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1 The Nelson model on static Lorentzian manifolds

1.1 The standard Nelson model

We are concerned with the Nelson model defined on static Lorentzian manifolds. Static
Lorentzian manifold is defined by a Lorentzian manifold with a metric depending on
position but independent of time. The Nelson model is a simple but non-trivial model
describing the strong interaction in quantum field theory. It is however assumed that
fermions are governed by Schrodinger operator. Then it is the so called non-relativistic
quantum field theory. From mathematical point of view the model is defined as a self-
adjoint operator acting on some tensor product of Hilbert spaces, and we are interested in
studying the spectrum of the self-adjoint operator rigorously. In particular the existence
and the absence of ground state, property of continuous spectrum and spectral scattering
theory are the main topics. For the Nelson model some physical folklore has been estab-
lished rigorously. E.g., the absence of ground state of the Nelson model under infrared
singular condition and the existence of ground state under the infrared regular condition
are established. In this note we extend the Nelson model to the model defined on static
Lorentzian manifold and study its spectrum.
The Hilbert space of the state vectors is defined by

H = LR @ .7, (1.1)

where Z = @), L2 (R*) denotes the boson Fock space over L*(R*). Then the stan-

sym

dard Nelson model is defined by a self-adjoint operator of the form:

H= (—%AX + V(X)) ® 1+ 1®dL(w) + ¢,(X). (1.2)



Here dT'(w)®™ (21, ..., 2,) = (Z w(—ivx].)) ®M (x4, ..., z,) is the free field Hamiltonian
j=1
defined by the second quantization of the dispersion relation w = w(—iV,) = vV—A, + m?
with boson mass m > 0. The scalar field is defined by

1 _
o(f) = E(a*(f) +a(f)), (1.3)

where a(f) and a'(f) denote the annihilation operator and the creation operator smeared
by cutoff function f € L*(R?), respectively. In particular we set

3p(X) = ¢(w™2p(- = X)), (1.4)

where 0 < p € . is an UV cutoft function and . the set of Schwartz test functions
on R®. The Hamiltonian H describes the energy of a particle linearly interacting with a
scalar field ¢,. A relationships between the stability of ground state and boson mass is

also known. Let
p(F)|?
Iig = dk. 1.5
w= [, S (15)

It is known that under some conditions on V' there exists a ground state of H if and only

if [Ig < oo. If w(k) = /|k|> + m? and p(0) > 0, then I;g < oo if and only if m > 0.

1.2 Klein-Gordon equation on static Lorentzian manifolds

In quantum field theory the dispersion relation w = v/—A + m? can be derived from the

Klein-Gordon equation:
2

0 2
a0 t) = (A —m*)o(z,1). (1.6)

Let e ™ ¢(f)e' = [¢(t,z)f(z)dr and e " X e = X,. The standard Nelson model
satisfies that

(0F = Ax +m*)(t, x) = ple — X),
0}X, = -VV(X;) — / o(t, r)Vxplr — X;)dx.

Now we consider the Klein-Gordon equation on Lorentzian manifolds. Let x = (¢,z) =
(z0,z) € R x R®. Suppose that g = (gu), 4, v = 0,1,2,3, is a metric tensor on R* such
that

(1) guw(z) = g (), i.e., it is independent of time ¢,
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(3) gij(z) = —vij(x), where v = (;;) denotes a 3-dimensional Riemannian metric.

_ (980 0 > | (1.7)

Let .# = (R* g) be a Lorentzian manifold equipped with the metric tensor ¢ satisfying
(1)-(3) above. Then the line element on .# is given by

Namely

ds* = goo(z)dt ® dt — Z vij (@ r)ds' @ da?. (1.8)

i,j=1

Let g7' = (¢g") denote the inverse of g. In particular 1/gy = ¢g°°. We also denote the
inverse of v by v~! = (v%). The Klein-Gordon equation on the static Lorentzian manifold
M is generally given by

0,0 + (m* + nR)é = 0, (1.9)

where 7 is a constant, R the scalar curvature of .#, and O, the d’Alembertian operator
given by

Z \/Id—t 0u9""/|detg|0,. (1.10)
p,v=0

Let us assume that goo(x) > 0. Then (1.9) is rewritten as

8%

o5 = Ko, (1.11)

where

(\/_ Za V/|detg|y7"0; — m —nR) (1.12)

The operator K is symmetric on a weighted L? space L?(R3; p(x)dx), where

\/|det _
M = 001/2v |dety]. (1.13)

