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L-S categories of simply-connected compact simple Lie
groups of low rank

Norio Iwase and Mamoru Mimura

ABSTRACT. We determine the L-S category of Sp(3) by showing that the 5-fold
reduced diagonal As is given by v2, using a Toda bracket and a generalised
cohomology theory h* given by h*(X, A) = {X/A, S0, 2]}, where S[0, 2] is the
3-stage Postnikov piece of the sphere spectrum S. This method also yields a
general result that cat(Sp(n)) > n + 2 for n > 3, which improves the result of
Singhof [21].

1. Introduction

IN THIS paper, we firstly discuss the L-S category of Gy as in Theorem 1.1 to
illustrate the methods to be used later in the argument for Sp(3). Secondly, we
prove cat(Sp(3)) = 5 as in Theorem 1.2, although an alternative proof of it can
be deduced from public sources by Lucia Fernandez-Sudrez, Antonio Gémez-Tato,
Jeffrey Strom and Daniel Tanré [6]; the earlier version, however, appeared to the
authors to contain an error ([5]). In fact, this is our starting point and motivation
to write the present paper with a short and clear proof for cat(Sp(3)) = 5. Finally
we show that this argument for Sp(3) partially extends to the general case as in
Theorem 1.4.

From now on, each space is assumed to have the homotopy type of a CW
complex. The (normalised) L-S category of X is the least number m such that
there is a covering of X by (m + 1) open subsets each of which is contractible in
X. Hence cat {*} = 0. By Lusternik and Schnirelmann [14], the number of critical
points of a smooth function on a manifold M is bounded below by cat M + 1.

G. Whitehead showed that cat(X) coincides with the least number m such
that the diagonal map A,y : X — Hm+1X can be compressed into the ‘fat
wedge’ T™(X) (see Chapter X of [24]). Since [T™"" X/ T™+(X) is the (m+41)-
fold smash product A™1X, we have a weaker invariant wcat X, the weak L-S
category of X, given by the least number m such that the reduced diagonal map
A1 0 X — A™HLX s trivial. Hence wcat X < cat X.
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2 N. IWASE AND M. MIMURA

T. Ganea has also introduced a stronger invariant Cat X, the strong L-S cate-
gory of X, by the least number m such that there is a space Y homotopy equivalent
to X and a covering of Y by (m + 1) open subsets each of which is contractible
in itself. Thus wcat X < cat X < Cat X. The weak and strong L-S categories
usually give nice estimates of L-S category especially for manifolds. Actually, we
do not know any example of a closed manifold whose strong L-S, L-S and weak L-S
categories are not the same. The following problems are posed by Ganea [7]:

i) (Problem 1) Determine the L-S category of a manifold.
ii) (Problem 4) Describe the L-S category of a sphere-bundle over a sphere
in terms of homotopy invariants of the characteristic map of the bundle.

Problem 1 has been studied by many authors, such as Singhof [20, 21, 22],
Montejano [16], Schweizer [19], Gomez-Larranaga and Gonzalez-Acuila [8], James
and Singhof [13] and Rudyak [17, 18]. In particular for compact simply-connected
simple Lie groups, cat(SU(n + 1)) = n for n > 1 by [20], cat(Sp(2)) = 3 by [19]
and cat(Sp(n)) > n+ 1 for n > 2 by [21]. It was also announced recently that
Problem 4 was solved by the first-named author [10].

The method in the present paper also provides a result for Go, and thus we
have the following result.

THEOREM 1.1. The following is the complete list of L-S categories of a simply-
connected compact simple Lie group of rank < 2:

Lie groups | Sp(1) = SU(2) = Spin(3) | SU(3) | Sp(2) = Spin(5) | G2
wcat 1 2 3 4
cat 1 2 3 4
Cat 1 2 3 4

Although the above result is known for experts, we give a short proof for Gs.
In fact, the result for G5 has never been published and is obtained in a similar but
easier manner than the following result for Sp(3):

THEOREM 1.2. wcat(Sp(3)) = cat(Sp(3)) = Cat(Sp(3)) = 5.

REMARK 1.3. The argument given to prove Theorem 1.2 provides an alternative
proof of Schweizer’s result

weat(Sp(2)) = cat(Sp(2)) = Cat(Sp(2)) = 3.

