ON THE CELLULAR DECOMPOSITION AND THE
LUSTERNIK-SCHNIRELMANN CATEGORY OF Spin(7)

NORIO IWASE, MAMORU MIMURA AND TETSU NISHIMOTO

ABSTRACT. We give a cellular decomposition of the compact connected Lie

group Spin(7). We also determine the L-S categories of Spin(7) and Spin(8).

1. INTRODUCTION

In this paper, we assume that a space has the homotopy type of a CW-complex.
The Lusternik-Schnirelmann category cat X of a space X is the least integer n
such that X is the union of (n + 1) open subsets, each of which is contractible
in X. G. Whitehead [15] showed that cat X < n if and only if the diagonal map
Apy1: X — H"+1 X is homotopic to some composition map

n+1
X — 71X — ] x,

where T7t1(X) is the fat wedge and T"1(X) — []**" X is the inclusion map.

The weak Lusternik-Schnirelmann category wcat X is the least integer n such
that the reduced diagonal map A, ; : X — A" X is trivial. Then it is easy to
see that weat X < cat X, since A"T1X = []""! X/T"H(X).

The strong Lusternik-Schnirelmann category Cat X is the least integer n such
that there exist a space X’ which is homotopy equivalent to X and is covered by
(n+1) open subsets contractible in themselves. Cat X is closely related with cat X,
and Ganea and Takens [14] showed that

cat X < Cat X < cat X + 1.

Ganea [3] showed that Cat X is equal to the invariant which is the least integer n
such that there is a cofibre sequence

A — X1 — X

where X is a point and X, is homotopy equivalent to X.

The Lusternik-Schnirelmann category for some Lie groups are determined, such
as cat(U(n)) = n and cat(SU(n)) = n — 1 by Singhof [11], cat(Sp(2)) = 3 by
Schweitzer [10], cat(Sp(3)) = 5 by Ferndndez-Sudrez, Gdémez-Tato, Strom and
Tanré [2], and Iwase and Mimura [6], cat(SO(2)) = 1, cat(SO(3)) = 3, cat(SO(4)) =
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4, cat(SO(5)) = 8 by James and Singhof [7]. Some general argument about the
Lusternik-Schnirel-mann category implies that cat(Gs) = 4 (see for example [6]).

As is well-known, we have the following isomorphisms:

Spin(3) = 53, Spin(4) = S% x S3,  Spin(5) = Sp(2), Spin(6) = SU(4).

Thus Spin(7) is the first non-trivial case in determining the cellular decomposition

and the Lusternik-Schnirelmann category as well; it is our purpose in this paper.

Theorem 1.1. We have wcat(Spin(7)) = cat(Spin(7)) = Cat(Spin(7)) = 5.
Since Spin(8) is homeomorphic to Spin(7)xS7, we obtain the following corollary.

Corollary 1.2. We have wcat(Spin(8)) = cat(Spin(8)) = Cat(Spin(8)) = 6.

The paper is organized as follows. In Section 2 we give a cellular decomposition of
Spin(7) such that Spin(7) contains a subgroup SU(4), which turns out to be useful
for determining the Lusternik-Schnirelmann category of Spin(7). In Section 3 we
give a cone-decomposition of SU(4), which gives rise to the Lusternik-Schnirelmann
category of Spin(7) in Section 4.

2. THE CELLULAR DECOMPOSITION OF Spin(7)

In this section, we use the notation in [9]. Let € be the Cayley algebra. SO(8)
acts on € naturally since € = R8 as R-module. We regard SO(7) as the subgroup
of SO(8) fixing eg, the unit of €. As is well known, the exceptional Lie group Go
is defined by