Joo

Now let us transform the operator K on L?(R?; p(x)dz) to the one on L*(R3;dz). Define
the unitary operator U : L*(R?; p(z)dx) — L*(R3;dz) by

Uf = p'/%f. (1.14)
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Let p; = Oip and 0;,0;p = pi; for notatlonal simplicity. Furthermore we set o = gooy"

and dya” = ). Since U~ 18 U =0, —i— 2 , we see that as an operator identity
P’

3 3
-1 <Z aigoo’)/ijaj) U = goo Z 'Vijaiaj + Vi + Va, (1.15)

i,j=1 4,j=1

where
3 .
Vi = Z (ozfj +o/j&> dj,
ij=1 P
3
3 (ga;:j& T oaiPi aij&&) |
ij=1 P

A~ =

V2:
p pp

Directly we can see that

9/ |detg|y70; = Vi + goo 7" 0;0;. (1.16)
e Z v Z

Comparing (1.15]) with (1.16)) we obtain that
3 3
- ij 1 [T ot i
! (Z digooy” 0j — V2> U= goom Z 9;/ |detg[y"0;. (1.17)

i,j=1 i,j=1
Then we proved the lemma below.

Lemma 1.1 [t follows that

3
(]I(Uvi1 = Z aigog’)/ijaj — U, (118)

ij=1
where v = goo(m? + NR) + Vs.
By Lemma (1.11)) is transformed to the equation:
*o_ [
ij=1

on L?(R?). Hence the dispersion relation on static Lorentzian manifold is given by

1/2
w= ( Z Digooy 0 + v> : (1.20)

i,7=1



We here give an example of a Klein-Gordon equation defined on a static Lorentzian
manifold .# such that a short range potential v(z) = O((x)#~2) appears. Let

e~ @) 0 0 0
0 —e @ 0 0
9(z) = 9(z) = (95(x)) = | 0 _et@ g : (1.21)
0 0 0 —e~0@)

We compute the scalar curvature Z of the Lorentzian manifold .Z = (R*, g).
Lemma 1.2 [t follows that Z = ¢®(—6A0 + 1| VO]?).
Proof: As usual we set g~' = (¢"). Set —f(z) = © and ©; = £2. Directly we have

Fik = %@k’l
P —-0;:, k#0,
o1 w(O9;;  Ogu  0gi _ Fik(J # k) =3 1 2, ! 7_&
=239 4 = 0, k=0
*J 2 oz’ oI ox! k k(- 277
ij = ij(] #k) = 0;,
oW =0

The Riemann curvature tensor %,lm-j is defined by

ort.  ort.
I kj ki a il a1l
s = T " Pus T 2 (T = TiTy)

and the Ricci tensor by Z;; = Y, %};. Thus the scalar curvature Z is represented by
Riemann curvature tensor by

3
%= =Y A = °Y <%0 _ Z%j) |
l j=1

ij ijl
Note that Oy = 0, since the metric g is static. We have
ory, ort 1 1
o= G0 = G4 3 (Tl — Tar) = j0u+ 3 (502) -6t 10
%’800 =0.
We also have for [ # j,
ort.  ort
o l a ! a !
Kiji; = ax]zj - axjj + Z {15, — T30
1 3 5 3 .5 1 9
= _56” - 0;; + Z@j — ZQZ + 561 - 0]
1 1

1
2 2
——0; —0;; — _@j - -07




and 9?;” = (. Hence we see that

3
. 1 1, 1
@Ej Loy + 2 §j@2 07) —c 03D (—50u 6y — ;6] — O]
1 j=1
“©(6A0 + Z\V@\z)

11
= e’ (—6A0 + Z|w)|2)

O
The Klein-Gordon equation on .Z is
Oy¢ + (m* +n%)¢ = 0, (1.22)
where the d’Alembertian operator is defined by
O, = ?@52 — 20 Z 9;e""®0;. (1.23)
Thus the Klein-Gordon equation (|1.22)) is reduced to the equation
[oa0)
— =K 1.24
8t2 0¢7 ( )
where
Ky =¥ 28 e '@, — 7@ (m? 4 nR). (1.25)

The operator K is symmetric on the weighted L? space L?(R3 e ?@dz). Now we
transform the operator Ky to the one on L?(R?®). This is done by the unitary map
Up : L2(R?; e ?@dz) — L*(R?), f + e (1/20f Hence the Klein-Gordon equation ([1.24)
is transformed to the equation
82gb
o
on L*(R?), and the dispersion relation is given by v/—A + v and