The authors know that a similar result to Theorem 1.2 is obtained by Lucia
Ferndndez-Sudrez, Antonio Gémez-Tato, Jeffrey Strom and Daniel Tanré [6]. Our
method is, however, much simpler and provides the following general result:

THEOREM 1.4. n+ 2 < wcat(Sp(n)) < cat(Sp(n)) < Cat(Sp(n)) for n > 3.

This improves Singhof’s result: cat(Sp(n)) > n+ 1 for n > 2. We propose the
following conjecture.

CONJECTURE 1.5. Let G be a simply-connected compact Lie group with G =
[1, H; where H; is a simple Lie group. Then wcat(G) = cat(G) = Cat(G) and
cat(@) = Y cat(H;).

It might be difficult to say something about cat Sp(n), but an old conjecture
says the following.

CONJECTURE 1.6. cat Sp(n) =2n—1 for alln > 1.

The authors thank John Harper for many helpful conversations and also the
referee for giving them some comments, in particular, regarding Remark 2.4.
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2. Proof of Theorem 1.1

Let us recall a CW decomposition of Go from [15]:
Go=cductueeueducedueuell uel
On the other hand, we have the following cone-decomposition.

THEOREM 2.1. There is a cone-decomposition of Go as follows:

G =xCcP?, SSue” -Gy - GYY,
SBue® - G w6, s1 Gl < G

Proof. The first and the last formulae are obvious. So we show the 2nd and 3rd
formulae: By taking the homotopy fibre F} of G(25) — (i, we can easily observe
using the Serre spectral sequence that the fibre has a CW structure given by S° U
e” U (cells in dimensions > 7), where the cohomology generators corresponding to
5% and e’ are transgressive. Thus the mapping cone of S° Ue” C F; — G(25) has
the homotopy type of G(QS). Similarly, the homotopy fibre F5 of G(QS) — (G has a
CW structure given by S8 Uel®U (cells in dimensions > 10), where the cohomology
generators corresponding to S® and e!'© are transgressive. Thus the mapping cone
of Sfuel® c Fp — G(QS) has the homotopy type of G(QH). QFED.

COROLLARY 2.1.1. 1> Cat(GY)) > Cat(GSY), 2 > Cat(GIY) > Cat(GYY),
3 > Cat(GSY) > Cat(GY) and 4 > Cat(Go).

Let us recall the following well-known fact due to Borel.

FAcT 2.2. H*(G2;7Z/27) = 7./2Z[x3, x5)/ (x4, 22).

COROLLARY 2.2.1. wcat(Gg5)) > wcat(G(Qg)) > 1, wcat(GgS)) > wcat(G(Qﬁ))
> 2, wcat(G(QH)) > wcat(G(Qg)) > 3 and wcat(Ga) > 4.

Corollaries 2.1.1 and 2.2.1 yield the following.
THEOREM 2.3.
Skeleta G§3> Ggs) Gg}) GQB) Ggsa) Ggu) s
wcat 1 1 2 2 3 3
cat 1 1 2 2 3 3
Cat 1 1 2 2 3 3

This completes the proof of Theorem 1.1.

REMARK 2.4. If we disregard the information of L-S categories of CW filtra-
tions of G2 and if we want only to deduce the equation wcat(Ga) = cat(Ga) =
Cat(Gs2) = 4, we have an alternative short proof of it rather than the above elemen-
tary homotopy-theoretical argument: Since the manifold Go is 2-connected and of di-

14
mension 14, we know that cat(Gy) < 3 by James [11]. On the other hand, the co-

homology algebra of Go with coefficients in Fy is well-known by Borel as in Fact 2.2,
and hence its cup-length is 4 and we get immediately that wcat(Gz) = cat(G2) = 4.
Concerning on the strong L-S category Cat(G2) of a manifold G2, we are in the
range of validity of Corollary 5.9 of Clapp and Puppe [3] which implies immediately
that cat(G2) = Cat(G3).