G2 = {9 € SO(7) | g(x)g(y) = g(zy), z,y € €} = Aut(C).
According to [19], the group Spin(7) is the set of the elements § € SO(8) such that
9(2)g(y) = g(zy) for any z,y € €, where g € SO(7) is uniquely determined by §:
Spin(7) = {g € SO(8) | g(x)j(y) = §(zy),g € SO(7),z,y € C}.
It is easy to see that Go is the subgroup of Spin(7). Observe that the algebra

generated by e; in € is isomorphic to C. SU(4) acts on € naturally, since as C-
module € =2 C* whose basis is {eg, €2, €4, €6 }. We regard SU(3) as the subgroup of
SU(4) fixing eg and also as the subgroup of G fixing e;.
Let D* be the i-dimensional disc. We define four maps:
A: D3 = {(x1,29,23) € R3 | 23 + 23 + 22 < 1} — SO(8),
B:D?={(y1,y2) € R? | 4] +y3 < 1} — SO(8),

C:D'={zn €R |22 <1} — SO(8),
D : D? = {(wy,ws) € R* | w? + w3 <1} — SO(8),
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as follows:
1
1
1
A( ) !
T1,To,T3) =
b 1-2X2 201X  —222X 213X
221X 1-2X%2 223X  —21,X
220X —2z3X 1-2X?2 2:X
2w3X 220X —2r1X 1—-2X2
1
1
yi —y% Y 0
Y2 Y1 0 -Y
B(y1,y2) = ;
Yy 0 Y1 Y2
0 Y -y wu
1
1
1
Z1 0 7Z
0 1 o0
Z 0
Cz1) = “t :
1
Z1 0 —Z
0 1 o0
Z 0 zZ1
w1, —wWa W
Wo w1 -W
W w1 wo
W -
D(wla ’lUQ) = w2 b 1 )
1
1
1
where we put for simplicity
X=y1-af-a3—a3, Y=y1-yf—4,
7 = lfz%7 W = lfw%fwg.

Lemma 2.1. The elements A(xz1,x2,x3), B(y1,y2), C(z1) and D(wy,ws) belong
to Spin(7).
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Proof. Apparently the elements A(x1,x2,x3), B(y1,y2) and C(z1) belong to Gs.
In the proof, we denote D(wy,ws) simply by D. Let D’ be the matrix

1
1
1
1
wy —wg W
wWa wq -W
-W wy  —Wsg

w Wo w1

Then we can show by a tedious calculation that D’xzDy = D(zxy) for any z,y € €,

which gives us the result. O
Let 3, 5, g and @7 be maps
@3 = D® — Spin(7),
@5 : D3 x D* — Spin(7),
w6 : D3 x D* x D' — Spin(7),
@7 : D* x D* x D* — Spin(7)
respectively defined by the equalities

x) = A(x),

X,

e3(
es(x,y
ve(x,y,2) =
er(x,y, w

where x = (z1,22,%3), ¥ = (Y1,¥2), z = (21) and w = (w1, wz2). We define sixteen
cells e/ for j =0,3,5,6,7,8,9,10,11,12,13, 14, 15, 16, 18, 21 respectively as follows:

e = {1}, A =Tmgp;, e =Imgp;, S=Imgs, ¢ =Imer,
68 — 6563, 69 — 6663, 610 _ 6763, 611 _ 6665, 612 _ 6765,
613 _ 6667, 614 — 666583, 815 _ 676563 616 _ 666763 618 _ 666765
621 _ 66676563

Let S” be the unit sphere of ¢. Then we have a principal bundle over it:
SU(3) — SU(4) 2% 87,
where po(g) = geo.

Lemma 2.2. Let V' = D3x D?x D?. Then the composite map popr : (V7,0V7) —

(S7,eq) is a relative homeomorphism.
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Proof. We express the map (popr)|vm\ sy~ as follows:

ag 1—-2X2Y2W?
ai 251 XY?2W?
as 2(w1 X — 2w XY2W
% | — D(w)Bly) A Bly) Dw) g — | 22X o) XV
a4 2(—n X + 21y2) XYW
as 2(ye X + 21151) XYW
ag 20 XYW
ar 2e3 XYW
and hence we have
1—ag XYw

ai T YW

as (w1 X — x1ws)Y

as _oXYW —(we X + z1w1)Y

aq —y1 X + x1Y2

as y2 X + 711

Qe T2

az x3

Since X >0,Y >0, W >0and 1 —ag > 0, an easy calculation as for the first
component in the above equation gives the following equation:

1—a2

(2.1) XYW = ==,

from which we easily obtain

e o ar
20 —a) 20 -—w)

Further we obtain three more equalities from the above equalities:

(22) To =

(1 —ag)? +a? = 4AX*Y*W*(2? + X?),
a3 + a2 = 4X?Y W2 (w? + wd)(z? + X?) = 4X°YVW2 (1 — W) (23 4+ X?),
a2 + a2 = 4X2Y2W2(y? 4 yd) (22 4+ X?) = 4X2Y2 W2 (1 - Y?) (22 + X?).
Using these three equalities, we obtain
(1 —ag)®+a?+a3+a3
(1—a0)® +af + a3 +af + af + a3’
(1 —ao)®+adj
Tl +d+ad+d
It follows from (2.1), (2.3) and (2.4) that

(2.3) Y? =

(2.4) W? =

1 —a)((1 — ap)® + af + a3 + a3 + af + a3)

2 _ (
(2.5) X% = A —au)? T o
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It follows also from (2.2) and (2.5) that

ai((1 —ao)® +af + aj + a3 + aj + aj)
2(1 —ap)((1 —ag)? +a?)

Since Y, W, X are positive, (2.3), (2.4), (2.5) imply respectively

(2.6) 3=

V(1 —a0)? +af +aj +a3

(2.7) Y = 7
\/(1—a0)2+a§+a§+a§+ai+a§
a1+ a2
(2.8) W= (1 —ao)? +af ’
VU —ao)? +a +d}+aj
(1 —ao)((1 —ap)? + a2 + a3 + a2 + a3 + a?)
(2.9) X =

V2((1 — a0)? +af)

Since the signs of 1 and a; are the same, (2.6) implies that

a1/(L —ap)® +ai +a3 +a3 + a3 + a3
V21 = ao)((1 = ag)? + a?) '
Now we determine y1; we have

(2.10) Ty =

—as X + aszy = 2XYW (23 4+ X?)ys.
Substituting the equations (2.1), (2.9) and (2.10) in the above equation, we obtain
aras — (1 —ap)ay
V(= a0)” +ad)((1 - a0)® + af +af + af + af + a3)

We determine y5; we have

(2.11) g =

asxy +asX = 2XYW (z? + X?)ys.
Substituting the equations (2.1), (2.9) and (2.10) in the above equation, we obtain
a1a4 —+ (1 — ao)a5
V= a0)? +a}) (1~ a0)> + af + a3 + af + af + aF)

We determine wq; we have

(2.12) =

asX — azry = 2XY*W (2] + X?)wy.

Substituting the equations (2.1), (2.7), (2.9) and (2.10) in the above equation, we
obtain

(1 —ap)az — ajas
VT —a0)? +a3)((1 —ag)? +af + a3 +a3)

Finally we determine ws; we have

(2.13) wy =

—asr] —azX = 2XY2W(JC% + XQ)UJQ.

Substituting the equations (2.1), (2.7), (2.9) and (2.10) in the above equation, we
obtain
—araz — (1 —ap)as

2.14 Wy = .
214 Vel —aPid drad
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Thus we have expressed x1, x2, T3, Y1, Y2, W1, We in terms of ag, - - - , ay, that is, the

inverse map has been constructed, which completes the proof. O

In a similar way to that of Section 3 of [9], we can obtain the following theorem,
which is essentially the same as Yokota’s decomposition [17].

Proposition 2.3. fUelUe®Ue’ UeBUel®Uel?Uel® thus obtained is a cellular
decomposition of SU(4).

Proof. First we show that ¢’ Né7 = () if i # j. We consider the following three
cases:

(1) For the case where i,j € {0,3,5,8}; both cells ¢! and e’/ are in SU(3) and
e UedUe®Ue® is a cellular decomposition of SU(3). Then we have ét N é/ = () if
1% 7.

(2) For the case where i € {0,3,5,8} and j € {7,10,12,15}; we have py(é’) =
{eo} and po(é7) = S"\{ep}. Then we have é' N é&/ = ().