—Ad+vp=0 (1.26)

2
v=e(m*+nR)— -5 + ]Vf\ (1.27)

Taking n = 0, m = 0, and 0(z) = 2a(z)~#, we obtain
v(z) = —a(z) BB — Daf* = 36) + a® B () . (1.28)
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m(z) > alz)™" | m(z) < a(x)™?, B>1

ground state exist not exist

Figure 1: Existence and absence of ground state

In the case of 0 < < 1 and a > 0, we see that v > 0 and v = O({x)~"~2). Furthermore
—A + v has no non-positive eigenvalues. In the case of § > 1 and a < 0, we see that
however v ? 0. We can estimate the number of non-positive eigenvalues of —A + v by
the Lieb-Thirring inequality. This yields that —A 4 v has no non-positive eigenvalues for
sufficiently small a.

Proposition 1.3 [GHPS09] There exist functions 0 and v such that UyKoUy ' = A — v,

v(z) = O({x)=#=2) for B >0, and —A + v has no non-positive eigenvalues.

1.3 Nelson model on static Lorentzian manifold

We define the Nelson model on a static Lorentzian manifold. Let
H=K®1+1edl'(w)+ ¢,(X), (1.29)

where

ZaA“ )0; + V(X) (1.30)

i,5=1

is a divergence form,

3 1/2
w= (— Z o(x) ' 0uau, (2)0,c(x) " + mQ(x)> (1.31)

Hyv=1

denotes the dispersion relation with variable mass m(z) and the scalar field is given by

$(X) = p(w™p(- = X)) (1.32)
In the next section we review the absence and the existence of ground state of H.
2 Spectrum of the Nelson model

2.1 Existence of ground state

We introduce assumptions on dispersion relation w and divergence form K:
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Assumption 2.1 We suppose that

cO((x)™), lal <1,
) < Cp, 0%(z) € O(1), |al <2,
*m(xz) € O(1), |af <1.

We also suppose that

(5)Col < [AY(X)] < O,
(6)V(X) > Co(X) — C.

Theorem 2.2 [GHPSII] Suppose Assumption [2.1, m(z) > a({x)~ for some a > 0, and
d > 3/2. Then H has a ground state.

The proof of Theorem [2.2]is based on the proposition below:
Proposition 2.3 [BD04] Suppose that

1w > 0 and Kerw = 0,

2)sup o 2p(- = X)| < ox.

Hw p(- — X)(K 4+ 1)7Y2 is compact,

(1)
(2)
(3)(K +1)7Y2 is compact
(4)w™
(5)w™32p(- — X)(K + 1)"Y2 is compact .

Then K ® 1+ 1® dI'(w) + ¢,(X) has a ground state.

The condition (5) in Proposition [2.3|corresponds to the infrared regular condition Iz < oo
in the standard Nelson model.

Proof of Theorem [2.4 Assumptions (1)-(4) in Proposition can be checked di-
rectly. We check (5). The key estimate is to show that w™*/2(z)~%27¢ is bounded, and
(X)3/2+<(K + 1)~/? is compact. Then we can see that

W Pp(- = X) (K + 1) 717 = w2 a7 (2) 2 p(a — X)(X)HEX) (K 1)

is also compact. O



2.2 Absence of ground state

The standard way of showing the absence of ground state of the model in quantum field
theory is an application of the so called pull through formula. In our case however the pull
through formula can not be applied directly. Instead of it we apply functional integrations
developed in [LMS02].

Let ¢, be the ground state of K. We know that the function ¢, is strictly positive
and ¢, € D(e*C|‘”‘6+1) with some constant C;. We introduce the so-called ground state
transform by U : L*(p2dx) — L*(dx), f — ¢, f, and set

L=U(K —info(K))U . (2.1)

Thus L is a positive self-adjoint operator acting on L2-space over the probability space
(R?, p2dx). We also see that . = L?(.7%,dv) with a Gaussian measure v on . such

that
/ 90 () = @ /DI,
TR
Then the total Hilbert space and the Nelson Hamiltonian are given by
LR @ F = L*(R® x H, pode ® dv) (2.2)

and
H=L1+1odl(w)+ ¢,(X). (2.3)

Theorem 2.4 [GHPSI2-a] Suppose m(z) < a{x)~'=¢ with some ¢ > 0 and 6 > 0. Then
H has no ground state.