A ||
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3. The ring structure of h*(Sp(3))

To show Theorem 1.2, we introduce a cohomology theory h*(—) such that h*(X, A)
= {X/A, §[0, 2]}, where S[0, 2] is the spectrum obtained from the sphere spectrum
S by killing all homotopy groups of dimensions bigger than 2. Then §[0,2] is a

ring spectrum with 7%(S[0,2]) = Z[n]/(n3,2n), where n is the Hopf element in
S

77(S) = 77 (S[0,2]). Thus h* is an additive and multiplicative cohomology theory
with h* = h*(pt) = Z[e]/ (3, 2¢), dege = —1, where ¢ € h™! = 715 (£71S) = 77 (S)
corresponds to 7.
The characteristic map of the principal Sp(1)-bundle

Sp(1) < Sp(2) — S”

is given by w = (13,13) : S® — Sp(1) ~ S3 the Samelson product of two copies of
the identity t3 : S* — S, which is a generator of 76(S%) = Z/12Z. We state the
following well-known fact (see Whitehead [24]).

FACT 3.1. Let pu: S3xS% — 52 be the multiplication of Sp(1) ~ S®. Then we

have

Sp(2) = S Upo(ixw) S*xC(S%) = 5% Uy C(S°) Upofug ) C(S),
where fi : S3xS3 Uy {x}xC(S%) — S3 U, C(S°) is given by fi|ssxgs = p and
filssu,c(sey = 1 the identity and 13, x| + S — S®xS? Uy {x}xC(S%) is the
relative Whitehead product of the identity 13 : S — S% and the characteristic map
Yo @ (C(S%),8%) — (S3Ue™,S%) of the T-cell. Thus we have 1 > Cat(Sp(2)®)),
2 > Cat(Sp(2)(M) and 3 > Cat(Sp(2)).

Let v : ST — S* be the Hopf element whose suspension v, = X"~ 4v (n > 4)
gives a generator of m,13(S™) & Z/247 for n > 5. Then we remark that w, =
¥ 73w (n > 3) satisfies the formula w, = 2v,, € m,43(S") for n > 5. By Zabrodsky
[25], there is a natural splitting

NS xS U {x}x(SP Uy €") = B5% v (5% U, ) V ESPASE.

Then by the definition of a relative Whitehead product, the composition of [t3, w]”
with the projections to S and S U,, €7 are trivial and the composition with the
projection to S3AS? is given by t3Aw. Thus we have

S(fioftg, w]") = H(u)oX(13/Aw) = trows = 2vovr # 0
in m10(S*) & Z/24Z(vov7)®Z /27 (wsov7), and hence we have
Y2 (fio[t3, w]") = vsows = 202 =0 € m11(S°) =2 Z/27
by Proposition 5.11 of Toda [23]. Thus we have the following well-known facts.
Fact 3.2. We have the following homotopy equivalences:
Sp(2)/S? ~ (S3xC(S%))/(S?xS%) = STAD(S%) = 57 v 51,
»2Sp(2) ~ ¥23(S3 U, C(S%)) v £2810 = S5 u,,. O(S®) v S'2.
FacT 3.3. The 11-skeleton Xé}Ql) of X309 = Sp(3)/Sp(1) has the homotopy
type of S” U, ell.
Restricting the principal Sp(1)-bundle Sp(1) < Sp(3) % X35 to the subspace
Xé}Ql) = 57U, e!! of X35, we obtain the subspace q_l(Xé}Ql)) = Sp(3)) of Sp(3)
as the total space of the principal Sp(1)-bundle Sp(1) < Sp(3)(14) N $(S%U,, et?)
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with a characteristic map ¢ : S® U,, e!® — Sp(1) ~ $3, which is an extension of
w: 8% — 83

PROPOSITION 3.4. We have the following homotopy equivalences:

Sp(3)M) = % Uo(1xg) SExC(SC Uy ')
=5%U, C(S% Uy, ') U (S U, e'?),
Sp(3)(14) /83 ~ (3% C(S® Uy, €19))/(S%x (5S¢ Uy, '?))
= S3AN(SO Uy, €)= (ST U, ) v (S0 Uy, '),
Sp(n) =~ Sp(n — 1) U Sp(n — 1)xC(S*"~2),

where Sp(n — 1) C Sp(n)(r+n=11) forn >3 and hence

Sp(n)/Sp(n)((2"+1)"—11)
~ (Sp(n — 1)xC(S*"~2))/(Sp(n — 1)x§*"~2
U Sp(n — 1)@ D=1 o gin-2))
= (Sp(n —1)/Sp(n — 1)(@Gr=D(=1)=11)) \53g4n—2
== (Sp(2)/B)ARSIOA - ARSI 2 = (Sp(2) 4 )ASEn =10
= §@nt1)n=10\; g2n+1)n=10 \ Gy, (9)

_ S(2n+1)n—10 vV (S(2n+1)n—7 Uw(%+1)n,7 e(2n+1)n—3) vV S(2n+1)n, fO?” n>3.

