fourier
series. By definition, we have the following two exact sequences

0 — kerm; — D&, = D2, — 0

and
0 — kermy — DE, = IDE, — 0.

Theorem 1 (Goncharov, Zagier). For k > 4 even, we have

k
Proof.  We know by Proposition 4 that kerm; D S2(SLy(Z)) @ Qé;fz(T). From
this and Proposition 5, we obtain the theorem. O

The equality holds if and only if both dim DZ}, = k/2 and ker m; = S,(?(SLz(Z))EB
QG)._5(7) hold true.



As for the second exact sequence, we see by Proposition 1 (Fourier series) that
the map 75 on the generators (abundant) G, ,—;(7) (2 <@ < k—2) is given explicitly
by

t(Wz(éz,k—z), 7T2(és,k—3), <o 7T2(ék—2,2))

= Q1 - "(C(3)gk—3,C(5) g5, - - -, C(k — 3)g3),

Qr = <5ki,j + (—1)”]’ (Z : 11) + <_1)k+i (k j_;i 1)) 2<i<k—2

2<j<k—2, jiodd

= <5k—2—i,2j + (1) <2;) - (=1) (k: —25— z)) 1<i<h-3

1<j<k/2-2

with

Theorem 2. rank @ = k/2 —2 — dim S(SLs(Z)).
Proof. Use the theory of periods of Si(SL2(Z)). O

Now we impose the hypothesis:

Hypothesis (0Z): ((3), C(5), ..., (k — 3) are all linearly independent over Q.

Proposition 6. Under the hypothesis (OZ)y, we have dim D&y, = k/2, dim SDE, =
k/2 — 1 — dim My (SLy(7Z)), and ker my = M2 @ QGj_o(7).

The matrix ) is nice. It’s kernel vectors on the right give even period polyno-
mials, whereas those on the left give linear combinations of double Eisenstein series
which become modular, so their constant terms give relations of double zeta values.

Example For £ = 12, we have

6 15 28
—4 =20 —48
1 15 42
Q12 =
0 —-14 —42
4 20 48
-6 —15 =27
4 6 8

moooooo»—ij
o
o
o

The kernel vector



corresponds to the even period polynomial X® — 3X° + 3X* — X2,
On the other hand, the kernel on the left of Q5 is 6 (= k/2 — 1 + dim S},)
dimensional and spanned by

(1,0,0,0,0,0,0,0,1), (0,0,7,28,0,20,0,0,0)
(0,0,1,0,0,0,1,0,0), (15,30,6,0,0,0,0, 16, 0)
(0,0,0,0,1,0,0,0,0), (5,10,12,8,0,0,0,0,0).

The three vectors on the first column come from the product of ordinary Eisenstein
series. For instance, (1,0,0,0,0,0,0,0,1) corresponds to the fact that Go10(7) +

51072(7) has Q-rational coefficients, which is clear from the shuffle product identity
62710(7') + 51072(7') = 62(7')610(7') - 612(7').

As an other example, let us take (0,0, 7,28,0,20,0,0,0). Corresponding to this,
we have the relation

3-11-149 ~ 1

TGuas(7) + 28G5 (1) +20G75(7) = “55— o= Gual7) — G oot

A(T).
(A(T) =q]],—,(1 - q")**) and hence

Al(r) = 2°.3%.5.11- 149@12(7-) —27.3%.5.7-691 64,8(7')
—29.32.5.7-601 Gs1(r) — 2° - 32- 5% 691 Gy.5(7).

Comparing the Fouries coefficients on both sides, we obtain (apparently new) for-
mula for 7(n), the nth Fourier coefficient of A(7):

149 691 11747 173441

T(n) = %all(n)—@m(n)— 196 os(n) + 360 o3(n)

3455 2764 19348 13820
Ty Ul(n)— 3 P3,7(n)— 3 P4,6(n)— 3

149 691 17-691

= 33570 " g 5or) — g S os(n)

251 - 691 5691 22691
T 5ol T T ) Ty
22.7-691 22.5-691

B

P6,4(7L)

p3z(n)

p6,4<n)7

where

pri(n) == Z Z uf ot

a+b=n wula,v|b
a,b>0 Q>Q
u v

~ Orif we take the simplest (0,0,0,0,1,0,0,0,0), we have correspondingly (or from
Goo(T) = (Go(1)? — Gia(7)) /2)

N 92.3 _ 1
— - A
735 gor )
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and thus B B
A1) = 273252 Gra(7) — 27 - 3- 5% - 691 G (7).

Comparing the coefficients, we obtain

2 691 691 5-691
T(n) = gogonln) + o =0s(n) = g5 os(n) + o701 ()
2-691
- 3 ps,5(1).
Since 693 = 691 + 2, it is transparent that we have the famous congruence of

Ramanujan:
7(n) = o11(n)  (mod 691).

The other example (5,10, 12,8,0,0,0,0,0) gives

5@2710 (7') + 106’379 (T) + 12&4,8(7_) + 86577(7)
41-1321 ~ 1 1

=— G Alr) - =G
753010 T g s ger A T 1 Gnln)
and taking it’s constant term
41 - 1321
5¢(2,10) + 10¢(3,9) + 12¢(4,8) + 8((5,7) = mg(m).

Also we have yet another formula for 7(n), etc.
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