(3) For the case where i,7 € {7,10,12,15}; suppose that A € é' N é7. Since
¢ = é7¢"7 and & = €777, we can put A = Aj Ay = A} AL where Ay, A} €
€7, Ay € ¢ and A} € é977. We have A; = A, since po(A;) = po(A14s) =
po(AjAS) = po(A}) and polgr is monic. Then we have Ay = Af and the first case
shows that i — 7 =j — 7, that is, s = j. Thus é’ Né&J = () if i # j.

Next, we will check that the boundaries of the cells are included in the lower
dimensional cells. In the proof of Proposition 3.2 [9], it is proved that the boundaries
¢3, ¢5 and é® are included in the lower dimensional cells. Observe that the boundary

¢7 is the union of the following three sets:
{DBAB™'D™'| Ac A(D?),B € B(D?*),D e D(D?)},
{DBAB™'D™'| A e A(D?),B € B(D?),D e D(D%},
{DBAB™'D™'| Aec A(D?),B € B(D?),D € D(D?)}.

The first set contains only the identity element, since A is the identity element.
It is easy to see that the second set is contained in e and that the third set is
contained in €®. We have é¢'0 = ¢7¢3 U éTe® C e7e UePe® = €7 U e®. We also have
el2 = eTePUe’e® C ePe® Ue’e® = B Uel®, and é!® = e7ePed Ueeded Ue’eed C
eSeded Ueleded Uee® =B uell uel?

Finally, we will show that the inclusion map e®Ue3Ue®Ue”UeB Uel®Uel?2Ue!® —
SU(4) is epic. Let g € SU(4). If po(g) = eo, then g is contained in SU(3) =
e® Ue® UedUed. Suppose that po(g) # ep. There is an element h € e” such that
po(h) = po(g). Thus we have h=1g € SU(3) = e®UeUe® Ue®, since po(h~1g) = eo.
Therefore we have g € h(e®UedUe® Ue®) C ePUedUue’Ue’UeBuel®Uel?uel®. O

Remark 2.4. (1) We regard SO(6) as the subgroup of SO(7) fixing e;. Let 7 :
Spin(6) — SO(6) be the double covering. Then, according to the Proof of Lemma
2.1, 7(SU(4)) C SO(6) so that 7|gy(s) : SU(4) — SO(6) is the double covering.
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(2) For 1 < n < 3, the subcomplex e U e? U --- U e2"*! is homeomorphic to
Y CP™, which consists of the elements

1 1
A ATt

6219 6—219

for any elements A in SU(n+1). Moreover, according to Proposition 2.6 of Chapter
IV of [13], we have e? 12/t C e2 12t for § < j; in fact we have e? 12/t =
e21T1e2itl (see [19]).

Let S° be the unit sphere of R” whose basis {e; | 1 <i < 7}. We consider the
following diagram

SUB) —— Gy — §°

l ! H

SU(4) —— Spin(7) —2— §°

I | |
SO(6) —— SO(7) —— S¢

where the horizontal lines are principal fibre bundles and p(g) = 7(g)es.

Lemma 4.1 of [9] implies the following lemma immediately.

Lemma 2.5. Put VS = D3 x D?x D'. Then the composite map ppe : (V6,0V°) —

(8%, {e1}) is a relative homeomorphism.
Now we can state one of our main results.

Theorem 2.6. The cell complez e Ue* Ue®P UebUe”" Ueb Ue® Ue®Uelt Uel?uU

eBBueltue®uelbuel®uUe? gives a cellular decomposition of Spin(7).

Proof. First we show that é' N é/ = @ if i # j. We consider the following three
cases:

(1) For the case where i,5 € {0,3,5,7,8,10,12,15}; both cells e and e/ are in
SU(4) and e®UelUe’Ue”UeBUel®Uel?Uel® is a cellular decomposition of SU(4),
whence we have ¢/ N &/ = () if i # j.

(2) For the case where i € {0,3,5,7,8,10,12,15} and j € {6,9,11,13, 14, 16, 18,
21}; we have p(é') = {e1} and p(&/) = S®\{e;}, whence we have é' N é/ = ().