This yields the following result.

PROPOSITION 3.5. Let fi : S3XS3 Usxy {x}x(S3 Uy C(SC U, €!9)) — S U,
C(S% Uy, e') be the map given by fi|gsxss = pu and filssu,c(s6u,,e10) = 1 the
identity. Then we have the following cone decomposition of Sp(3):

Sp(3) = 8% Ug C(S® Uy ') U C(S” Uy ) U C(STT) U C(S).

COROLLARY 3.5.1. 1 > Cat(Sp(3)®), 2 > Cat(Sp(3)("), 3 > Cat(Sp(3)(*¥)
> Cat(Sp(3)(*V)) > Cat(Sp(3)(19), 4 > Cat(Sp(3)(1¥)) and 5 > Cat(Sp(3)).

To determine the ring structures of h*(Sp(2)) and h*(Sp(3)), we show the
following lemma.

LEMMA 3.6. Let h* be any multiplicative generalised cohomology theory and let
Q = S" Uy el for a given map f: ST — ST with h*(Q) = h*(1,z,y), where x and
y correspond to the generators of h*(S") = h*(xg) and h*(S?) = h*(yo). Then

a? = £H(f)y in h*(Q),

where HY is the composition pholy of the Boardman-Steer Hopf invariant Ay :
mg—1(S") — m,(S?") (see Boardman and Steer [2]) with the Hurewicz homomor-
phism ph : 7w, (S?7) — h27(59) =2 h2"=9 given by p"(g) = Xi g% (2o®0).

REMARK 3.7. By [2], \2(f) is equal to ©hi(f) the suspension of the 2nd James
Hopf invariant hi(f). Hence by Remarks 2.5 and 4.3 of [9], Xa(f) = Lha(f) gives
the Berstein-Hilton crude Hopf invariant Hi(f) (see Berstein-Hilton [1] or [9]).
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Proof. By [2], A: Q = S" Uy e? — QAQ equals the composition (igAig)ola(f)oqq,
where gg : @ — Q/S" = 57 is the collapsing map and ig : S” — @ is the bottom-
cell inclusion. Then we have if,(z) = o and ¢ (yo) = y, and hence we obtain

= A" (2@2) = ((ZQ/\ZQ)O)Q(f) Q)" (z@r)
A2 (f)* (Q(x)®ZQ( = g (N2(f)" (0®20)) = g5 (Bdep" (Na(f))).
(51

A2(f)) is Hi(f)-yo € h*"(S

= g5(

Since X{op"(
2’ = qé(iﬁ?(f)-yo) = +H1(f)-q5(y0) = £H{' (f)-y

This completes the proof of the lemma. QFED.

) up to sign, we proceed as

Using cohomology long exact sequences derived from the cell structure of Sp(3)
and a direct calculation using Proposition 3.4 and Lemma 3.6 with the fact that
A2 (w) = ng, we deduce the following result for the cohomology theory h* considered
at the beginning of this section.

THEOREM 3.8. The ring structures of h*(Sp(2)) and h*(Sp(3)) are as follows:

h*(Sp(2)) = h*{la X3, X7, le}a
h*(Sp(?’)) = h*{la303,307,3011,910,914,918, 221}

where the suffiz of each additive generator indicates its degree in the graded algebras
h*(Sp(2)) and h*(Sp(3)). Moreover we have 23 = e-x7, 22 =0, 23, = 0, x307 =
Y10, T3T11 = Y14, T7T11 = Y18 and T3T7T11 = 221-

REMARK 3.9. The two possible attaching maps : S0 — S3U,e” of e'! found by
Lucia Ferndndez-Sudrez, Antonio Gémez-Tato and Daniel Tanré [4] are homotopic
in Sp(2). So, we can not make any effective difference in the ring structure of
h*(Sp(3)) by altering, as is performed in [6], the attaching map of e'l.

COROLLARY 3.9.1. wcat(Sp(3)®)) > 1, wcat(Sp(3)(") > 2, wcat(Sp(?))(lS))
> weat(Sp(3)M)) > weat(Sp(3)11) > weat(Sp(3)(1%)) > 3 and weat(Sp(3)) >
together with wcat(Sp(2)®)) > 1, wcat(Sp(2)(M) > 2 and wcat(Sp(2)) > 3.