Proof: We show the outline of the proof. We show that e=T# is positivity improving. Then
if H has a ground state @q, then ¢, > 0. Let 11 = 1,2®Q and define ¢! = e~ "71/||e~"71]|.

Let 1 THIl)2
. . T\2 o . 767
7= i ()= Jin gy

(2.4)

It is a fundamental fact [LMS02] that H has a ground state if and only if ¥ > 0. Let 2™ =
C(R,R?). There exists a diffusion process (X;)cr on a probability space (2", B(Z"), P*)
such that

(f: €7 ) ra(gan = B | T(Xo)g(Xa) |

where E[---] = [2(z)dx [ ---dP*. We have

(1,711 5 = B [ a1 WXl



with the pair potential

W= WX, Y. i) = (o — X),w e (-~ ¥)).

The denominator of ~ is
(1, 2TH]) = E [efo" 5 W] _E [efTT i W]
by the reflection symmetry and the numerator is estimated as
(1, G_TH]I)Q <E [efTT =20 0y W} )

Together with them we have

E [efTT I5e =212 15 w}

<1 _ 2]
TR T [ ] im B, et
Here the probability measure pp is defined by E,,. [---] = ZLT]E[ el W], Let

E,. [efszTfoTW} =Eup [Mag -]+ Epp [Lae -],

where Ap = {(z,w) € R® x Z'|sup <7 |Xs(w)| < T? Xo(w) = z}. When m(z) <
a({z)~17¢, the Gaussian bound:

Cre™ % (. y) < e (z,y) < Cye™C4%% (x,y)

can be derived, where w? = —A. Hence we can see that
ClWOO(xv Y, C'2|t|) < W(x7 2 ‘t|) < C3WOO(*T7 Y, 04’t|>7 (25>

1 p(@)p(y)
Weo(X,Y,|t]) = dzdy. 2.6
XY = gz [ e A ey (26)

Thus we have

0 T TZ)\ A — |2 T2
llAT/ / W > llATcons.//dxdyp(:c)p(y) log{8 e —yftc } — 00
-1 Jo

812\ + 2|z — y|?

as T — oo. Next we have

E,, [nAcTe* Prdd W} < Ce"CE [A2]. (2.7)

It is established that E[AS] < T7*(a + bT)l/Qe_TWH). Hence A\(0 + 1) > 1 implies that
E.. []lAcT x } — 0 as T" — oo. Then the proof is completed. a
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2.3 Removal of UV cutoff

Finally we discuss the removal of UV cutoff of the Nelson model defined on a static
Lorentzian manifold. Let

. 2m) 32 k| < A
mw={<> S 23)
|Tjkj<n
Ey 2 dk. 2.
W R 29

We have Alim pa(k) = (27)7%%. Let external potential V be vanished. Then H is com-
—00

mutative with respect to the total momentum:
P=—-iVel+l® /kaf(k)a(k;)dk.

Thus H can be decomposed in the spectrum of P and we have H = ng p)dp, where

Hip) = % (p _ / k:aT(k:)a(k)dk>2 +dT(w).

The effective mass meg is defined by mLH = —%APE (p)[p=0, and thus
meg = 1+ g*Ex + O(|g]*).

Proposition 2.5 [Nel64-a] There exists a self-adjoint operator Hy, bounded from below

such that s— lim e tHa=FEa) —tHoo
A—oo

=€

Another derivation of Ej is seen in [GHLI12]. In [GHLI12| the existence of a self-adjoint op-
erator without UV cutoff is given by means of functional integrations. See also [Nel64-b].
Let pal-) = A%p(A)

K(X,¢)

1 )3 ~1/2

EA(X) = —5m [(0(X.0) + )P e AP (20)
Y (X, (2.11)
=Y e (X, (212)

Note that pp(z — X) — 0(z — X)/ (y)dy as A — oo. The term (ho(X,&) 4+ 1)7"/2 in
2.11)) corresponds to |k|™! in and %i)l)g in (2.12) to (|k]>/2 + |k])~! in .
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Theorem 2.6 [GHPSI12-b| There exists a self-adjoint operator Hye, bounded from below

such that s—Alim e tHA—EA(X)) _y o—tHren
—00

The standard Nelson model without UV cutoff also has a ground state [HHS05]. How-
ever it is unknown the uniqueness of the ground state.
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