(3) For the case where 4,5 € {6,9,11,13,14,16, 18,21}, suppose that A € é'NéJ.
Since é' = é°¢'=6 and &/ = é°¢77°6 we can put A = A; Ay = A} A}, where Ay, A} €
€5, Ay € é¢70 and A € &5 We have A; = A, since p(4;) = p(A14;) =
p(A1AL) = p(A]) and p|es is monic. Then we have Ay = A} and the first case
shows that i — 6 = j — 6, that is, s = j. Thus é' NéJ = () if i # j.
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Next, we will check that the boundaries of the cells are included in the lower
dimensional cells. In Proposition 2.3, it is proved that the boundaries of the cells
of SU(4) are included in the lower dimensional cells. In Proof of Theorem 4.2 in
[9], we showed that ¢® C e3Ue®, ¢? CeSued, et CePUe? and el C eBue’Uell.
By using (2) of Remark 2.4, we also obtain

el = efe" Uele” C el Uel?,
e0 =ebeTed UeleTe® uebee® c e uettuel®,

e = ebeTé® UeleTe® uebee® Cc e uettuel®,

. 5 . . . .
¢2l = eBe7ebe3 U eBe7éded U eb¢7eded U eBeTede? C el® U elf U el4 U e'?.

Finally, we will show that the inclusion map e®Ue?Ue® Ue®Ue” UeP Ue® Uet®UeltU
el?uelBueltuel®Uelbuet®ue?! — Spin(T7) is epic. Let g € Spin(7). If p(g) = e1,
then g is contained in SU(4) = e®Ued Ue® Ue” Ued Uel® Uel? Uel® Suppose
that p(g) # e1. There is an element h € €® such that p(h) = p(g). Thus we have
h=lg € SU(4) since p(h~1g) = e;. Therefore we have g € h(e’Ue3Ue®Ue”UebUe!U
612U€15) C efueduedUebue’Uetue®Uet®Uettuet2ueuettuet®Uetbuetdue?t. 0O

Remark 2.7. Araki [1] also gave a cellular decomposition of Spin(n), but the one
we have given here is a cellular decomposition with the minimum number of cells,
satisfying the Yokota principle ([17], [18], [19]). As will be seen later, it is effectively
used to determine the Lusternik-Schnirelmann category.

It is easy to give a cellular decomposition of Spin(8) using a homeomorphism
Spin(8) — Spin(7) x S7.

3. THE CONE-DECOMPOSITION OF SU (4)

Obviously there is a filtration Fj, = * C F| = SU(4)(" ¢ Fy = SU(4)?) C F} =
SU(4). Tt is well-known that F| = XCP? = S3Ue’Ue” and Fjj = FjuedUel®Ue!?.
Thus the integral cohomology H™(F3;7Z) is given by

2(1)  (n=0)
H™(F3;2) = { Zly,) (n=3,5,7,8,10,12)
0 (otherwise).

The action of the squaring operation Sq? is given as follows:

Ynto Tfor m = 3,10,
0 forn=1>5,7,8,12

Sq¢*yn =

where y, is regarded as an element of the mod 2 cohomology. To give the cone

decomposition of SU(4), we use the following homotopy fibration:

(3.1) r-Lr 4 Fl
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Without loss of generality, we may regard this as a Hurewicz fibration over Fj.

Firstly we consider the Serre spectral sequence (E**, d,) associated with the
above fibration, where the generators of E;’O for x < 7 are permanent cycles
and survive to Eo-terms. Hence F' is 6-connected and the transgression 7 :
H"(F;Z) — H8(F};7) is an isomorphism to H8(F}; Z) = Z{ys). Thus H"(F;7Z) =
Z(x7) for some z; € H'(F;Z). Similarly, the generators in Ey’ = Z(ys®x7)
and Ey"° = H'(F};Z) = Z{yo) must lie in the image of differentials d3 and
dig =7 : HY(F;Z) — H'¥(F}; Z) respectively, and we have that H®(F;Z) = 0 and
H(F;Z) = Z(xe)®Z(zy), where the elements xg and z in HY(F;Z) are corre-
sponding to z19 and ys®x; by the transgression 7 and ds respectively. We remark
that the choice of the generator zf is not unique. Continuing this process, we
have that H'%(F;Z) = 0 and H''(F;Z) & Z{x11)®Z{z',)DZ(x}, )Z{z!|) whose
generators are corresponding to z12, y3®xg, ys®xy and ys@x7 respectively by the
transgression 7 and differentials d3, ds and ds.