COROLLARY 3.9.2.

Skeleta | Sp(2)® | Sp(2) | Sp(2)
wcat 1 2 3
cat 1 2 3
Cat 1 2 3

4. Proof of Theorem 1.2
By Facts 3.1 and 3.2, the smash products A*Sp(3) and A%Sp(3) satisfy
(/\4Sp(3))(19) ~ §12U,,, €'V (S1 v S8 v §16) v (19 v §19 v §19 v §19),
(/\5Sp(3))(22) ~ §15 () 19/ (§19 v §19 v §19) v (522 v §22 v/ §22 v §22),
Then we have the following two propositions.

PROPOSITION 4.1.  The bottom-cell inclusions i : S'? — A*Sp(3)18) and i’ :
S15 < ASSp(3) induce injective homomorphisms

iy m8(SM?) — 7T18(/\4Sp(3)(18)) and i, : 91(S*) — w21 (A°Sp(3)),

respectively.

wis
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Proof. We have the following two exact sequences
7T18(Sl5) i 7T18(512) z_*) 7T18(/\4Sp(3)(18)) — ng(SIGVSIGVSIG\/SIG),

7T21(518) ﬂ 7T21(Sl5) i) 7T21(/\5Sp(3)) — 7T21(SIQVSIQVSIQVSIQVSIQ),

where m15(S'?) 22 91 (S19) 22 Z/2Zv3; and ¢ and ¢ are induced from wis = 2v15
and wis = 2v15. Thus 9 and ¢’ are trivial, and hence i, and 7/, are injective. QED.

PROPOSITION 4.2. The collapsing maps q : Sp(3)18) — Sp(3)(18) /Sp(3)14) =

S8 and ¢ : Sp(3) — Sp(3)/Sp(3)18) = S induce injective homomorphisms

¢ msg(A*Sp(3)18)) — [Sp(3)1®), AtSp(3)(1¥)]  and

¢ 1 m21(A°Sp(3)) — [Sp(3), A>Sp(3)],
respectively.
Proof. Firstly, we show that ¢’* is injective: Since we have [Sp(3), A5Sp(3)] =
[(SU,,,et®) VS ASSp(3)] = [S UL, '8, APSp(3)]dma1 (A5 Sp(3)) by Proposition
3.4, ¢’ is clearly injective.

Secondly, we show that ¢* is injective: Similarly we have [Sp(3)(*®), A4Sp(3)(18)]
=[S Uy, €'8, A1Sp(3)1®)] by Proposition 3.4. Thus it is sufficient to show that
g msg(A*Sp(3)1®)) — [SY U, e'®, A1Sp(3)(1®)] is injective, where g : S™ U,
e'® — §18 is the collapsing map. In the exact sequence

mis(A1Sp(3)1%) 15 s (A ASp(3)1) L [S1 U, €1, ALSp(3) 1Y),

we know that m5(A*Sp(3)(18)) = 71,5(S2 U,,, €'%) = Z/27Z is generated by the
composition of v15 and the bottom-cell inclusion. Since visowis = 0 € 7r18(5'12),
the homomorphism wi5* is trivial, and hence ¢* is injective. QFED.

Then the following lemma implies that A4 and Ay are non-trivial by Proposi-
tions 4.1 and 4.2.

LEMMA 4.3. We obtain that Ay = ioviyeq : Sp(3)(*®) — A*Sp(3)(1®) and that
A5 = i'ovioq 1 Sp(3) — A°Sp(3).
Proof. Firstly, we show that Ay = iovZ,0q implies A5 = 'ovZ0q’. For dimen-
sional reasons, the image of A : Sp(3) — Sp(3)ASp(3) is in Sp(3)*ASp(3)H U
S3ASp(3)(*8). Since Sp(3)14) is of cone-length 3 by Corollary 3.5.1, the restriction
of the map 1AA4 to Sp(3)*®)ASp(3)(*4) is trivial. Thus Aj is given as

— 'Oy2
Ry : Sp(3) — S*A(Sp(3)™ /8p(3)1) " 23.553)09 < ASgp(3),
since Ay = iov?y0q. Thus we observe that A5 = i'o(13A\V2y)oq’ = i'ovZs0q .

_So7 we are left to show Ay = dovZyoq. For dimensional reasons, the image
of A : Sp(3)18) — Sp(3)BIASP(3)1®) is in Sp(3)IVAS? U Sp(3)PVASP(3)(T) U
Sp(3)MASp(3)A) U S3ASP(3)H). Since S Uy C(SC Uy, e'?) is of cone-length 2 by
Corollary 3.5.1, the restriction of Az : Sp(3)18) — A3Sp(3)(1®) to S3U,C(SOU,4el?)
is trivial. Hence 1AAz : Sp(3)MAS% U Sp(3)MDASP(3)(™M U Sp(3)(MASp(3)MH) U
S3ASp(3)(H) — A%Sp(3)(18) is given as
1ARs : (Sp(3)ASp(3)) 18 2 (83 U, eT)ASTO U SBA(SIO U, e'4) ¥ A%(S3 U, €).
The map oA : Sp(3)1®) — (53 U, e")AST USBA(S10U,,, e*) is given as

aolh 1 Sp(3)18) — S U, e — (S3 U, eT)ASY U SBA(S0 U,,, ).
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Collapsing the subspace S3A(S' U,,, e**) of (5% U, e")ASIO U S3A(ST0 U,,, e),
we obtain a map
q'oco : Sp(3)(1¥) — STASO,
where ¢’ : (5% U, e")ASTUSPA(S U, ') — SPAS™0 is the collapsing map. For
dimensional reasons, q’oaoA is as follows:
¢ ocoA : Sp(3)1®) — Sp(3)(18) /§p(3) (1) = §18 2 GTAS0,

If v were non-trivial, then v would be ;7 : S*® — S17 and hence we should have
Z7y10 = e-y18 # 0. However, from the ring structure of h*(Sp(3)) given in Theorem
3.8, we know z7y10 = 0, and hence we obtain v = 0. Then the image of @A is in
the subspace S2A(S0 U,,, e'?) of (S U, e")AS0 U S3A(ST0 U,,, e1?), since they
are 12-connected. Hence Ay = (1/\53)05 is given as

Ay Sp(3)(18) 928 G3A(S10 U, e4) L S3AAS(S3 U, €7)) 1) ¢ AtSp(3)(1®),

where (A3(S% U, e")) () is (S3 U, eT)ASPASE U SBA(S3 U, eT)AS? U SEASBA(S3 U,
e”). Collapsing the subspace A%S% of (A3(S% U, e7))(3%), we obtain a map
q"oB: 8" U,,, e — STAS3AS? U S3ASTAS? U SBAS3AST,

where ¢ : (A3(S% U, €)1 — STAS3AS? U SBASTAS® U S3ASEAST is the
collapsing map. For dimensional reasons, ¢/« is given as

q"of: 810U, et — S L STASIASS v SASTAS? v S3ASEAST.
If 4/ were non-trivial, then its projection to S would be 73 : S* — S'3, and
hence we should have x§x7 = ey14 # 0. However, from the ring structure of
h*(Sp(3)) given in Theorem 3.8, we know z3z7 = -2 = 0, and hence we obtain
~" = 0. Hence the image of 3 lies in the subspace /\3_,5'3 of A3Sp(3)(18).

On the other hand, for dimensional reasons, coA is given as
oA : Sp(3)1®) — g1y, e'® A SEN(SM U, '),

where the restriction o/|g14 is given as

o |g1a 0 SM it S13 s S3A(ST0 U, e!?).
If it were non-trivial, then v/ would be 73 : S'* — S13, and hence we should have
r3y10 = €'y14 # 0. However, from the ring structure of h*(Sp(3)) given in Theorem
3.8, we know w3y10 = 2327 = e-2% = 0, and hence 7"/ = 0. Hence aoA is given as
aoA : Sp(3)(18) L §18 N SEN(ST U, '),
and hence Ay is given as
Ry:Sp(3)18) 4 518 25 G A(510 U, o) L G3A(A3S?) L AtSp(3)19),

Now, we are ready to determine Ay: By Theorem 3.8, we know x3z;; = e-215 and
23 = e-x7, hence o : §18 — S13 U, . e!7 is a co-extension of 71 : ST — S on
S U,,, el" and 1AB: S13U,,, e!” — S'2 is an extension of 712 : '3 — S'2. Thus
the composition (1A3)oc is an element of the Toda bracket {112, 13,116} which
contains a single element vZ, by Lemma 5.12 of [23], and hence Ay = iovfyoq. QED.