Thus the integral cohomology H™(F';Z) for 0 < n < 11 is given by

Z(1) (n=0)

Z{x7) (n="7)
H"(F;Z) =  Z(xg)  Z(x}) (n=09)

Z{xn) © Z(wyy) © Z(xty) © Z{hy)  (n=11)

0 (otherwise)

where z7, zg and x1; are transgressive generators in H*(F';Z). Hence F has, up to

homotopy, a cellular decomposition e’ Ue” U, € Uyt el Uy, ettU (cells in dimensions

$p2
> 11), where the cells 7, ¢ and e'! correspond to 27, r9 and 11 respectively. Then
we obtain a subcomplex A" = e® Ue™ Uy, € Uy, €] U, e'! of F.

Secondly, we determine the attaching maps ¢ and ¢}: Let us recall that
78(S7) = Z/2(n;) whose generator n; can be detected by S¢?, the mod 2 Steen-
rod operation. Since the action of mod 2 Steenrod operation commutes with the
cohomology transgression (see [8, Proposition 6.5]), we see that Sq?z7 is trans-
gressive, and hence is cxzg for some ¢ € Z/2. We know that 7zg = y10 # 0 and
78¢%x7 = S¢®*tx7 = Sq¢?ys = 0, and hence S¢?z; must be trivial. Thus the at-
taching maps ¢ and ¢} are both null homotopic and A’ is homotopy equivalent to
(STVv 89V SY) Uy, el

Thirdly we check the composition of projections with the attaching map ¢- :
S10 — §7v 9V SY to S? and S?, which can also be detected by Sq?. Again by the
commutativity of the action of mod 2 Steenrod operation with the transgression,
we see that the composition map prge oy : S0 22, 87v S0V Sy — SY represents
a generator of m1o(S?) 22 Z/2(no), since Sq* : H¥(F};Z/2) — H'°(F};Z/2) is non-
trivial. If the composition map ¢; = Prgo 092 G102, 6Ty 89y Sy — S7 is

non-trivial, we replace @2 by the composition of ¢y and the homotopy equivalence
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€:857vSovS) — STV S?VS) where £|gr and §|Ssl; are the identity maps and
€|go is the unique co-H-structure map ¢ : S° — S2 v S?; then we obtain that ¢; is
trivial, since 279 = 0. Then A’ is homotopy equivalent to ((S” V S%) U, e'!) v 5.
Let A denote the subcomplex (S7V S9) U, e'! of A’ and ¢ = |4 : A — FY.

Lemma 3.1. F} is homotopy equivalent to F{ Uy C'A.

Proof. The image of H*(A;Z) in H*(F;Z) under the induced map of the in-
clusion coincides with the module of transgressive elements with respect to the
fibration (3.1) (see [8, Chapter 6]). Thus we may regard that H" '(A;Z) =
0~ (W (H™(Fy, %)) € H'H(FZ):

*

H"Y(F;Z) —%— H™(F|,F;Z) —%— H"(F},%2)

l I 1]

HY(A;Z) —4 H™(F|, A;Z) —2— H"(F},%7),
where ¢y and 14 are given by ¢, and dr and d4 denote the connecting homomor-
phisms of the long exact sequences for the pairs (Fy, F) and (Fj, A), respectively.