COROLLARY 4.3.1. wcat(Sp(3)1®)) > 4 and wcat(Sp(3)) > 5.
This yields the following result.
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THEOREM 4.4.

Skeleta | Sp(3)™ | Sp3)™ | Sp3)"Y | Sp3)" | Sp(3)™ | Sp(3)"¥ | Sp(3)
wceat 1 2 3 3 3 4 5
cat 1 2 3 3 3 4 5
Cat 1 2 3 3 3 4 5

This completes the proof of Theorem 1.2.

5. Proof of Theorem 1.4
We know that for n > 4,
Sp(n)19) = Sp(4)19) = §p(3)19 U e,
Sp(4)15) U (18 v e18) n=4
S (19) — )
p(n) Sp(4)(15) U(elBVvel®)uel® n>s5,
Sp(n)®) = Sp(n)1 U e
and that wcat(Sp(3)(**)) = cat(Sp(3)(14)) = Cat(Sp(3)(14)) = 3. Firstly, we show
the following.
PROPOSITION 5.1.  weat(Sp(4)(1%)) = 3.
Proof. Since the pair (Sp(4)(15) Sp(3)1) is 13-connected, weat(Sp(3)1)) = 3 im-
plies that Az : Sp(4)(*>) — A3Sp(4)(15) is non-trivial, and hence weat(Sp(4)1%)) >
3. Thus we are left to show weat(Sp(4)(1%)) < 3: For dimensional reasons, Ay =
(AAA)oA : Sp(4)12) — A Sp(4)(19) is given as
Bu: Sp)1%) 28 Sp(a) DASp(A)H) A3 ALSp(4)H) s At5p(a) 19,
for some ag. By Fact 3.2, A : Sp(4)1) — A2Sp(4)MD) is given as
A Sp(4)tD i (87T Vv S0 Uett B A2(S3 U, €7) — AZSp(4)Y)

for some (y and 7p. Then for dimensional reasons, (BoAfo)oag : Sp(4)1%) —
(ST Vv SO UeH)A((ST v S19) Uell) and (voAY0)|s7as7 @ STAST — A%(S2 U, e7)
are respectively equal to the compositions

(BoABo)oao : Sp(4)1%) 28 §TAST < (ST v §10) U e)A((ST v S™0) U elh),
(YoAY0)|s7as7 : STAST LR IR A(SP U, e,
for some af, and 7). Hence Ay : Sp(4)®) — A*Sp(4)(19) is given as
Ry o Sp(4)19) 2 §TAST 20 At gP < AL (4)(19),
where Sp(4)(1%) = Sp(3)1*) Uel®. By Theorem 3.8, 22 = 0 in 2*(Sp(3)), and hence
oy annihilates Sp(3)(**). Thus A, : Sp(4)(%) — A%Sp(4)1%) is given as
Ay : Sp(4)1 7 g5 Py gl4 R0 g12 & ALSp(4)(15)

for some 3}, where ¢’ : Sp(4)(*>) — Sp(4)1%) /Sp(4)(14) = S1% is the projection and
i" 0§12 = SBASBASIAS3 < A1Sp(4)(19) is the inclusion. Hence the non-triviality
of A4 implies the non-triviality of 3 and 7. Therefore A, should be i"on?,0q”, if it
were non-trivial. However, we also know from (5.5) of [23] that 77, is 12115 = 6w1a
and that i"ow;s is trivial by Fact 3.1. Therefore, Ay : Sp(4)(15) — A%Sp(4)(15) is
trivial, and hence wcat Sp(4)(1>) < 3. This implies that wcat Sp(4)(1®) = 3. QED.
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Secondly, we show the following.

PROPOSITION 5.2. wcat(Sp(n)(lg)) <4 forn > 4.
Proof. Let n > 4. Since As = ((Lgp(n))AA1)oA : Sp(n)1? — ABSp(n)19), it is
given as

Bs 2 Sp(n) ™ S Sp(n) O ASp(n) 1) = Sp(4) ) ASp(4) 1V
(1Sp(4)(_1f))/\A4 /\5Sp(4)(15) s /\5Sp(n)(19),

which is trivial, since Ay : Sp(4)(1%) — A%Sp(4)(19) is trivial by Proposition 5.1.

Thus weat(Sp(n)*?)) < 4 when n > 4. QED.

Let p; : Sp(n) — X, ; = Sp(n)/Sp(n — j) be the projection for j > 1. Then
we have the following.

PROPOSITION 5.3. Let ¢ : Sp(n) — Sp(n)/Sp(n)(rtn=3) — g@n+in
be the collapsing map and 7" : SGnTHn=6 (ASSp(n))AXpn—3A---AXp 1 the
inclusion. Then

¢ o 7oy (SEIO) s [Sp(n), (A Sp(m)A X _sA -+ A X 1]
1S injective.
Proof. Firstly, we have the following exact sequence

(2n+1)n—3) L

v, 77(2n+1)n(5(2n+1)n_6)

T(2n+1)n (S

= Tant1)n(APSP()AX A - AXn 1) = T(aniiyn(VsSEHIN=2),

where (2,11 (SN —6) Z/QZV(QMHM_G and ¢ is induced from w(ap41yn—6
= 2V(2n41)n—6- Thus 9" is trivial, and hence 7", is injective.
Secondly, since (A>Sp(n))AXpn—3A---AXp1) is (n(2n + 1) — 11)-connected,

we have
[Sp(n), (N’Sp(n))AXp n_3A - AXp 1]

= [(S(2n+1)n—7 U“J(2n+1)n—7 e(2n+1)n—3) v S(2n+1)n, (/\5Sp(n))/\Xn7n_3/\ o '/\X"J]

= [S(2n+1)n_7 Uw(2n+1)n—7 e(2n+1)n_3a (A5Sp(n))/\Xn,n—3/\ o '/\Xml]

@W(2n+1)n((/\5sp(n))/\Xn,n—?;/\ e '/\Xn,l)

=111

by Proposition 3.4, and hence ¢"’* is injective. Thus ¢’"*0i’", is injective. ~ QED.

Then the following lemma implies that ((1xs5 sp(n))APr—3A - - - Ap1)oA, 4 is non-
trivial by Proposition 5.3, and hence we obtain Theorem 1.4.
LEMMA 5.4. ((1/\55p(n))/\pn_3/\pn_4/\ i -/\pl)ozn_i_g = illloy(22n+1)n_60qlll.
Proof. We have
(LAssp(n) ) APn—3A - - AP1)oAny2 = (AsApp_s/A -+ Ap1)oln_s
= (AsA(Lan-35p(n)))o((Lsp(n))APn—3A - - - AP1)o By 2.

For dimensional reasons, the image of ((Lsp(n))APn—3A - Ap1)oA,_3 lies in

Sp(n)PYASBA - AT LU Sp(n) AKX, 3A - AX .
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From Proposition 5.2, it follows that A5 annihilates Sp(n)(lg), and hence Aj is
given as

As : Sp(n)H) — % LA A Sp(n)3D)

for some § € m21(A°Sp(3)). Using Lemma 4.3, we obtain the following diagram
except for the dotted arrow, which is commutative up to homotopy:

Sp(n)H) — AP Sp(n)E1)
\ | /
21 g |
/ 60
P(3) N*S5p(3)

[N

Vis

Since the pair (A5Sp(n),A%Sp(3)) is 26-connected for n > 4, we can compress J into
A®Sp(3) as § ~ jody. Thus we have a homotopy relation
joéooql ~ (Soql ~ on5 ~ joiIOV125oql,
Now we know that dim.Sp(3) = 21 < 26 — 1, and hence we can drop j from the
above homotopy relation and obtain
dpoq’ ~ iIOV125oqI.
By Proposition 4.2, ¢'* : m21(A%Sp(3)) — [Sp(3), A>Sp(3)] is injective, and hence
we obtain a homotopy relation
(SO ~ iIOV125.

Thus Asj is given as

2
A : Sp(n)(m) ., q21715 gl5 /\5Sp(n)(21).
Thus ((1assp(n))APn—3/A - Ap1)oAn 4o is given as

((1/\55p(n))/\pn_3/\ .- -/\pl)ozn_ﬂ : Sp(n) — 521/\5(2n+7)(n_3)

’/2 1)n—
(2n,+_)) 6 815/\5(2n+7)(n—3) PN (/\5Sp(n))/\Xn7n_3/\ . '/\Xn,l-

This completes the proof of the lemma. QFED.
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