Thus the image of d4 is contained in the image of ¢ and we also have
H"(F{,A;Z) =2 H"(F, Uy CA,CA;Z) = H"(F| Uy CA, %, Z).
Since the composition map A 2, F| % F} is trivial, we can define a map
fiF Uy CA— F,

by flp; =¢: F] — Fj and flca = *.
In order to prove the lemma, we show that f* : H"(F5;Z) = Z — H"(F] Uy
CA;Z) = Z is an isomorphism for n = 3,5,7,8,10,12. We have a commutative

diagram
HY(FyZ) —“— H"(F};Z)

| ]
H™(FlUCA,Fl;Z) —— H"(FIUCA;Z) ——— H™(FZ),

where the bottom row is a part of the exact sequence for the pair (F] U CA, FY).
The induced map ¢* is an isomorphism for n < 7, since H"(F] U CA, F{;Z) = 0
for n < 7 and since ¢* is an isomorphism for n < 7. Then we obtain that f* is an
isomorphism for n < 7. Moreover we can show that j* : H"(F| UCA, F|;Z) —
H"™(F{UCA;Z) is an isomorphism for n > 8, by considering the exact sequence for
the pair (Fy U CA, FY{), since we have H"(F]) = 0 for n > 8. To perform the other
cases for n = 8,10, 12, it is sufficient to show that f* is surjective. In fact, we have

a commutative diagram
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5 Iy
H""Y(A;Z) —2— H"(F|, A;Z) < H"(F},+ Z)
7| T 7

= J

H"(XA,%7Z) — H*(F]UCA, F|;Z) — H"(F] UCA, x,Z),

where X is the suspension isomorphism. Since j* is an isomorphism for n > 8, we
obtain that J4 is an isomorphism for n > 8. Since the image of §4 is contained in
the image ¢%, we see that f* is surjective for n > 8, and hence f is a homotopy

equivalence. O
Proposition 3.2. We have wcat(F}) = cat(F;) = Cat(F/) = 1.
Proof. The cohomology of F] implies that wcat(F}) > i. The cone-decomposition
F| =%CP? Fy~F UCA, F;=F,uCcs"
implies that Cat(F}) < i, which completes the proof. O
4. PROOF OF THEOREM 1.1
We define a filtration Fy =« C Fy C F» C F5 C Fy C F5 = Spin(7) by
Fy = SU4)™, Fy, = SU(4)?) U eb,
Fy=8SU4)uelue®uelt ue'd Fy = Spin(7)18).
We need the following lemma to prove Theorem 4.2.
Lemma 4.1. We have a homeomorphism of pairs
(CA1, A1) x (CAg, Ag) = (C(A1 % Ag), Ay x Ag).
(The proof can be found in p.482-483 of [16].)
Now Theorem 1.1 follows from the following theorem.

Theorem 4.2. We have wcat(F;) = cat(F;) = Cat(F;) = 1.

Proof. The mod 2 cohomology of F; implies that wcat(F;) > ¢. Then it is sufficient
to show that Cat(F;) < i. Obviously we have a homeomorphism F; = SCP3. Since
the cell e® is attached to F, we obtain that Fy ~ F; UC(S®V A) using Lemma 3.1.

Since we have ¢ Ue!l Uel? = ef(e? Ue® UeT), the composition map

(CS®°,8%) x (CCP3,CP?) — (CS®,8%) x (SCP? %) — (Fyue’ Uett Ue'® By)

is a relative homeomorphism. Then we obtain FrUeUellUel® = F,UC(S?xCP3)
using Lemma 4.1. The cell €' is the highest dimensional cell of SU(4) and is
attached to Fy. Then we obtain Fy ~ F, UC(S' Vv (S° x CP3)). Now we consider
the following composition map:

(C(S5 * A)aS5 *A) = (CS5aS5) X (CA7A) - (055755) X (F2/7F1/) - (F4aF3)'
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Since we have e'? U el® Ue!® = e5(e® U el U e'?), the right map is a relative
homeomorphism. The left map induces an isomorphism of homologies of pairs
so that the map H.(F3 U C(S® * A),F3;Z) — H.(Fy, F3;7Z) is an isomorphism.
Thus we obtain Fy ~ F3 U C(S° x A). Obviously we have a homeomorphism
Fs = F,uCS?. O
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